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S u m m a r y .  - -  A very delicate problem in gravitational-wave experi- 
ments is that of insulation of the antenna from external, acoustic or 
seismic, disturbances. The mechanism of excitation in terms of time 
variable stresses exerted by the suspension on the lateral surface of the 
antenna itself has been studied and results useful for design purposes 
obtained. Measurements performed with a small model antenna are 
in agreement with calculations. 

1 .  - I n t r o d u c t i o n .  

Aim of the new-generation gravitat ional-wave antennas is to gain enough 
sensitivity to detect bursts produced iu supernova explosions sufficiently far 

to collect significant samples in an acceptable period of time. To be more 
specific, candidates are the galaxies of the Virgo Cluster, which, on t h e b a s i s  
of current estimates, would ensure a reasonable rate of about  10 events per 

year. The energy flow of the gravitat ional-radiation pulse on the Ear th  would 
lie in the range ~ ( 1 0 ' + 1 ) e r g / c m  2 and the burst duration between 1 and 

0.1 ms. The corresponding change in the ampli tude of the vibrations of the 

antenna is, however, of the order of only (10 -17-10  -19) cm. 
I f  we assume pelfect seismic and acoustic insulation, the main difficulties in 
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achieving such sensitivities apparent ly  lie in the construct ion of the electro- 
mechanical  t ransducer,  i.e. the sensor measuring the  small displacements of 
the antenna.  The above figures of displacement,  however,  show also how strin- 
gent  the  requirements  for isolation from external  disturbances are. 

Even  if the results recently obtained in Fraseat i  and in Stanford demonstra te  
tha t  this problem has been succesfully solved, for the present status of sen- 
sitivity, we th ink it worth-while a quant i ta t ive  discussion of this subject to clarify 
the si tuation and to give the basis for future  refinements. 

The ul t imate  vehicle of noise energy transfer  to the antenna is its suspen- 
sion itself, of which various types have been devised, like cables, tuning forks, 
magnetic fields. In  what  follows we shall then restrict  ourselves to  the s tudy 
of the influence of this support  on the motions of the antenna,  being the rest 
a mere, even if difficult, question of filtering. 

As is well known, the almost to ta l i ty  of resonant  antennas present ly in 
use consists of big cylinders with masses ranging from some hundreds to some 
thousands kg. Only the odd longitudinal modes of vibrat ion are of interest  
for our purposes. The zone of contact  between suspension and antenna  lies 
always on the lateral  surface of the  cylinder, consequently the stresses a t  these 
points will be responsible for the excitation, and what  one wants to do is to 
keep the power flowing through this input  below tha t  of thermal  fluctuations. 
A necessary condition for the exci tat ion of a given mode is obviously tha t  the 
stress has a t ime-variable component  at  the f requency of the mode. As will 
be made clear in the following and is, on the other hand,  intuitive,  this con- 
dition is, however,  not  sufficient. This remark  indicates the possibility of 
optimizing the suspension. 

In  the first par t  of this paper  we briefly describe the method of solution and 
the results of calculations; in the second, experimental  results obtained with 
a small model antenna are repor ted an4 compared. 

2. - T h e  m e c h a n i s m  o f  exc i ta t ion .  

We shall proceed to the solution in two separate successive steps: af ter  
having determined the mot ion of the cylinder subjected to generic stresses 
on the lateral  surface and with the ends free, the stresses due to the suspension 
are evaluated and then in t roduced  in the general solution. 

2"1. M o t i o n  o] the cyl inder.  - Let  us consider a homogeneous cylinder of 
length 2L, radius a and density Q, referred to a cylindrical-co-ordinate system 
with the origin at  the centre of mass and the z-axis along the axis of the cyl- 
inder. 

The approximate  solution for the free vibrations of a cylinder of finite 
length and in the absence of internal  fl iction was obtained many  years ago 
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by I)OCItI-IAIVI:M-Eg and, independently,  by CI~REE (1). We modify their equations 
by introducing the dissipation, as we wa.nt quanti tat ive results on the exci- 
ta t ion of the longitudinal modes caused by external forces. This is easily done 
by assuming tha t  our viscoelastic body behaves like a Voigt solid, for which, as 
is known, the stress-strain relations maintain the same form as for a perfectly 
elastic solid by replacing the Lamb moduli 2 and /x with the operators 2 + 
+ 2'(8/8t) and /t -4-#'(8/8t), respectively. 

For  longitudinal vibrations the 0-component, Uo, of the displacement van- 
ishes and one obtains for the other components, ur and u~, the equations 

(1) 

(2) 

8~u~ 2 )SA 2 ' 8 8A 8Do 8 8(2o 
0-8-~ - = ( ; t +  # c~r + ( ~ ' +  # )c~  c~----~+2/x-~-z +2~t'c~t ez ' 

~ -  = (). %- tt - ~  + ().' -f- 2#') 8t ~z r 8r (r-Qo) r ~t ~r (rQo), 

where A is the dilatation and ~20 the 0-component of the rotation 

1 8(ru~) 8u, 
(3) A----r ~r - -~- 8z ' 

1 (.~u, ~u~ 
(4) -(2o ----- ~ ~ c~ z er ]" 

The procedure to solve these equations follows, whenever is possible, tha t  of 
Pochhammer.  By  imposing a solution of the type 

(5) 

(6) 

u, : U(r) exp [i(7z + wt)], 

u~ : W(r) exp [i(yz + ~ot)], 

eqs. (1) and (2) reduce to 

(la) 

(2a) 

where 

(7) 

and 

(S) 

8r ~ + r  8r + h ' 2 A = O '  

82~o 1 8Qo -Qo 
8r 2 + r  8r r 2 + k ' 2 Q ~  

k '2 = o~2[/~ + ico/t'] -1 --  y~. 

(1) See, e.g., H. KOLSKY: Stress Waves in Solids (New York, N.Y., 1963). 
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By taking as the variable h'r in (la) and k'r in (lb) in place of r, these equa- 
tions become Bessel equations of order zero and one, respectively, giving the 
solution 

(9) ~ = GJo(h'r) ,  

(10) Q0 = HJ~(k' r), 

where G and H arc functions of z and t only. From this, and by taking into 
account (3) and (4), it follows tha t  U and W must  be of the form 

(11) 

(12) 

A8 
U = -~- Jo(h'r) + C~,J~(k'r), 

Ci 8 
W = Ai~,Jo(h'r) ~ r ~ [rJ~(k'r)] 

with A and C constants. A solution which approximately satisfies the con- 
ditions for free ends of the cylinder is hence obtained as 

8Jo(h'r) ] 
(13) u, = An 8-----7- H- ynC~J~(k'r) cos y~z exp [ito~t], 

(14) u~ = [y~A~Jo(h' r) H- C~k' Jo(k'r) ] siny~z exp [ieoJ] 

with y~ = nzt/2L. When a is small compared to the wave-length of the vibra- 
tions, which is true for the lowest modes of all antennas presently in use, we 
have also 

( 1 5 )  ~o~ = ~ , 

where E = #(3), H-2/~)/(2 q-#)  is Young's modulus. 
The constants An and C. are determined by the boundary conditions on 

the lateral surface, where we assume, without  loss of generality, t ha t  the 
stresses a~(0, z) exp [ioJ~t] and a~(O, z) exp [ieo~t] are applied�9 One then ob- 
tains the two equations 

(16) {An [2 82J~ [ #  ~ Z(h'2q-Y~)Jo(h'a)]H-2C~#Y~Jl(k'a)}" 

�9 c o s  ~ , . z  = a ~ ( O ,  z ) ,  

[~ ,  ~cJo(h' a) ] 
(17) - # L ~ y ~  c~aa H-C~(~,~--k'~)Jl(k'a)j sin~,~z=a~(O,z), 

where 8( )/~a is used, for brevity, in place of [8( )/~rJr=a~ 
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For  this sys tem to be solvable, the left- and r ight -hand members  in 
eqs. (16)  and  (17) mus t  show the same dependence on the variables 0 and z. 

(~) a n d  (n) This means  tha t ,  to excite the n- th  mode,  only the components  a,, a,~ 
having  the appropr ia te  space dependence in the Fourier  expansion of ar, and  ar~, 
intended as periodic functions of period 2~t with respect  to 0 and of period 2L 
with respect  to z, will be active. Conversely, in their  absence the  mode will 
not  be excited, even if the corresponding f requency is present ,  as we had anti-  
cipated. These simple remarks  m a y  const i tute  an useful guide for a qual i ta t ive  
inspection on performances  of suspensions. 

One easily obtains 

+Z +~ 

( ] 8 )  ~ r r a ( " ) - - l f f  (lrr(O'z) c ~  

+ L t-~t 

~r'. 2JtL ,~(0, Z) s i n  y .  z dz dO, 

--L --~t 

which mus t  replace a,r and (~r~, respectively,  in eqs. (16) and (17). The solution 
of this system, in the same approx imat ion  in which (15) holds, is a t  the  res- 
onance 

(20) 

(21) 

if a~z = 0, 

(22) 

(23) 

a(n) Q 2Y'2 z 
u~ = - -  ~'~ co. --~ --~ ~,.r cos ? . z  exp  [iw.t] , 

_ _  (.) Q 2 v  
Uz--(~r, ~.2 y ,  s i n ? , , z e x p [  ir176 

(On 

(,) Q 2r r 
Ur ----- f r z  (A)--~ --'~ ~n  a c o s  ~ . z  exp [iw.t] , 

(,) __Q _2 1 s i n  y . z  exp  [iw.t] 
'l~z : - -  airs (Dzn 0 

if a, ,  ~-- 0. A l inear combinat ion  (phases mus t  be t aken  into account) of the 
above  results gives the  solution in general. Q, a funct ion of 4, #, ~' and /~ ' ,  
is the mer i t  factor  and  v the Poisson ratio. Note  tha t  the constant  pa r t  of the 
coefficient of f(") in (21) is the same as t ha t  of f~) in (22) when r = a. This rr 

means  t h a t  in general tangent ia l  stresses are much  more efficient in excit ing 
the  an tenna  than  radial,  and mus t  possibly be avoided. 

Equat ions  (20) through (23) can be easily extended,  in analogy with the 
harmonic  oscillator, to the case in which the stresses are r andom functions 
of time. This is formal ly  done by  taking the modulus  square of bo th  sides 

_(n) * on the above equations and  by  interpret ing ]ur[ z, ]f~)l:, . . ' ,  Orz aS power  
spectral  densities. 

7 - I1 Nuovo Cfmenlo C. 
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Multiplication of the resul t ing r ight -hand sides by  a Lorentz ian  [1 + 
+ (~o - -  o~)2(2Q/co~)2] -a represents  wi th  very  good approx ima t ion  the behaviour  

of the  resonance curve a t  frequencies ~o close to ~ . .  

2"2. The stresses due to suspension.  - We consider the par t icular  case of 
a cylinder suspended b y  a cable through its central  section. Extens ion  to other  
cases is s t raightforward.  B y  eq. (19) ar~ has now no effect and  so only a~ is 
to be t aken  into account.  One can easily show, considering friction, t ha t  the 
var iable  tension of the  str ing is complete ly  absorbed in a very  small area a t  
the surface of the  cylinder, so t h a t  we assume the  result ing force exer ted at  a 
point l ike contact .  Such a force is due to bo th  longitudinal  and  t ransverse  
vibrat ions  of the  cable and  is given b y  T ~ / ~ x ,  where ~ is the  displacement  
and  I '  the  tension, which equals M g  ( M  ~ mass of the  suspended body) in 
the  t ransverse  case, E S  (Young's  modulus  t imes the  area of the  cross-section) 
in the  longitudinal  one. I t  is immedia te ly  seen t h a t  the rat io  of the forces is 
of the  order of the  ra t io  of the  corresponding p ropaga t ion  velocities. Corn 
sequently,  the  force due to t ransverse  t ransmiss ion is ] or 2 orders of magni tude  
smaller. W e  shall then  restr ict  ourselves only to the  longitudinal  v ibra t ions  
of the  string. 

Le t  us consider a cable, paral lel  to the x-axis, of lenght l, at  one end of 
which a mass  M, much  greater  t h a n  the mass  of the  cable, is a t tached,  whereas 

sinusoidal force of circular f requency eo acts,  in the x-direction, at  the  other  
end, which we assume as the  origin of co-ordinates.  

] f  w>>~%--~ ~ / M 1 ,  eoc/w~l>>ctg(o~l/c), where c is the  veloci ty  of the  
acoustic wave,  the  ~t tenuat ion A is 

(24) A = ~(1) ~ o)~ o)l/c 
~(0) - -  (o 2 sin (wl/c) 

and the  force act ing on the  mass 

(25) S ~,x]~ll - -  sin (wl/c) c ' 

an obvious result, which, however,  holds in general,  in the  sense t h a t  the  force 
exer ted b y  a generic suspension can be inferred f rom the acceleration of the  
cent, e of mass  of the  antenna.  

We are now ready  the  evalua te  the stresses in the  real case, which is sketched 
in fig. ] .  Wi th  reference to this figure, if we assume t h a t  the  stimuli a t  points 
A '  and  B '  are in phase  and  of the  same ampl i tude,  the radial  component  ], 
of the force act ing on the  cylinder a t  point  A or B, is easily found to be 

(26) ], ---- (M/2)~o2~(l) sin O 
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b y  reculling t ha t  the  var iable  pa r t  of the  tension is now Mw2~(l)/2 cos O. 
I n  general  the ampl i tudes  and  phuses of stimuli a t  points  A '  and  B '  are 

arbi t rary .  Taking  account  of this fact ,  we obta in  f rom (26), (24) and  (18) for 

l 
Fig. 1. - Sketch of the experimental set-up. 

the  stress we are interested in 

1 sin 0 
(27) a~(~ ) = ~-- Mo)~A ~/S~ ~- S~ Jr 2S~SB cos ~ ,  Z a  

where SA and  SB are the  ampl i tudes  of displacement  a t  points  A '  and  B '  and  
their  phase  difference. 

In t roduc ing  (27) in (20) and  (21), we obtain  for the  exci ta t ion of the n- th  
longitudinal  mode  of the  antenna,  a t  the  resonance, 

(28) u, = 
2Y2 2 

1 sinO MA VS~ -~ S~ + 2S~ S, cos ~ Q ~ -  ~ r  cos $ .z  exp [io~fl], 
47r Z a  

1 sinO 
(29) u~ - -  

4~r La 
2 v  

- -  MA V/S~ + S~ + 2S~ SB cos ~ Q ~ ~ sin ~.z  exp  [iwfl] 

and, for the case stimuli  are r andom  in t ime  (see the  end of subsect. 2"1), 

(289)  

(29a) 

(MAQv~/~r sinO cos ~.z) 2 
]ur(~~ = (2:rLa0)~[1 + (~o - -  wn)~(2Q/to.) ~] 

luz(eo)l 2 = ( MAQvrn sinO sin ~ z )  2 
(2:rLa~)~[1 ~- (~o - -  o)~)~(2Q/wn) ~] 

[ s ( ~ ) [  ~ , 

I s ( ~ ) l  ~ , 
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w h e r e  lull% lu~l 2 a re  t h e  p o w e r  s p e c t r a l  dens i t i e s  of d i s p l a c e m e n t s  a n d  IS(eo) l ~ 

t h a t  of t h e  n e t  s t i m u l u s  g iven  b y  

Is I s • i ~  I s + Is ,  i ~ + ~., ,  + s ,~ , 

~AB and s are  cross  s p e c t r a  of s t i m u l u s  A a n d  s t i m u l u s  B.  

3. - Experimental results. 

W e  h a v e  c h e c k e d  t h e  p r e v i o u s  r e su l t s  b y  p e r f o r m i n g  m e a s u r e m e n t s  w i t h  

a s m a l l  m o d e l  a n t e n n a  of a l u m i n i u m  h a v i n g  M = 16 kg ,  2L  = 30 cm,  a = 8 cm. 

T h e  c y l i n d e r  was  s u s p e n d e d  ins ide  a v a c u u m  c h a m b e r  as  s k e t c h e d  in  fig. 1 

a t  a r i g id  f r a m e  to  w h i c h  a s m a l l  shake r  i m p a r t e d  r a n d o m  v i b r a t i o n s  in  a n  

i n t e r v M  of 5 H z  a r o u n d  t h e  r e s o n a n t  f r e q u e n c y  of t h e  f i rs t  l o n g i t u d i n a l  m o d e ,  

wh ich  was  a p p r o x i m a t e l y  a t  8443 Hz .  I n  th i s  w a y  t h e  fu l l  r e s o n a n c e  c u r v e  

was  m e a s u r e d  a t  one  t ime .  As  t r a n s d u c e r s  t h r e e  B r u e l  a n d  K j a e r  acce le lo -  

m e t e r s  were  used .  T h e  f i rs t  two ,  f ixed  a t  p o i n t s  A '  a n d  B '  of  su spens ion  of t h e  

s y s t e m ,  m e a s u r e d  t h e  i n p u t  noise ,  t h e  t h i r d  one was  g lued  on t h e  l a t e r a l  sur-  

face  a t  z ---- 0, a l l owing  so us  to  d e t e r m i n e  t h e  r a d i a l  d i s p l a c e m e n t  ur .  

W h a t  in  f ac t  we  m e a s u r e d  was  t h e  t r a n s f e r  f u n c t i o n  3 -  of t h i s  s y s t e m ,  

de f ined  as 3 - =  ~/l%ls/[SI s, t h a t ,  w i t h  re fe rence  to  eq. (28a),  g ives  a t  r e s o n a n c e  

M A  
(30) 3-(~Ol) = 4~La Q" 7 .5 .10  -3 sin O .  

I n  t h e  p r e s e n t  case  Q ---- 3.4.104,  A : 7 .10-% so t h a t  

(31) 57"(0~) : 0.19 sin O .  

1.2 -I0 -I 0 ~ 
1 H z  ~.----"~~'- ~,~ ' , 

~L - -  ~ ~ " 1 '  8 4 1 3 . 7 6  I ~ ~ - r ~ - ~  - - i -  180 ~ 

Fig. 2. - Measured  t r ans fe r  func t ion  (dashed  line) for t he  case O = 20 ~ The con- 
t inuous  line (scale on the right) represents the  phase difference between stimulus and 
excitation of the antenna. 
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Measurements  of J "  were per formed a t  three different values of 0(2 ~ 10 ~ 20 ~ 
by  compar ing  outputs  of the three  accelerometers by  means  of ,~ power spec- 
t r u m  analyser.  An internal  consistency test  was obta ined by  checking t h a t  
the phase  difference between the  resul tan t  st imulus,  as given by  accclerometers  
A '  and  B' ,  and the displacement  of the an tenna  was as requested a round reso- 
nance. Figure  2 gives an example  of the curves we obtained.  The results a t  
the frequency of resonance are repor ted  in table  I (~,,,,) and  compared  with 
the calculations (Sr(o)~)) given by  (31). 

TABLE I. 

O ~r, ,  ~ ( (o , )  

2 ~ (5.4 '-- 1) . 1 0  -a 6 . 6 . 1 0  a 

10 ~ (2.8 • 0.5)" 10 -2 3 . 2 . 1 0  -~ 

20 ~ (6.4  ~: 0.6)" 10- 2 6.5" l0  -2 

As can be seen, the agreement  is sat isfactory.  

4 .  - C o n c l u s i o n s .  

In  the previous calculations no account  was t aken  of the act ion on the 
suspel~siou of the oscillations of (he cylinder. This effect is very small and  
disregarding it does not affect the results for our purposes,  whereas it m a y  
be of impor tance  to determiue the influence of suspensions on other  pa ramete r s  
of the antenna,  like the change in the f requency of resonance and  in the Q. 
This has been done by  FuJl3IOTO (2) with a different method  based oit the  
development  of the impor tan t  quanti t ies  in eigenfunctions of the cylinder. 
The results FuJi)inTO obtains for the exci ta t ion of the an tenna  are very similar  
to o u r s .  

As wc have  already pointed out, the results for the par t icular  case of the 
suspension we have considered can be in ,~ very  siinple way gcnelalized to other  
types.  Thus for the tuning fork, proposed by  RICHAnD U), a radial force similar 
to tha t  given by  eq. (26) is obtained.  To this a tangent ia l  stress is to be added. 
The magnet ic  suspension will also produce a radial  force of the sainc type  
as ~bove. 

F r o m  the previous discussion it is apparen t  tha t ,  f rom the point  of view 
of minimizing the noise input,  the table  suspension a t  the central  section is 
perhaps  the best  one. In  fact ,  it does not apply  tangent ia l  stresses and at  the 
same t ime the radial  ones can be fur ther  reduced by  making  0 very  small,  

(2) .~I. ]<. FtTJI~IOTO: p r i v a t e  C O l n m u n i c a t i o n .  

(3) J .  P .  RICIIARD: Rec. Sci. l,nstrum., 47 ,  423 (1976).  
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so t h a t  a t  l a s t  on ly  t r a n s v e r s a l  t r a n s m i s s i o n  wil l  be  i m p o r t a n t .  Th is  is, of course ,  

i m p o s s i b l e  w i t h  t h e  o t h e r  t y p e s  of su spens ion  as,  in t h e s e  cases,  0 wil l  u lways  

h a v e  a r a t h e r  l a rge  va lue .  I n  a d d i t i o n ,  one n m s t  also cons ide r  t h e i r  a b i l i t y  

to  e x e r t  t a n g e n t i a l  s t resses .  

W e  t h a n k  Drs .  M. K .  ~L.'JL~OTO a n d  V. IAFOLLA for  m ~ n y  usefu l  d i scus-  

sions.  H e l p  of Messrs.  P. ~APOLEONI a n d  S. UGAZr0 in s e t t i n g  u p  t h e  exper i -  

m e n t M  ~ p p a r a t u s  is a c k n o w l e d g e d .  

�9 R I ; k S S U N T O  

Negli esperimenti  slflle onde gravitazionali  l ' isolamento del l 'antenna dai disturbi  esterni, 
acustici e sismici, eostituisce un problema molto delicato. Si ~ studiato il meccanismo 
di eccitazione dell'antenn'~ in termini  degli sforzi variabili  esercitati  sulla sun superficie 
latera.le dalbL sospensione ottenendo r isul ta t i  utili  per  ht progettazione. Tall  r isul tat i  
sono in accordo con Ic misure e.~eguite su un 'an te ima di prova. 

HCC.'te~OBaHHe BHeIIIIICI'0 myMa i ia  BXO,~e B aliTeHHax FpaBHTalIHOIIHbiX BO~'HI THIIa ~ p a .  

Pe3mMe (*). - - -  C a M a n  qyBCTBaTenbHaa n p o 6 n e M a  B 3~cnepHMeHTaX C rpaBHTattHOr[HbIMr[ 

BOJIHaMI4 COCTOHT B H3OYDIIII414 aHTeHHbI OT BHelLIHI4X, aKycTHqeCKHX n n a  ce~cMHqecgnx  

BO3MylI~eHH~. I/Iccne~IyeTcg MexaltH3M BO35y~K~eltH~l B TepMHHaX H3MeHSteMblX BO BpeMeHH 
nar~p~h~eHa~, o6yc~IOBJIeHHbrX no~Becr [o~  CHCTeMOi~, Ha ~OKOBOH HOBepXHOCTI4 aHTeHHbl. 

rIoylyqeHrlble pe3yIIhTaTbI oKa3blBalOTC~I IIO/Ie3HblMH IlpH KOHCTpyHQOBaHHI4. I/[3MepeHH~, 
npoBe~eHl[ble c Ma.rlo~ MO~eJlbHOfi affTeHHo~, corJ~acy~oTcsl c BI~IqHCYleHII$1Mtt. 

(*) Ilepeee()euo pec)ah'quef~. 


