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Semigroups of Difference Operators in Spectral Analysis
of Linear Differential Operators™
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Let X be a complex Banach space, and let End X be the Banach algebra of bounded linear operators
in X. We denote by F(R,X) (or simply by %) one of the following four Banach spaces: the space
L, =L,(R,X) (p € [1, o0]) of pth-power integrable (for p = oo, essentially bounded) Bochner measurable
functions on R = (—o0, 00) ranging in X (|| « ||, is the norm in L,(R, X)), the Banach space S, =
Sp(R,X) (p € [1,00)) of locally pth-power integrable measurable functions on R ranging in X for which
the norm ||z||s, = S“Ptem(fol llz(s + t)||Pds)'/? (z € Sp(R, X)) is finite, the subspace C = C(R, X) of
continuous functions in L (R, X), and the subspace Cy = Co(R,X) C C(R, X) of functions such that
limpy oo f|2(t)]] =0 for z € Co(R, X).

We consider a family of evolution operators (a propagator) % = {%(t,s); —c0 < s <t < oo} C End X;
in other words, it is assumed that the following conditions hold:

1) the family % is strongly continuous on A = {(¢,s) € R?: s <t};

2) U, s)% (s, 7)=%(t, 1), —c0o < T <3<t <00;

3) %(t,t) =1 for any t € R;

4) supgg;-,<1 | %(¢, s)|| = K < oo.

To the family % we assign a linear operator

L D(%a) C F=FR,X) =+ F.

The domain D(%%) is defined as follows. A function z € & belongs to D(Z%) if and only if there exists
a function f € & such that for almost all s, € R with s <t we have the relations

t
a(t) = ¢t 9)a(s) - [ e, 1) f(r)ar. 1
In this case we set Loz = f.
Thus, Lo = —d/dt + A(t): D(Z%2) C F — & is an abstract parabolic operator [1, p. 165 of the

Russian edition] provided that % is the family of evolution operators for the linear differential equation
z(t) = A(t) z(t), teR,

where A(t): D(A(t)) C X — X is a family of closed linear operators that generate a correct Cauchy
problem [2].

In the present paper, in the study of the linear operator ¥y: D(¥%) C & —» F = F(R,X) we

systematically use the semigroup {T%(t), t >0} of difference operators belonging to the Banach algebra
End .# and given by

(Ta(t)z)(s) = % (s, s —t)z(s — t), z€F, seR, t2>0. (2)
The main results of the paper are related to the following four theorems.

Theorem 1. The operator Za 1s the infinitesimal generator of the strongly continuous operator sema-
group {T%(t), t >0} in any of the Banach spaces L, = L,(R, X), p € [1,), and Co = Co(R, X).
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Theorem 2 (spectral mapping theorem). The spectrum o(%%) of the operator L and the spectrum
{o(T(t))} of the difference operator To, t > 0, are related as follows:

o(Tz(t)) \ {0} = expo(Za)t = {exp At : A€ o(Za)} .

In particular, the operator Za is invertible if and only if the difference operator Do = I — Ta(1), which
has the form

(P x)(s) = x(s) — U(s,s — 1)z(s = 1), reZ, seR, (3)
1s tnvertible.

Note that the assertion of Theorem 2 is not valid for arbitrary strongly continuous operator semi-
groups (see (3, p. 676 of the Russian translation]).

For a Banach space X , we denote by F(Z, X) one of the following Banach spaces of two-sided sequences
in X:

1/p
b =1,(2. %) = {a: 2 X | Jal, = (Stetr) " <oof peioo
loo = loo(Z, X) = {1:: Z - X | I=llee = sup lz(r)l < oo},

co = Co(Z, X) = { € los | lim [l=(n)] =0}.
In the following theorem we use a pair (F(R, X), £(Z, X)) of Banach spaces, which can be one of the
pairs (SPv IOO)’ (LP’ IP)$ where pPE [1a 00), (C’ loo), and (CO, CO)

Theorem 3. The linear operator ZL5: D(Ly) C F(R, X) — F(R, X) is invertible if and only if the
difference operator Zy: F(Z,X) - F(Z,X) defined by the relations

(Zoz)(n) = z(n) = % (n,n - 1)z(n - 1), z € FZ,X), nel, (4)

13 tnvertible.

We say that a family of evolution operators {%(t,s), s<t} from the algebra EndX admits an
ezponential dichotomy on R with ezponent B > 0 and coefficient M > 0 if there exists a bounded
strongly continuous projection-valued function P: R — End X such that 1) %(¢t, s)P(s) = P(t)%(t, s)
for t > s, t,s € R; 2) ||%(¢t,s)P(s)]] < Mexp(~pB(t —s)) for t > s; 3) for t > s, the restriction
«(t, s)|Im Q(s) of the operator %(t,s) to the range Im Q(s) of the projection Q(s) = I — P(s) (here
and in the following I stands for the identity operator) is an isomorphism of the subspaces Im Q(s)
and ImQ(t) (and we define the operator %(s,t) as the inverse mapping from ImQ(¢) into Im Q(s));
4) ||%(t, s)Q(s)ll < M expB(t—s) for s >t (the norms are taken in End X, and the operator %(t, s)Q(s)
is regarded as an element of End X).

If P=0 or Q =0, then we say that for % we have a trivial dichotomy.

Theorem 4. The following assertions hold.

1) The linear operator Zo: D(Ly) C F — F is invertible if and only if the family % admits an
ezponential dichotomy.

2) The spectrum o( L) of the operator La does not depend on the choice of the space F(R,X).
These results were announced in [4]. Difference operators of the form (3)-(4) were used to study
differential equations in [1, 5-9].

§1. The Proof of the Main Statements

In the proof of many of our results, the following statement is useful (which is a consequence of (1)):

Remark 1. For any A € C, the operator £y + M can be represented in the form Ly + AJ

“Za(x), where the family of evolution operators %(\) from the algebra End X has the form Z/(\)(t, s)
exp At — s)%(t, s), s <t.

It readily follows from the definition of an exponential dichotomy of the family % that the following
assertion holds (see [1, p. 167 of the Russian edition]).
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Lemma 1. Let a family % admit an ezponential dichotomy on R. Then the corresponding linear
operator ZLa: D(Lay) C F = F(R,X) = F is (continuously) invertible, and the inverse £;' € End &

is given by the formula

(&5 F)(t) = /RG“’ 9f(s)ds,  feZ, teR, (5)

where the Green function G: R? — End X has the form
-U(t,s)P(s), s<it,
UAt,s)Q(s), s>t.

Note that for # = C or Cy, the equivalence between the conditions that .# is invertible and that %
admits an exponential dichotomy was established in (1, Chap. X].

G(t,s) = { (6)

Corollary. There ezists an o € R such that the operator Lo — al: D(Ly) C F — F is invertible.

To prove this assertion, it suffices to note that properties 3) and 4) of the family % imply the existence
of constants C' > 0 and By € R such that ||%(t, s)|| < Cexpfo(t—s) for s <t, s,t eR. If a > o, then
it follows from Remark 1 that %% — al = Zy_,). For the family %(—«a), we have a trivial dichotomy
(since |Z(—a)(t, s)|| £ Cexp(fo — a)(t —s), s < t), and hence, the operator £ — al is invertible.

Proof of Theorem 1. Let & be the infinitesimal generator of the strongly continuous operator
semigroup {T%(t), t >0} defined in (2). It suffices to prove that, for some a € R that belongs to the
intersection p(&) N p(Z%) of the resolvent sets p(2f) and p(Zz) of the operators & and Zu, the
operators (& — al)™! and (Zx — al)~! coincide. The existence of such a number « follows from the
corollary to Lemma 1 and from the fact that &/ is the infinitesimal generator of a strongly continuous
operator semigroup [3]. We can always consider the operators & — al and %4 — ol instead of & and
Za, and so without loss of generality we can assume that a = 0; in this case, we have ||T%(t)|| =
sup,er ||%(s, s —t)|| < Constexp(—+t), t > 0, for some vy > 0. Hence, for the family % we have a trivial
dichotomy, and it follows from Lemma 1 that we have the representation

e =-[ wefnar,  fes.

On the other hand, for the operator &~!, the following relations hold (see [3, p. 354 of the Russian
translation]):

(Z7f)(s) = —/;W(qu(t)f)(s) dt = _/0°° Us,s—1t)f(s—t)dt
-- [ wonidr =g N6, ses

This completes the proof of the theorem.

In the following two lemmas, the pair (F(R,X), #F(Z, X)) of Banach spaces is the same as in Theo-
rem 3.

Lemma 2. If the operator Z9: D(%4)C F(R,X) - F(R,X) is invertible, then the difference

operator Dy (see formula(4)) is also invertible, and we have the estimate

125 < 143K + § KL, K= S 12 sl

Proof. Suppose that the operator £ is invertible. Let us prove that the operator % is also invertible
and the inverse has the form

Il =G +az, z € F(Z,X),
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where y is the restriction of the function y = .?d;lB:r € C(R, X) to Z (the inclusion D(%%) C C(R, X)
follows from (1)) and the linear operator B: F(Z, X) — F(R, X) is defined by the formulas

(Bz)(s) = —p(s)%(s,n—l)z(n-1), z€ F(Z,X),n€Z,s€n-1,n].

Here ¢: R = R is a 1l-periodic function such that ¢(s) = 6s(1 —s) for s € [0, 1]. The operator B is well
defined and bounded, and ||B| < 3K.

First, we prove that the operator 2y is injective. If zo € Ker %o = {z€ F(Z,X) : Doz =0}, then
ro(n) = %(n,n —1)zo(n — 1) for any n € Z, and the function z € F(R, X) defined by the relations

z(t) = %(t,n)zo(n), teln,n+1], neZ,

belongs to the kernel Ker Zy of the operator #. Therefore, z = 0, and hence, zo = 0.
Let us prove that the operator %2, is surjective. Let g € F(Z,X), f = Bg € F(R,X), and z =
#~'fe D(¥)C C(R,X). Then relations (1) imply

z(n) =% n,n-1z(n - 1) + /n o(s)%(n,s)%(s,n—1)g(n —1)ds
=02/(n,n—1)x(n—-1)+62;(:,n—1)g(n—1), nez.
Hence, the relation Z5(Z + g) = g holds provided that £ € #(Z, X). Equations (1) imply the estimates
IE@ = la(m)]l < 2Kz + g —DI), s €lr—1,n], neZ. (7)

Therefore, ¥ € Io(Z,X) for & = Lo and for &F = C, whereas £ € Co(Z,X) for F = Co(R,X). It
follows from (7) that

Iloo = sup f2(m)]| < 3K (zloo + llllo)- ®

Now we assume that either F(R,X) = L,(R,X), p € [1,00), or F(R,X) = S,(R,X), p€[l, ).
Since (a + b)? < 2P~1(a? 4 bP) for any a,b > 0, we can integrate the pth powers of both sides of
inequality (7) over the interval [n,n + 1] and obtain

llz(n)||” < %(3—’{)’(/" . llz(s)II” ds + [lg(n — 1)|l’>, neZ. (9)
Therefore, for #F(R, X) = Ly(R, X) we have the estimate
NZll, < 3K(ll=lls + llglls) - (10)
If #(R,X)=S5,(R,X), then inequality (9) yields
#lleo < 3K (llzlis, + llglleo) - (11)

Thus, it follows from estimates (7)-(11) that for any choice of the space F(R, X), the function Z belongs
to the space F(Z, X). Hence, the operator 2y is invertible, we have Z + g = 9; 'g, and the above
estimates imply

125" gll < 121l + llgll < 3K (llzll= + llgll) + llgll
<SK(I27 B gl + llgl) + llglt = (1 + 3K + $K*127 D gl -

This proves the lemma.

n

Lemma 3. Ifthe difference operator %y € End F(Z, X) ts invertible, then the operator £z : D(Za) C
F - F=F(R,X) is also invertible.

Proof. Assume that the operator %, (see (4)) is invertible. Since it is injective, it follows that the
operator % is also injective (if £z = 0, then the restriction Z of the function = to Z belongs to
Ker %5 ; hence, it follows from the relations z(t) = %(¢t,n)z(n) =0 for any t € [n,n+ 1] and n € Z that
z =0).
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Let us prove that the operator %4 is surjective. For an arbitrary function f € .%#, we consider the
function fq€ F(Z, X) of the form fy(n) = — f:“ %(n,7)f(r)dr, n€Z. Then there exists a function
ro € F(Z,X) such that Pr9 = f4. We can readily verify that the function z € & defined on any interval
[n,n+1] (n € Z) by the formula

z(s) =%(s,n)a:o(n)—/’ Us, ) f(r)dr, s€n,n+1],

belongs to D(Z%) and satisfies Z2 z = f (that is, relations (1) hold). This proves the lemma.
Proof of Theorem 3. Theorem 3 immediately follows from Lemmas 2 and 3.

Proof of Theorem 4. The sufficiency of the condition that the family % admits an exponential
dichotomy was established in Lemma 1.

Now we assume that the operator %4 is invertible. By Theorem 3, the corresponding difference
operator % € End F(Z, X) is also invertible. It follows from {11, Theorem 3] that the operator % is
invertible in the Banach space {(Z,X). On applying Theorem 3 once more, we see that the operator
Za is invertible in the space C(R,X), and hence it follows from the results of [1, Chap. X] that the
family % admits an exponential dichotomy. This proves the theorem.

Remark 2. We can give another proof of the necessity of the assumption in Theorem 4 by considering
the family of invertible operators {S(a) %% S(—a); a € R}, where {S(a); a €R} is the group of isometric
operators given by translations of the functions from #F(R, X) ((S(a)z)(t) = z(t+a), z € F). It follows
from Lemma 2 that the corresponding family of difference operators

(Zaz)(n) =z(n) —Zn+a,n+a—1)z(n-1), a€R, z€ F(Z,X),

is uniformly invertible. Hence, these operators admit a discrete exponential dichotomy on Z (see [6, p. 250

of the Russian translation]). An exponential dichotomy of the family % follows from [6, p. 251 of the
Russian translation].

Proof of Theorem 2. It follows from Theorem 3 in [11] that it suffices to carry out the proof for
the case in which F(R, X) is one of the Banach spaces L,(R, X), p € [1,00), or Co(R, X), on each of
which the semigroup {T%(t), t >0} is strongly continuous.

The inclusion exp o(-Zz )t C o(T(t)) \ {0} is known (this holds for an arbitrary strongly continuous
semigroup of linear operators [3, Chap. XVI]). The opposite inclusion follows from the formula

(Ta(t) = D7'2)(s) = Y G(s, s+ kt)a(s +kt), >0, (12)
kEZ

which holds if the operator % is invertible (here G is the Green function defined by formula (6)). Indeed,
for any ¢ € £F(R,X), s€ R, and t > 0 we have

(Ta(t) — I) ( > G(s, s +kt)a(s + kt))

keZ

=U(s,s —t)[— E“Z/(s —t,s+(k=1t)P(s+(k-1)t)z(s + (k — 1)t)

k<0
+ > Us—t,s+ (k- 1)1)Q(s + (k — 1)t)z(s + (k — 1))
E>1

+ Z U(s, s+ kt)P(s + kt)z(s + kt) — Z U(s, s+ kt)Q(s + kt)z(s + kt)
k<0 k>1

— (s, 3)(P(s) + Q(s))z(s) = x(s).

We can verify in a similar manner that the operator defined in (12) is a left inverse of T (t) — I as well.
Thus, we have proved that if 0 ¢ 0(%y), then 1 ¢ o(T%(t)) for any t > 0. The case A ¢ 0( %) can

153



be reduced to the case just considered by means of the family %/()\) (see Remark 1) and the operator
ZLuxy = L2 — M and by applying the fact that Za(» is the infinitesimal generator of the operator
semigroup {Tz(t)exp(—At), t >0}. The second assertion of the theorem follows from the first assertion
and from Lemma 1. This proves the theorem.

Corollary. If the operator 2o is invertible, then the operator 9, '€ End F(Z,X) has the form

(25'2)(n) = ) G(n,m)z(m), z€F(Z,X),nel. (13)
meZ

Theorem 5. The spectrum o(%%) C C of the operator La: D(Ly) C F — F is the union of a set
of lines parallel to the imaginary azis iR and contains the line

{A € C:Re) =x4+(%)}, x+(%) = lim —lnsup |%(s, s = T)|l;

r—oo T

TMOTeover, SUPyc,(w,)ReA = x4+(%). If the dimension dim X of the Banach space X is finite, then
o(Z%) has the representation

o(Za) = | J{) € C:ar <ReX <}, (14)
k=1
where —c0 <oy <P1<a; <P < <am < Pm =x4(%) <00 and m < dim X .

In particular, the spectrum of the scalar differential operator . = —d/dt + a(t): D(¥) Cc #(R,C) -
ZF(R,C), where a € S1(R, C), coincides with the set

s+7
{/\ €C: lim z inf Rea(a)da < ReA < lim -sup/ Rea(a) da} (15)

r—oo T s€R J, T=0 T 4eR

Proof. By Theorem 2, it suffices to consider the difference operator Tz(1) € End #(R, X) and obtain
the corresponding assertions for its spectrum (treated as a union of concentric circles). Consider the group
of isometric linear operators {V(\), A€ R} from the Banach algebra End #(R, X) that have the form

(V(A)z)(t) = (expirt) z(t), ze FR,X), t, eR.

It follows from the relations V(A)Ta(1)V (=) = (expiA)T#(1), X € R, which mean that the operator
Ta(1) is similar to the operators yT%(1), v € T, that the spectrum o(T%(1)) of the operator Ta(1) is
the union of a family of circles centered at 0.
Assume that some circle S(a) = {z€C: |z|=a}, a > 0, belongs to the resolvent set p(T#(1)) of the
operator T#(1), and let o(T%(1)) be the union of two spectral sets
o+ = {A€a(Ta(1)) : |\|>a}l, o- ={A€o(Ta(1)) : |N <ea}.

Let P(c4) and P(0-) be the corresponding Riesz projections (I = P(o4) + P(o-)).

Without loss of generality we can assume that o = 1. In this case, -Za is invertible, and hence, by
Theorem 4, the family % admits an exponential dichotomy. Let us represent the projection P(o_) in the
form {10, p. 33 of the Russian edition]

1 -1 1 2 i ~1 1
)= — - = — WI—Tal Cdp.
Plo-) = 5— /T(*rl' Ta(1)™ dy = o /0 (e 2(1))7 e dy
By applying the formula (which is an analog of (13))

(%1 = Taf1)) ' 2)(s) = 3 e **D9G(s, s + K)a(s + k),
kE€Z

and then by integrating the expression for P(c_), we see that the projection P(o_) is the multiplication
operator of the form

(P(o-)z)(s) = G(s, s)z(s) = P(s)x(s), re Z, seR,
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where P: R — End X is the strongly continuous projection-valued function occurring in the definition of
an exponential dichotomy of the family %.

Let dim X < oo; then the function P is continuous (in the uniform operator topology), and hence, the
dimension of ranges of the projections P(s), s € R, is independent of s. This, together with the form of
the Riesz projections, means that the number of connected spectral components of the set o(T%(1)) is at
most dim X . Therefore, Theorem 2 implies a representation of the form (14).

The assertion that the line x(%) + :R belongs to the set o(T%(1)) and the relation x4+(%) =
SUP)eq (2, Re A readily follow from Theorem 2 and from the relation

r(Ta(D) = lim [Ta(r)]'/" = lim sup [%(s, s —n)|['/" = expx+ (%),

which follows from the Gelfand formula for the spectral radius {3, p. 138 of the Russian translation].

If = —d/dt+ a(t), then dimX = 1, and therefore, the set o(T%(1)) is connected. In this case we
have %(s, s — 1) = exp :_,_ a(A)dA, s € R, 7 > 0. Since the operator T(1) is invertible and its inverse
coincides with Tg(—1), we can apply the Gelfand formula to T#(—1) and obtain a representation of the
form (15) for o(-#). This completes the proof of the theorem.

Corollary 1 (Massera’s theorem [5]). Let = —d/dt+a(t): D(Z)C C(R,C)— C(R,C) be a differ-
ential operator with a continuous almost periodic function a: R > C. Then £ is invertible if and only tf
Reag # 0, where ag € C 13 the mean value of the function a.

Corollary 2. If %(s,s —tg), s € R, are invertible operators in End X, for some to > 0, and if
sup,er |%(s, s — to)!|| < oo, then the semigroup {Ta(t), t>0} can be embedded in a certain strongly

continuous group of operators (for F = L,, p € [1,00), or for &F = Cy), and the following inclusion
holds:

o(Z2) C ) € C: x—(%) SReA < x4 (D)},
where x—(%) = —liMroo 7" Insup,eg ||%(s, s + 7)|| and %(s,s+7)=X(s+71,s)"" for 7> 0.

A linear operator %y: D(Z%) C F - F = F(R, X) is said to be periodic (with period w > 0) if it
commutes with the operator S(w) € End & or, which is the same, if %(t +w, s +w) = %(t, s) for any
s<t.

Theorem 6. Let %5 be a periodic operator (with period 1). Then
expo(ZLa)\ {0} ={Ae€C:3uca(%(1,0)) such that |u| = |A|}. (16)
In particular, the operator ZLa is invertible if and only if the condition o(%(1,0))NT =@ 1s satisfied.

Proof. Since %(n,n — 1) = %(1,0) for any n € Z, the assertion of the theorem readily follows from
Theorems 2 and 3 (if we note that the spectrum of the difference operator (Uz)(n) = %(1,0)z(n — 1)
coincides with the set on the right-hand side in (16)). This proves the theorem.

Corollary. If A is the infinitesimal generator of a strongly continuous semigroup {T(t}, t>0} C
End X of linear operators, then the differential operator = —d/dt+ A: D(¥) C F(R,X) - F(R, X)
is invertible if and only if the condition o(T(1))NT = @ holds. In particular, if X is a Hilbert space,
then Z is invertible only if (1) o(A)NiR =@, and (2) supyeg|[(A — M) < co.

Proof. If X is a Hilbert space, then it follows from the Parseval formula in the Hilbert space L (R, X)
that the above two conditions are equivalent to the invertibility of the operator = —d/dt+ A: D(%) C
Ly(R, X) = Ly(R, X). It remains to apply Theorem 4. This proves the corollary.

Note that the corollary readily implies the well-known Herhard theorem [12, p. 95].

Theorem 7. Let a family % C End X admit an ezponential dichotomy ezponent 3 > 0 and coefficient
M > 0. If a family of evolution operators ¥'= {¥(t,s), s<t} in End X satisfies the condition
11—+~
sup ||[Z(n,n—-1) =Y (n,n-1)]| < — —,
sup [(n, 7 = 1) = Hn,n = D]l < 37 T
where v = exp(—0), then the operator Ly: D(¥y) C F — F is invertible.

(17)
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Proof. It follows from Theorems 3 and 4 that the operator %, € End #(Z, X) is invertible, and
formula (13) implies the estimate ||2;'|| < Pokez M~A¥ = M(1 4+ v)(1 = 4)~!. Hence, condition (17)
yields the invertibility of the difference operator (Z§z)(n) = z(n) — ¥(n,n — 1)z(n — 1). By Theorem 3,
the operator %y is invertible. This proves the theorem.

§2. Discussion of the Obtained Results. Examples and Remarks*

The above results (especially, Theorems 1-4) make it possible to apply the theory of semigroups of
linear operators widely in the study of linear parabolic operators with variable coefficients and hence to
partial differential operators. For example, our considerations cover the differential operator

L= —d/dt + A(t): D(Z) C L,(R, X) — L,(R, X), (18)

where X = Ly(Q) = L2(2,C) and § is a bounded smooth domain in R". Here the family of linear
differential operators A(t): H*(Q) N H>™(Q) C La(Q) = L2(Q) (HF(Q) and H?>™(Q) are the Sobolev
spaces [6]), t € R, is defined by the family of differential expressions

(L)) = Y aalt,u)(D°y)(u), u€eQ, teR,

laj<2m

and by the Dirichlet boundary conditions on the boundary 9Q of the domain 2. The functions aq: R x
2 = C, |a| < 2m, are assumed to be elements of the space C(R, C¥(f2)) for some sufficiently large k € N
and satisfy the Lipschitz condition when regarded as functions of the first argument with values in C k(Q).
In addition to the above-mentioned conditions, it is assumed that the family of differential expressions I,
t € R, is uniformly elliptic.

It follows from these conditions that the elliptic operators A(t), t € R, are the infinitesimal generators
of analytic semigroups of bounded linear operators, and the assumptions of the Sobolevskii-Tanabe the-
orem (13, p. 589 of the Russian translation|, which provides the correctness of the Cauchy problem on R
(the existence of a family of evolution operators), are satisfied.

In conclusion, we note that in the papers [5, 9, 10], differential operators of the form —d/dt + A(t)
in the Banach space C(R,X) with a function A: R & End X were considered. Assertion (1) of The-
orem 4 was obtained in [10, Theorem 3.3'] under certain additional assumptions, which are eliminated,
for & = C, in [1, Chap. X], where it is not required that A(t) € EndX, t € R. In [9], it was proved
that the exponential dichotomy condition for a family of evolution operators is equivalent to the condition
o(T2(1))NT = S. A similar assertion was presented in [15, Theorem 9.3] for elements of some C*-algebras
generated by dynamical systems.

Differential operators with unbounded operator coefficients were considered in [1, 6, 8]. In the paper (8],
the equivalence of the conditions of the (uniform) injectivity for operators Z» and %, was proved. Of the
results in [6] that are related to Theorems 1—4 most closely, we note Theorem 7.6.3, which states that the
operator £z is invertible under some assumptions that include the presence of an exponential dichotomy
of the family % and the assertion (see p. 251 of the Russian edition) on an exponential dichotomy of this
family under the exponential dichotomy condition for the operator family {Z(to + n,to +n —1),n€Z}
for all £ € R. We also note that it follows from [6, Theorem 7.6.5] and from Theorems 3 and 4 that
a family % admits an exponential dichotomy whenever the family {#%(n,n — 1), n € Z} admits the
discrete dichotomy. A discrete analog of assertion 1 of Theorem 4 is given in [6, Theorem 7.6.5], and in

the same monograph (see p. 363 of the Russian translation, comments to Chap. IX), the problem to prove
assertion 1 of Theorem 4 was posed.
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