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Abstract 
Solutions to a new quantum-mechanical kinetic equation for excited states of a damped oscillator are 
obtained explicitly. The difference between the position probability distributions, which determine (in 
the new formulation of quantum mechanics) states of the damped oscillator within the framework of the 
Caldirola-Kanai model, the kinetic equation with a collision term, and the nonlinear Kostin equation, is 
analyzed. 

1. Introduct ion 

The problem of motion with damping is a matter  of no little interest in quantum mechanics. Within 
the framework of the quantum theory for describing dissipative quantum systems, different models were 
proposed. In [1, 2], within the framework of the linear Schrgdinger equation for the wave function, a simple 
quantum Hamiltonian for the damping process was proposed and discussed in detail. For open (dissipative) 
quantum systems, the kinetic equation with a coefficient responsible for damping was proposed, for example, 
in [3, 4]. The nonlinear Kostin equation was also used to describe quantum friction (see, for example, [5]). 
Nevertheless, till now there exists a misunderstanding in comparative analysis of different models of quantum 
damping and classical damping. Attempts to compare different models describing damped quantum systems 
were made in a number of papers (see, for example, [6]), where the time dependence of the average (over 
period) energy of a damped oscillator in the classical and quantum cases was given), but these attempts did 
not result in a final understanding of the problem under discussion. 

Recently, in [7-9] the probability representation of quantum mechanics was introduced and a new evolu- 
tion equation was derived, which was a generalization of the results obtained in [10], where the role of the 
Wigner function was played by the probability distribution (marginal distribution) of the particle's position 
in an ensemble of rotated and scaled reference frames in the system's classical phase space (the classical repre- 
sentation of quantum mechanics). The probability representation of quantum mechanics uses the symplectic 
tomography procedure suggested for measuring quantum states in [11, 12]. The approach was developed 
in [13-26]. Within the framework of the classical representation, the quantum damped oscillator described 
by the Caldirola-Kanai model was considered in [17]. In view of the possibility of the classical treatment of 
a quantum system, we compare three different models for quantum damping, namely, 

(1) the Caldirola-Kanai model with a Hamiltonian; 
(2) the model where damping is taken into account by inserting a collision term into the kinetic equation; 
(3) the model in which damping is described by the nonlinear Kostin equation (the Kostin model). 
The aim of this paper is to derive the marginal distribution for the quantum damped oscillator using the 

kinetic equation with a collision term and to compare the expression obtained with the marginal distribution 
calculated for the system described by the Caldirola-Kanai model of [17] and for the system described by the 
nonlinear Kostin equation. 
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2. Marginal  Di s tr ibut ion  for the  Kost in  M o d e l  

As was shown in [7], for the generic linear combination of the position q and momentum p, which is a 
measurable observable in the phase space (h = m = 1) 

/] 
2 = ktq+ --to,  (1) 

t,o 1 

w h e r e  w I is the frequency of an unexcited oscillator, the marginal distribution w (X, p, u) (normalized with 
respect to the variable X),  depending on the two extra real parameters p and v, is related to the state of the 
quantum system expressed in terms of its Wigner function W (q, p) as follows: 

v P dk dqdp 
w ( X , . , v ) = / e x p [ - i k ( X - . q - ~ l  1 )]W(q,p)  (27r)2 (2) 

The Kostin equation for the quantum damped oscillator has the form (h = rn = 1) 

i~-0~ = B ~  , (3) 

where the Kostin Hamiltonian 

P2 w~q2 [In (~----u / @ * l n  (~----2)r = ~ + - - T -  - i~1  - ( 4 )  

depends not only on operators of the position ~" and momentum if, but also on the wave function ~I' (q, t) of 
the quantum damped oscillator. 

The Kostin equation (3) with the Hamiltonian (4) for a quantum oscillator was solved, in particular, 
in [5], where it was shown that the wave function @ (q, t) can be presented in Gaussian form: 

ql(q,t) = exp - q2+e-'nt 1 cosf~t -- sinf~t q 
t o 1 /  tOl  

e-27~t cos2 f~t 71e-271t cos2 f~t fl sin2flt .wit i 3'1 
2wl + i 2w~ + i 4w~ ' 2 + 4w~ j ' (5) 

where 

@ ~ ( q , t : O ) :  ( ~ )  1/4 

with a fixed complex parameter c~ of the form 

Within the framework of the Kostin model, it is not difficult to show that at the initial time moment t = 0 
the wave function of the quantum damped oscillator has the appearance of the coherent state's wave function 

exp 'a'2 ~ q2"4- 2V~lotq-- ~2. ] (6) 
2 2 

A J  

- ~ i - i . (7) 

At any fixed time moment t, the wave function ~a (q, t = 0) depends on the parameter a as follows: 

{ _ ] q~(q,t) = exp[if(t)]exp --~- + 2X/~lC~COSflt- i f l  sinl2t q 
to 1 
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where the phase F depends on time: 

~e-27r t sin 2fit wit "[1 
F ( t ) :  71e-2"2tw~~ flt + 4w~ - -2- + 4w~ " (9) 

Now we derive the marginal distribution wa ( X , . ,  u, t) for the coherent state of the quantum damped 
oscillator within the framework of the Kostin model using the wave function ~ (q, t) for the given coherent 
state of the oscillator under discussion. To do this, we use the relationship adopted, for example, from [17], 
which explicitly connects the marginal distribution w~ ( X , . ,  u, t) with the wave function @a (q, t) : 

f ( (10) w.(X,. ,u, t)= exp(-ikX+ikuq)@~ q+-~ , t  ~; q - T , t  21r 

Inserting the wave function ~a (q, t) for the quantum damped oscillator in formula (10), after some algebra 
we obtain the marginal distribution wa (X,. ,  u, t) for the coherent state in the form 

ex (_lol )e   - ~o(x,. ,~,t) = x / ~ ( "  ~+~') ~f1(~2+~2) 

| [ w{l("-iu)2e-2"'tc~ (.2 + u2) + v~X'(_~-iu___)e--"_Jcosflt (.2 + u2) a 

| wtl("+i-u)Xe'---2~'t---c~ (.2 + v2) + ~X'("+iv)e-~'tc~ f (.---~ + v2-- ~ a *]] 

| [ - (e -2~ ' tcos2f l t -1) [a[2]  , (11) 

where 
fie--r, t sin f/t 

x ' =  x + v .  (12) 
o) 1 

Employing the fact that a coherent state is the generating function for the system's excited states (see, 
for example, [6]), i.e., the equality 

oo O~n o t . rn  

w"(X'" 'v ' t )=exp(- la[ ' )  E ~ w . m ( X , . , u , t )  
n ,  rn=O 

(13) 

is valid, and introducing the notation 

~.(x , . , . , t )=~. . (x , . , . , t ) ,  

we obtain the marginal distribution for the excited Fock state wn ( X , . ,  u, t) expressed through the Hermite 
polynomials of two variables Hn{t~m } (X, y) (see, for example, [6]): 

X~2 ] 
1 exp _ n! ~ . ( z , . , v , 0  = x/~;1(.2+v2 ) ~11(.2+v2) e-2"~"~~ 

| [ x/~X' v~X'  ] ,  (14) 

(1 +fl)  V/W{ -1 (.2 + u2)'(1 + fl) ~/w{ -1 (.2 + u2) 

where 
fl = 1 exp (27xt) (15) 

cos 2 flt 
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In view of the relationship between the Hermite polynomials of two variables and the usual Hermite polyno- 
mials [6] 

H{~/3} (Yl, Y2) 
rain (re, n) (_2~)k 

m!n!2-(m+n)/2 ~ k[(m-k)!(n-k)! 
k=O 

~/~ ,/H,._~ ~ ), (16) 

we obtain the marginal distributiom for the excited Fock state in the form 

w.(x.,.v.t) n[ 
wo (X ,  t~, v, t) ~-~ e -2",~t cos 2" fit 

(-2fl)  k H 9. [X+_vfl___~wlle__~l__~tsi__ nflt ] 
@ t:=0 ~ k! (( n - k)!) ~ ,-,-,-k r I (#2 q_ v2) j '  

(17) 

where w0 (X, ~u, v, t) is the marginal distribution for the system's ground state: 

1 
Wo (X,/z, v, t) : exp 

r (/t 2 -~- /2 2) 

X + vflw{l e -'n t sin f~t) 
(18) 

3. Marginal  D i s t r i b u t i o n  for the  M o d e l  wi th  the  Kinet i c  E q u a t i o n  

As was shown in [7], for damped systems which are described by the kinetic equation for the density 
matrix with a collision term 

P= -iw2 [ata, p] -4-T2 (2apat -atap--  pata) , (19) 

where w2 and 7~ are the frequency and damping coefficient, respectively, for the model with the kinetic 
equation, a t and a are the boson creation and annihilation operators, Eq. (19) can be rewritten (in the 
interaction representation) using the language of marginal distribution in the framework of the classical 
description of quantum mechanics, in the form of a new Fokker-Planck equation: 

0 (9 1 (92 ] 
(20) 

A solution to the evolution equation (20) is the marginal distribution for the coherent state of a damped 
system in the interaction representation [7] 

w (X,  t~, v, t) = vrt~ ~ + v~ - -  exp { 
IX - (btqo + w21vPo) e-~2t] 2 

wf I ( ~  + v~) (21) 

which, in view of Eq. (2), is related to the Wigner function of the damped harmonic oscillator 

(22) 
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In Eqs. (21) and (22), the parameters of the initial coherent state q0, P0 can be written in the form 

Ot -[- Or* O~ - -  Or* 

q 0 -  2v/~-~- , P0-- iv/~ V / ~ ,  (23) 

where c~ is a complex number. 
Since Eq. (21) was written in the interaction representation, in order to obtain the marginal distribution 

for the system's coherent state in the SchrSdinger representation, it is sufficient to introduce the following 
notation: 

#( t )  = #cosw2 t+us inw2 t ,  (24) 

v(t)  = - # s i n w 2 t + v c o s w 2 t .  

By inserting (23) and (24) in (21), we obtain the marginal distribution for the coherent state of the damped 
oscillator, which is a solution to the new quantum equation of the Fokker-Planck-type (20) written in the 
Schr5dinger representation: 

1 exp wa (X,  ~, l/, t) exp \ -  , c~ ,2/ ,v/#2+v2 w ; i ( # 2 + v 2 )  ' 

e-272t - i (#sinw2t + ucosw2t)} 2 a 2 | exp 2 (#2 + v2) {( ,cosset  v sin w2t) 

] v/2Xe- '2t  {(#cosw2t -  usinw2t) - i (#s inw2t  + vcosw2t)} ~ 
+ -112 ,o2 (~2 + v2) 

e-2"nt + i (#s inw2t  + vcosw~t)} 2 a .2 @ exp 2 (#2 + v2) v sin w2t) 

((#cosw2t - vsinw2t) + i (#sinw2t + vcosw2t)} oF[ + -1/2 ~,~ (#2 + v2) J 

@exp [-(e -2"a t -  1){c~ 12]. (25) 
Now we follow the treatment of See. 2, where the generating function was used for calculating the marginal 

distribution for the system's excited state. Since a coherent state is the generating function for the system's 
excited states (see, for example, [6]), i.e., the equality 

w ~ ( X , # , v , t ) = e x p ( -  [a[  2) 
co o~n O~. m 

(26) 

is valid, introducing the notation 
w.  (X, #, ~, t) = w . .  (X, #, ~, t) , 

we obtain the marginal distribution for the excited states wn (X, #, v, t) expressed in terms of the Hermite 

polynomials of two variables H~ {/~} (x, y) (see, for example, [6]): 

, , , . ,  ( x , . , , . , t )  = 1_ e x p  - _ 
V ~r v/~2 + v2 o~ 2 ~ (~2 + v2) n! 

|  X ) (27) 
;1 (,2 + .2) '  (,2 + .2) ' 
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where 
# = 1 - e 2v=t . 

In view of the relationship between the Hermite polynomials of two variables and the usual Hermite polyno- 
mials [6] 

H~I(y,y)=(n!)22-"k~=o k![~---~!]2(-2#)k H"._k (l+#)yv,~ ' (28) 

we obtain the marginal distribution for the excited Fock state in the form 

n! e_2n72 t ~ . ( x , ~ , . , t )  = wo(X,~ , / ] )~  

k=o f l  (/~= +/]~.) 

where the marginal distribution for the system's ground state w0 (X, #, /])  reads 

1 x'- ] 
V 71" V #  2 -~- I]2 exp  

~,~_~ (~= +/]=). (3o) 

One can see that  the calculations we produced in this section are similar to the ones t reated in See. 2 in 
order to obtain the marginal  distribution for the excited Fock state of the damped  quan tum oscillator within 
the framework of the Kostin model. 

4. Compar ison of the  Three  Models 

As was shown in [17], for the quan tum damped oscillator described by the Caldirola-Kanai  Hamiltonian 

f f I  - ff2e-2"flt + w~q2e2"r~t 
2 2 

the marginal distribution for the excited Fock state has the form 

w"(x'"/]'t)=~~176 l ~( X ) 2,n---7. H, ~/~, (aS + b ~.) ' (Zl) 

where w0 (X, #, u, t) is the marginal distribution for the oscillator's ground state 

1 
w0 (X, #, v, t) = V/7rr ( a2 + b2) exp ~ .  (aS + b~) (32) 

with 

and 

exp (271t) g (r ~ +e ~") 
a = + # ,  b - u (33) 

e--rl t ~ 1 2  
e ( t ) - -  f~ [(Txsinf~t+f~cosf~t)+isinf~t],  f~=  - 7 ~ -  (34) 

It is worth noting that  a particular feature of all three models is that  the position mean values, within the 
framework of the Caldirola-Kanai model, the Kostin model, and the model with the kinetic equation, have 
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the same classical appearance, namely, for the model with the Caldirola-Kanai Hamiltonian and the Kostin 
model, it reads 

(q) +23'1 (q) +w~(q) = 0, (35) 

and for the kinetic equation with a collision term it takes the form 

<q> +23'5 <q> + + <q> = 0. (36) 

Because of this, the quantum systems, which can be treated with the help of the three discussed models, can 
be conditionally considered as a quantum analog of the classical damped oscillator. 

For the numerical comparison of the three models, we take the same values for damping coefficients and 
for the coefficients of (q) in the equation for the position mean value, namely, 

3 ' = 3 ' 1 = 3 ' 2 = 0 . 9 ,  w = ~w-~+ 3'~ = wl = 1.5. 

The results of the numerical calculation of the marginal probability distributions for the kinetic equation 
with a collision term (29) and for the Caldirola-Kanai model (31) are presented in Figs. 1 and 2, and those 
for the Kostin model are shown in Fig. 3. Comparing the plots, one can draw several important conclusions: 

(i) Dispersions of the state's marginal probability distributions for the two models of quantum damping 
(the Caldirola-Kanai model and the kinetic equation with a coUision term) are different. This difference can 
be easily observed in the dispersion parameters of the state's marginal probability distributions for these two 
models of the quantum damped oscillator in Fig. 1, where marginal distributions for the ground state (n = 0) 
of the quantum damped oscillator for the model with the kinetic equation are shown in Fig. la,  and those 
for the model with the Caldirola-Kanai Hamiltonian (/~ = 1.5, 3't = 0 .9 )  are shown in Fig. lb. The marginal 
distributions are plotted versus variables X and v, with parameters/~ and values of t and 3' chosen to be 
constant. Within the framework of the Caldirola-Kanai model, the dispersion of the marginal probability 
distribution depends on parameters ~u and v as well as on values of 3' and t; in the model with the kinetic 
equation, the dispersion of the marginal probability distribution is constant with respect to values of 3' and 
t and depends only on parameters g and v. 

(ii) From formulas (29) and (31) it follows that in the model of quantum damping with the kinetic 
equation one can observe zeros of the marginal probability distributions (zeros of the Hermite polynomials), 
but this is not the case for the marginal probability distribution within the framework of the Caldirola-Kanai 
model. This difference is shown in Fig. 2, where marginal distributions for the first excited state (n = 1) 
of the quantum damped oscillator with fixed parameters (/~ = 1, 3't -- 0.045) are plotted for two models - -  
for the model with the kinetic equation (Fig. 2a) and for the model with the Caldirola-Kanai Hamiltonian 
(Fig. 2b). 

(iii) The third important conclusion can be drawn while studying the structure of formulas (29) and (31) 
from the viewpoint of the dependence on parameters/~ and u. As was mentioned before, the physical meaning 
of the parameters # and u consists of describing an ensemble of rotated and scaled reference frames in the 
system's phase space, i.e., they describe the reference frame where the position is measured [see formula (1)]. 
It is easy to see that the marginal probability distribution (29) for the model of quantum damping with 
the kinetic equation is symmetrical with respect to the parameters # and u, but the marginal probability 
distribution (31) for the Caldirola-Kanai model is asymmetrical with respect to the parameters ~u and u. This 
means that in symmetrical reference frames, i.e., in reference frames which are determined by symmetrical 
values of the parameters g and u, the marginal probability distributions for the quantum damped oscillator's 
state for the model with the kinetic equation have the same values in different symmetrical reference frames, 
but in the framework of the Caldirola-Kanai model, the marginal probability distributions for the quantum 
damped oscillator's state have different values in different symmetrical reference frames. 
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Fig.  1. Marginal probability distributions for two models  of  quantum damping - -  the kinetic equation with a collision 
term (a) and the Caldirola-Kanai  model  (b) for the ground state (n = 0) of  the quantum damped oscillator versus 
variables X and v, with parameters /z  and values of  t and 7 chosen to be constant (# = 1.5, 7t = 0.9). 
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Fig .  2. Marginal probability distributions for two models  of  quantum damping - -  the kinetic equation with a collision 
term (a) and the Caldirola-Kanai  model  (b) for the first excited state (n --: 1) of  the quantum damped oscillator versus 
variables X and v, with parameters # and values of  t and 7 chosen to be constant (# = 1.0, 7t -- 0.045). 
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Fig.  3. Marginal probability distributions for the model of quantum damping in the framework of the nonlinear Kostin 
equation for the ground state (n = 0, # = 1.5, 75 = 0.9) (a) and for the first excited state (n = 1, # = 2.0, "# = 
0.027) (b) of the quantum damped oscillator versus variables X and v. 
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(iiii) In Fig. 3, the marginal probability distributions for the ground state (n = 0, Fig. 3a) and for the 
first excited state (n = 1, Fig. 3b) of the quantum damped oscillator treated in the framework of the Kostin 
model are plotted. These two plots differ from the corresponding plots shown in Figs. 1 and 2, which is a 
demonstration of the difference between the three models of quantum damping considered in the paper. 

5. Conclusions  

In this paper, we showed that within the framework of the classical description of a quantum system it is 
possible to easily analyze the difference between the models of quantum damping - -  the model with Caldirola- 
Kanai Hamiltonian, the model with the kinetic equation with a collision term, and the model elaborating the 
nonlinear Kostin equation. The analysis shows that statistical properties of the quantum damped oscillator 
described within the framework of the three models considered differ significantly. The position dispersions 
and marginal distribution shapes calculated for the different models of the quantum damped oscillator depend 
on time and the parameters of the reference frames in a different manner. This observation gives the possibility 
of choosing the appropriate model of quantum damping (friction) by measuring the characteristics of the 
marginal probability distributions of the oscillator. 

The analysis of damping presented in this paper can be extended for quantum systems with several 
degrees of freedom and also for quantum fields. As follows from the simple example of the one-dimensional 
oscillator considered in this study, one can expect a substantially different behavior of the damped field 
quanta depending on whether one uses the nonlinear field equations or the kinetic equation. 

We hope that the technique presented can be successfully used for comparing other models of quantum 
damping. 
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