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Summary. — A very delicate problem in gravitational-wave experi-
ments is that of insulation of the antenna from external, acoustic or
seismie, disturbances. The mechanism of excitation in terms of time
variable stresses exerted by the suspension on the lateral surface of the
antenna itself has been studied and results useful for design purposes
obtained. Measurements performed with a small model antenna are
in agreement with calculations.

1. — Introduction.

Aim of the new-generation gravitational-wave antennas is to gain enough
sensitivity to detect bursts produced in supernova explosions sufficiently far
to collect significant samples in an acceptable period of time. To be more
specific, candidates are the galaxies of the Virgo Cluster, which, on the basis
of current estimates, would ensure a reasonable rate of about 10 events per
year. The energy flow of the gravitational-radiation pulse on the Earth would
lie in the range ~ (104-1)erg/em? and the burst duration between 1 and
0.1 ms. The corresponding change in the amplitude of the vibrations of the
antenna is, however, of the order of only (10-*"--10-%) cm.

If we assume perfect seismic and acoustic insulation, the main difficulties in
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achieving such sensitivities apparently lie in the construction of the electro-
mechanical transducer, i.e. the sensor measuring the small displacements of
the antenna. The above figures of displacement, however, show also how strin-
gent the requirements for isolation from external disturbances are.

Even if the results recently obtained in Frascati and in Stanford demonstrate
that this problem has been succesfully solved, for the present stalus of sen-
sitivity, we think it worth-while a quantitative discussion of this subject to clarify
the situation and to give the bagis for future refinements.

The ultimate vehicle of noise energy transfer to the antenna is its suspen-
sion itself, of which various types have been devised, like eables, tuning forks,
magnetic fields. In what follows we shall then restrict ourselves to the study
of the influence of this support on the motions of the antenna, being the rest
a mere, even if difficult, question of filtering.

As is well known, the almost totality of resonant antennas presently in
use consists of big eylinders with masses ranging from some hundreds to some
thousands kg. Only the odd longitudinal modes of vibration are of interest
for our purposes. The zone of contact between suspension and antenna lies
always on the lateral surface of the eylinder, consequently the stresses at these
points will be responsible for the excitation, and what one wants to do is to
keep the power flowing through this input below that of thermal fluctuations.
A necessary condition for the excitation of a given mode is obviously that the
stress has a time-variable component at the frequency of the mode. As will
be made clear in the following and is, on the other hand, intuitive, this con-
dition is, however, not sufficient. This remark indicates the possibility of
optimizing the suspension.

In the first part of this paper we briefly describe the method of solution and
the results of caleulations; in the second, experimental results obtained with
a small model antenna are reported and compared.

2. — The mechanism of excitation.

We shall proceed to the solution in two separate successive steps: after
having determined the motion of the cylinder subjected to generic stresses
on. the lateral surface and with the ends free, the stresses due to the suspension
are evaluated and then introduced in the general solution.

2'1. Motion of the cylinder. — Liet us consider a homogeneous cylinder of
length 2L, radius ¢ and density p, referred to a cylindrical-co-ordinate system
with the origin at the centre of mass and the z-axis along the axis of the cyl-
inder.

The approximate solution for the free vibrations of a cylinder of finite
length and in the absence of internal friction was obtained many years ago
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by PocrHAMMER and, independently, by CHREE (}). We modify their equations
by introducing the dissipation, as we want quantitative results on the exci-
tation of the longitudinal modes caused by external forces. This is easily done
by assuming that our viscoelastic body behaves like a Voigt solid, for which, as
is known, the stress-strain relations maintain the same form as for a perfectly
elastic solid by replacing the Lamé moduli A and x4 with the operators i -
+ A'(¢/ot) and p -+ p'(9/ct), respectively.

For longitudinal vibrations the 6-component, us, of the displacement van-
ishes and one obtains for the other components, #, and u,, the equations

0%, oA , .. 004 0826 , 0 082
(1) o *(/14—2#)—874—(1%-2#)&5—*‘2#5—1—2# 3 5
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where A is the dilatation and y the §-component of the rotation
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The procedure to solve these equations follows, whenever is possible, that of
Pochhammer. By imposing a solution of the type

(5) u, = U(r) exp [i(yz + ot)],
(6) u, = W(r) exp [i(yz + ot)],

eqs. (1) and (2) reduce to

(la) aa—zré]Jr%%Jrh’Mzﬂ,

(2a) %’ %aa_!i‘f—%+k'zge=0,
where

(7) h'* = ew®[(4 + 2u) + do(X'+ P —y?
and

(8) k' = o[y 4 top’ 7t — 2.

(1) See, e.g., H. KoLskY: Siress Waves in Solids (New York, N. Y., 1963).
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By taking as the variable 2’7 in (1a) and %’ in (1) in place of r, these equa-
tions become Bessel equations of order zero and one, respectively, giving the
solution

(9) A= GJyH'r),

(10) Qo= HJ\(k'T),

where G and H are functions of z and ¢ only. From this, and by taking into
account (3) and (4), it follows that U and W must be of the form

(11) U= ‘g Jo(h'r) 4 Cyd,(k'r),

(12) W = Aipd (h'r) + % %[rJl(k’r)]

with 4 and C constants. A solution which approximately satisfies the con-
ditions for free ends of the cylinder is hence obtained as

(13) w, = [A” aJ“a(:f ") -+ 'y,,CnJl(k'W')] €08 ¥,z exp [iw,i],
(14) U, = [YaAdado(h'r) + C k' Jo(k'r)] sin y,2 exp [iw,1]

with v, = nx/2L. When g is small compared to the wave-length of the vibra-
tions, which is true for the lowest modes of all antennas presently in use, we
have also

nx /B
(15) W, = *ﬂ -E y
where B = u(32 + 2u)/(A + p) is Young’s modulus.

The constants A4, and C, are determined by the boundary conditions on
the lateral surface, where we assume, without loss of generality, that the
stresses ¢,.(0, ) exp [iw,t] and ,,(0, 2) exp [iw,t] are applied. One then ob-
tains the two equations

02, (h' &) .. , 0 ,
(16) {An [2u~a°a2—— JI'E - 92) Tl a)] - 20,y e T a)}‘
© €08 ¥,2 = 0,,(0,2),
A 1
a7 —u [2A,,yn C—J"g; @) + Culyn— k’z)Jl(k’a)] sin y,2 = 6,.(0, 2) ,

where o( )/ca i3 used, for brevity, in place of [&( )/cr],.,.



A STUDY ON THE EXTERNAL-NOISE INPUT ETC. 97

For this system to be solvable, the left- and righi-hand members in
eqs. (16) and (17) must show the same dependence on the variables 6 and z.
This means that, to excite the n-th mode, only the components ¢! and o’
having the appropriate space dependence in the Fourier expansion of ¢, and o,.,
intended as periodic functions of period 27 with respect to 6 and of period 2L
with respect to 2z, will be active. Conversely, in their absence the mode will
not be excited, even if the corresponding frequency is present, as we had anti-
cipated. These simple remarks may constitute an useful guide for a qualitative
inspection on performances of suspensions.

One easily obtains

+L +x
(18) o = 5—;2 J‘ Ja,,(O, 2) cos y,2dzdo,
—L —=xn
+L tn
(19) o = 5;17, fG,Z(O, 2)siny,zdz df,

—~L —xn
which must replace o,, and ¢,,, respectively, in eqs. (16) and (17). The solution

of this system, in the same approximation in which (15) holds, is at the res-
onance

(20) u, = —og % yir eos y,z exp [{wat],
(21) u, =o' —Q — Yn 8N Y,z eXP [{w,t]
©% o
if ¢,, =0,
(22) u, = o' _Q —7ny cos y.2exp [tw,t],
w; 0
21
(23) u, = ——oﬁ"%; asmy,&exp [fwat]

if 6,, = 0. A linear combination (phases must be taken into account) of the
above results gives the solution in general. @, a function of 4, x4, 4’ and u’,
is the merit factor and » the Poisson ratio. Note that the constant part of the
coefficient of o™ in (21) is the same as that of ¢{7’ in (22) when r = a. This
means that in general tangential stresses are much more efficient in exeiting
the antenna than radial, and must possibly be avoided.

Equations (20) through (23) can be easily extended, in analogy with the
harmonic oscillator, to the case in which the stresses are random functions
of time. This is formally done by taking the modulus square of both sides
on the above equations and by interpreting [u,[%, [6™[% ..., [0'?|* as power
spectral densities.

7 — Il Nuovo Cimenio C.
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Multiplication of the resulting right-hand sides by a Lorentzian [1 4
+ (0 — 0,)%(2Q/w,)*]* represents with very good approximation the behaviour
of the resonance curve at frequencies w close to w,.

2°2. The stresses due to suspension. — We consider the particular case of
a cylinder suspended by a cable through its central section. Extension to other
cases is straightforward. By eq. (19) ¢,, has now no effect and so only o,, is
to be taken into account. One can easily show, considering friction, that the
variable tension of the string is completely absorbed in a very small area at
the surface of the cylinder, so that we assume the resulting force exerted at a
pointlike contact. Such a force is due to both longitudinal and transverse
vibrations of the cable and is given by T'0&/dx, where & is the displacement
and 7' the tension, which equals Mg (M = mass of the suspended body) in
the transverse case, ES (Young’s modulus times the area of the cross-section)
in the longitudinal one. It is immediately seen that the ratio of the forces is
of the order of the ratio of the corresponding propagation velocities. Con-
sequently, the force due to transverse transmission is 1 or 2 orders of magnitude
smaller. We shall then restrict ourselves only to the longitudinal vibrations
of the string.

Let us consider a cable, parallel to the z-axis, of lenght I, at one end of
which & mass M, much greater than the mass of the cable, is attached, whereas
a sinusoidal force of circular frequency w acts, in the z-direction, at the other
end, which we assume as the origin of co-ordinates.

If o>w,=VES/Ml, wc/wil>ctg (wl/c), where ¢ is the velocity of the
acoustic wave, the attenuation 4 is

_tD s olle
(24) 4= £0) ~  w®sin (wlfe)

and the force acting on the mass

c& - E8&0) o ,
(25) [ES —]z-l pnd E(a;% —E = Aw E(l) y

cx

an obvious resull, which, however, holds in general, in the sense that the force
exerted by a generic suspension can be inferred from the acceleration of the
centre of mass of the antenna.

We are now ready the evaluate the stresses in the real case, which is sketched
in fig. 1. With reference to this figure, if we assume that the stimuli at points
A’ and B’ are in phase and of the same amplitude, the radial component f,
of the force acting on the cylinder at point 4 or B, is easily found to be

(26) f,= (M[2)w*&() sin ©
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by recalling that the variable part of the tension is now Mw?&(l)/2 cos 6.
In general the amplitudes and phases of stimuli at points A’ and B’ are
arbitrary. Taking account of this fact, we obtain from (26), (24) and (18) for

Fig. 1. - Sketch of the experimental set-up.

the stress we are interested in

1 sinf
27 (n) .
(27) o=

Mo AV 8% 4 8%+ 28,85 cos g,
where S, and S, are the amplitudes of displacement at points A’ and B’ and ¢
their phase difference.

Introducing (27) in (20) and (21), we obtain for the excitation of the n-th
longitudinal mode of the antenna, at the resonance,

(28)  wu, = 41n s?a@ MAVS, 82 -+28,8:c08¢9@Q ———y,J’ COS V.2 eXP [iw,1],
(29) w,= o s1Ln@ MAVSE + 8%+ 28,8; cosq)Q y,, sin y,2 exp [iw,t]

and, for the case stimuli are random in time (see the end of subsect. 2'1),

(MAQY*yir sin® cos y,2)?
(22Lap)’[1 + (0 — ,)%(2Q/w,)?]
(MAQvy, sinB sin y,z)*

@nLag)’[1+ (0 — w,)*(2Q[w,

(28a) [ur()|* =

[S(w)]?,

(29a) lus(w)]* =

]S(w)lz,
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where |u,?, |u.|* are the power spectral densities of displacements and |S(w)|?
that of the net stimulus given by

I81* = [84* + [Ss[2 4 Sa5 + Spa,

Sz and Sgp, are cross spectra of stimulus A and stimulus B.

3. — Experimental results.

We have checked the previous results by performing measurements with
2 small model antenna of aluminium having M = 16 kg, 2L = 30 ¢cm, ¢ = 8 cm.

The cylinder was suspended inside & vacuum chamber as sketched in fig. 1
at a rigid frame to which a small shaker imparted random vibrations in an
interval of 5 Hz around the resonant frequency of the first longitndinal mode,
which was approximately at 8443 Hz. In this way the full resonance curve
was measured at one time. As transducers three Bruel and Kjaer accelero-
meters were used. The first two, fixed at points A’ and B’ of suspension of the
system, measured the input noise, the third one was glued on the lateral sur-
face at z = 0, allowing so us to determine the radial displacement wu,.

What in fact we measured was the transfer function 4 of this system,
defined as 7 = V/'|u, P/[S]%, that, with reference to eq. (28a), gives at resonance

MA
j— . . -3 Q1
(30) T (w,) = 4nLaQ 7.5-10-38in@.

In the present case ¢ = 3.4-10%, 4 = 7-10-%, so that

(31) T (w,) = 0.19 sin .

1.2-107" 0°

3N

~190°

11.5-10‘z

T ————

I a il ] !
8443.76

T 180°

Fig. 2. — Measured transfer function (dashed line) for the case ® = 20°. The con-
tinuous line (scale on the right) represents the phase difference between stimulus and
excitation of the antenna.
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Measurements of  were performed at three different values of 6(2°, 10°, 20°)
by comparing outputs of the three accelerometers by means of a power spec-
trum analyser. An internal consistency test was obtained by checking that
the phase difference between the resultant stimulus, as given by accelerometers
A’ and B’, and the displacement of the antenna was as requested around reso-
nance. Figure 2 gives an example of the curves we obtained. The results at
the frequency of resonance are reported in table I () and compared with
the caleulations (7 (»,)) given by (31).

TasLE I.

] m ‘7(("1)
2° (5.4 1) -10-3 6.6-10 3
10° (2.8 L 0.5)-10-2 3.2.10-2

20° (6.4 4- 0.6)-10- 2 6.5-10-2

As can be seen, the agreement is satisfactory.

4. — Conclusions.

In the previous calculations no account was taken of the aection on the
suspension of the oscillations of the cylinder. This effect is very small and
disregarding it does not affect the results for our purposes, whereas it may
be of importance to determine the influence of suspensions on other parameters
of the antenna, like the change in the frequency of resonance and in the .
This has been done by FujsiMoro (2) with a different method based on the
development of the important quantities in eigenfunctions of the ecylinder.
The results FryivoTo obtains for the excitation of the antenna are very similar
to ours.

As we have already pointed out, the results for the particular case of the
suspension we have considered can be in a very siinple way generalized to other
types. Thus for the tuning fork, proposed by RICHARD (3), a radial force similar
to that given by eq. (26) is obtained. To this a tangential stress is to be added.
The magnetic suspension will also produce a radial force of the same type
as above.

From the previous discussion it is apparent that, from the point of view
of minimizing the noise input, the cable suspension at the central section is
perhaps the best one. In fact, it does not apply tangential stresses and at the
same time the radial ones can be further reduced by making @ very small,

(3) M. K. Fruinoro: private communication.
(3 J. P. Ricnaro: Rev. Seci. Instrum., 47, 423 (1976).
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so that at last only transversal transmission will be important. This is, of course,
impossible with the other types of suspension as, in these cases, @ will always
have a rather large value. In addition, one must also consider their ability
to exert tangential stresses.
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® RIASSUNTO

Negli esperimenti sulle onde gravitazionali I'isolamento dell’antenna dai disturbi esterni,
acustici e sismici, costituisce un problema molto delicato. 8i é studiato il meccanismo
di eccitazione dell’antenna in termini degli sforzi variabili esercitati sulla sua superficie
laterale dalla sospensione ottenendo risultati utili per la progettazione. Tali risultati
gono in accordo con le misure cseguite su un’antenna di prova.

Hcc.teoBanMe BHEHNEro LIyMAa HA BXOJe B AHTEHHAX IPABMTAIMOHHBIX BOJH ThHna BeGepa.

Pestome (*). —- Camas uyBCTBUTENbHAS Npo0ieMa B 3KCOEPUMEHTaX C IPaBUTALUHOHHBIMH
BOJIHAMH COCTOHMT B M3OJISIMM AHTEHHbLI OT BHEIUIHWX, aKyCTHYECKMX HJIM CEHCMHYECKUX
BO3MylLLeHUH., MccrenyeTcs MeXaHu3M BO30YKIEHHS B TEPMHUHAX W3MEHAEMbIX BO BpEMEHH
HAMPAXKEHUN, OBYCIIOBIIEHHBIX NOABECHONH CHCTeMOH, Ha GOKOBOH NMOBEPXHOCTH aHTEHHBI.
TTonyyeHHdble pe3yNbTaThl OKa3bIBAIOTCA IOJIEIHBIMH IIPH KOHCTpyupoBauuu. M3smepenus,
TIPOBENEHHBIE ¢ MAIOi MOIEIbHON aHTEHHOW, COINIACYIOTCA C BLIYUCIICHUSMH.

(") Iepesedeno pedaryueil.



