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Abstract. We consider goodness-of-fit tests of the Cauchy distribution based on
weighted integrals of the squared distance between the empirical characteristic func-
tion of the standardized data and the characteristic function of the standard Cauchy
distribution. For standardization of data Giirtler and Henze (2000, Annals of the
Institute of Statistical Mathematics, 52, 267-286) used the median and the interquar-
tile range. In this paper we use the maximum likelihood estimator (MLE)} and an
equivariant integrated squared error estimator (EISE), which minimizes the weighted
integral. We derive an explicit form of the asymptotic covariance function of the char-
acteristic function process with parameters estimated by the MLE or the EISE. The
eigenvalues of the covariance function are numerically evaluated and the asymptotic
distributions of the test statistics are obtained by the residue theorem. A simulation
study shows that the proposed tests compare well to tests proposed by Giirtler and
Henze and more traditional tests based on the empirical distribution function.

Key words and phrases: Asymptotic distributions, Fredholm determinant, inte-
grated squared error estimator, integral equations, maximum likelihood estimator,
residue theorem.

1. Introduction

Let C(a, 3) denote the Cauchy distribution with the location parameter o and the
scale parameter 3, with the density

B
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Given a random sample z1,...,Z, from an unknown distribution F', we want to test
the null hypothesis Hy that F' belongs to the family of Cauchy distributions. Since the
Cauchy distributions form a location scale family, we consider affine invariant tests. The
proposed tests are based on the empirical characteristic function
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of the standardized data y;. Here & = &, = Gn(z1,...,2n) and 8 = G, = Bn(xl, ey Tn)
are affine equivariant estimators of a and 3 satisfying

dn(a+bzy,...,a+bzy) = a+ bay(z1,...,2n),
Bn(a+bm1,...,a+bxn) = bﬁn(x17...,xn).

For &, and 3, we use the maximum likelihood estimator (MLE) and an equivariant
integrated squared error estimator (EISE) defined in (2.6) below. The reason for con-
sidering the MLE is its asymptotic efficiency. Although optimality as estimators does
not imply optimality for the goodness-of-fit tests, it seems natural to consider the MLE.
The reason for considering the EISE is a possible extension to stable distributions other
than the Cauchy distribution studied in this paper. Although the median and the in-
terquartile range used by Giirtler and Henze (2000) are attractive estimators because of
their simplicity, it seems theoretically more natural to consider the MLE and the EISE.

Following Giirtler and Henze (2000) we consider the test statistic

o0
(1.2) Dori=n / @ (t) — e MPw(t)dt,  w(t) = e, k>0,

-0

which is the weighted L2-distance between ®,(t) and the characteristic function eIt of
C(0,1) with respect to the weight function w(t) = e !l k > 0. This weight function
is chosen for convenience, so that we can explicitly evaluate the asymptotic covariance
function of the empirical characteristic function process under Hy. Using the relation
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the integral in (1.2) can be explicitly evaluated and an alternative convenient expression
of Dy, .. is given by
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Our test statistic D, . is a quadratic form of the empirical characteristic function
process. Although we derive an explicit form of the asymptotic covariance function of
the empirical characteristic function process, it is not trivial to derive the asymptotic
distribution of D,, , under Hy from the covariance function, especially when the param-
eters are estimated (e.g. Chapter 7 of Durbin (1973a) and Durbin (1973b)). Therefore
finite sample critical values of goodness-of-fit tests are often evaluated by Monte Carlo
simulation, as was done in Giirtler and Henze (2000). Note that if we evaluate the crit-
ical values by Monte Carlo simulation only, there is no need to derive the explicit form
of the asymptotic covariance function. Furthermore it is impossible to perform usual
Monte Carlo simulation for the asymptotic case n = oo. Therefore numerical evaluation
of the asymptotic distribution is important in order to check the convergence of the finite
sample distributions, which are evaluated by Monte Carlo simulations.

In this paper, we make use of the explicit form of the asymptotic covariance function
for numerically evaluating the asymptotic critical values of the test statistics. We intro-
duce a homogeneous integral equation of the second kind and consider the associated
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Fredholm determinant, which can be approximated by numerically evaluating eigenval-
ues of the asymptotic covariance function. Then we apply the residue theorem in Lévy’s
inversion formula and evaluate the asymptotic distribution function of D, ..

This paper is organized as follows. In Subsection 2.1 we first define and summarize
properties of the MLE and the EISE. Then we state theoretical results on asymptotic
distribution of D, , under Hp in Theorems 2.1 and 2.2. Our method for numerically
evaluating the asymptotic critical values of D, , is discussed in Subsection 2.2. In
Section 3 we present computational studies of the proposed tests in comparison to other
testing procedures. Appendix A gives proofs of the theoretical results of Subsection 2.1.
We utilize theorems of Csérgé (1983) and Giirtler and Henze (2000). Appendix B gives
calculation of residues for the results of Subsection 2.2.

2. Main results

2.1 Asymptotic theory of the proposed test statistics

We first review maximum likelihood estimation of the Cauchy distributions and
define an equivariant integrated squared error estimator. Except for differences in esti-
mators, we follow the line of arguments in Giirtler and Henze (2000).

1. MLE. The log-likelihood function is given by

L=nlogB— Zlog{ﬂ2 + (x; — a)2} —nlogw.

=1

Differentiation of L with respect to («, 3) gives the likelihood equation
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Equivariance of the MLE is easily checked. According to Copas (1975), except for patho-
logical cases such that more than half of the observations are the same, the likelihood
function L is unimodal. Therefore with probability one, a local maximum of the like-
lihood function is actually the global maximum and it is relatively easy to obtain the
MLE by solving the likelihood equation.

2. EISE. Here we define an affine equivariant version of the ISE (integrated
squared error) estimator proposed by Besbeas and Morgan (2001). The original ISE
estimator of Besbeas and Morgan (2001) is not equivariant. The EISE is based on the
empirical characteristic function of the standardized data. Let

B, (t:a, B) = % Y- explit(a; — a)/8),

which is the same as (1.1) with &, and B, replaced by « and 3. Write

(2.3) (e, ) = / h (@t 0, B) — e M w(t)dt,
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where we use the following weight function

(2.4) w(t) = exp(—v[t]), v >0.

As in (1.3) the integral I, §) can be calculated as

4 & (1+v)p? 2
(25) I(a,f8) = 4 L2
A T T T4
Note that except for the factor n, D, . in (1.3) and I(c, ) are the same by the corre-
spondence v < k, x; < a+ By;. The EISE (an, ﬁn) is defined to be the minimizer of

o, B):
(2.6) I(bin, Bn) = min I{a, B).

It is easy to see that the EISE is affine equivariant by definition.

Note that the weighting constant x in the test statistic (1.2) and the weighting
constant v in (2.4) for the EISE may be different. In our theoretical results on the EISE
and Dy, we treat v and x separately. However for performing goodness-of-fit test, it
seems natural to set ¥ = k. In our simulation studies in Section 3 we set v = k.

Setting 8I/0a = I /8B = 0 in (2.5), we obtain the following estimating equations
for the EISE.

(2‘7) Z ((V 2;2]_:(0; _ a)2)2 =0,

or Vo= O ) -
(28) —a—B =0 Ej,%;l (1/2,32 + (.’Ej _ xk)2)2 - ; ((]_ + 1/)2’32 + (-'I»'j — a)2)2 =0.

Although these estimating equations are somewhat more complicated than the likelihood
equations in (2.1) and (2.2), we can employ standard theory of U-statistics to study the
asymptotic behavior of the estimating equations. We could not establish unimodality of
I{a, B), but in our experiences the estimating equations can be solved numerically if an
appropriate initial value is chosen and apparently produced a unique solution.

The test statistics D,, . has yet another alternative representation, which is useful
for obtaining its asymptotic distribution. We have

w ~
Dy = / Zn ()2 Bre™ Pt dt,
-0
where

(2.9) Zn(t) = % Z{cos(txj) + sin(tz;) — e‘ﬁ”[t'(cos(tdn) + sin(téy))}-

Zn(t) corresponds to the empirical characteristic process. We use the Fréchet space
C(R) of continuous functions on the real line R for considering the random processes.
The metric of C(R) is given by

[o.o]

— p](mvy)
plz,y) = ) 277 ——=—,
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where p;(z,y) = max<; |z(t) — y(t)|.
In the rest of this paper we use the following notations. L means weak convergence

of random variables or stochastic processes, £ means convergence in probability and
ii.d. means “independently and identically distributed” as usual.

Now we state results on weak convergence of Z,(t) and weak convergence of the
test statistics Dy, . in the following two theorems. Note that because our tests are affine
invariant, we can assume without loss of generality that X,..., X, is a random sample
from C(0,1).

THEOREM 2.1. Let X1,...,X, be iid. C(0,1) random variables and let Z, be

defined in (2.9). Then Z, 2 Z in C(R), where Z is a zero mean Gaussian process with
covariance functions given below for the MLE and the EISE, respectively.

(2.10) MLE : T(s,t) = e =8 — {1 4+ 2(st + |st]) Je oI =M,
(2.11) EISE : [(s,t) = e~1t=3l — e=IsI=It L Afy (st + |st])e 1ol 1H
— Ma{(t-sgns + |t|)(1 — e~¥Io])
+ (s-sgnt + |s|)(1 — e~vIth}elsl-1H
+ Ma(e ¥l 4 eVt (st + |st])elsI- 18

where
M (v +2)%(50% + 14v + 10) oo D@2 (v+2)°
1= 16(V+1)3 ’ 2 = 2 ’ 3 = 2 ’

and v is the weighting constant in (2.4).

These asymptotic covariance functions do not involve definite integrals as was the
case of the median and the interquartile range in Giirtler and Henze (2000). In particular
the case of the MLE is very simple.

Note that for both cases I'(s, t) is symmetric with respect to the origin and I'(s,t) = 0
for s,t such that st < 0. This implies that {Z(t) | ¢ > 0} and {Z(—t) | t > 0} are
independently and identically distributed for both cases.

THEOREM 2.2. Under the conditions of Theorem 2.1

o A o]
Dy = / Zn(t)2ﬁne_ﬁnnlt!dt L D, = / Z(t)2€—'§'t[dt.

—o0 —00

By Fubini, the exact expectation of D, can be evaluated as

E(D,.) = / ” E(Z(t)%)e " tdt = /_ ” D(t, t)e "It de.

—00
Substituting (2.10) and (2.11) we obtain E(D,) for the case of the MLE and the EISE
as
4 16
K(k+2)  (k+2)%

(2.12) MLE: E(D,)=
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M
(2.13) EISE:  E(D.) = 1 8 5 - 8M: 5
K(k+2)  (k+2)° (k+2)

8 M, 16 M3

+ + :
(k+v+2)° (k+v+2)°

These exact expectations of D, for both cases are used as numerical checks in approxi-
mating the eigenvalues of the covariance function I'(s, t)e~*{sI+It)/2 in Subsection 3.3.
We now consider the consistency of our testing procedure corresponding to Theorem
2.3 of Giirtler and Henze (2000). Let g(z) denote the true density of the observations
Z1,...,Zn, ot belonging to the Cauchy family. Concerning the MLE, define (a*, *) =

(QLE Buie) by

[ ogs(@iar8)(@)ds = max [ log f(ai Ba@)iz,

where f(z;a,3) denotes the Cauchy density. Concerning the EISE, let ®4(t) =
ffooo e g(z)dz and D4(t;,B) = ffooo et®=)/Bg(z)dr. Define (a*,B*) = (15
B%1sk) to be the minimizer of the squared distance:

[ igttian 5 — e M Pwds —min [ (@y(ti0,8) - e Pu(e)at

Then we have the following theorem.

THEOREM 2.3. Assume that for the MLE and the EISE, (a*,(3*) ts uniquely de-
termined and our estimator (dn,ﬁn) converges to (a*,3*) almost surely for respective
cases. Then the proposed tests that reject Ho if D, . exceeds the upper £ percentage
points of the null distribution is consistent against the alternative g(x).

2.2 Approximation of the asymptotic critical values of the proposed test statistics

In this section we investigate the distribution of D,. We omit some technical details
which are found in the preprint version of this paper (Matsui and Takemura (2003))
available from the authors upon request. Let I'(s,t) denote the asymptotic covariance
functions of Z(t) in Theorem 2.1 for the MLE (2.10) or the EISE (2.11). In order to
evaluate the distribution of D, we want to evaluate the eigenvalues of the covariance
kernel T'(s,t)e~*(IsI+1tD/2 We transform this kernel on R? to K(s,t) on [-1,1]? by a
change of variables

(s,t) — (sgns- (1 —e 1N, sgnt- (1 — e 1)),

because integral equations on R? are theoretically difficult to treat and the eigenvalues
of the covariance kernel are invariant for this transformation.

By a version of Mercer’s theorem (Anderson and Darling (1952), Hammerstein
(1927), Theorem 2.4 of Matsui and Takemura (2003)) D, has a series representation
Z;’il —)‘17N J?, where Ny, Ny,... are i.i.d. standard normal variables and the eigenvalues
(Aj)j>1 satisfy the following integral equations

(2.14) A /_ K(s,0f (@)t = £(6).
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Although we could not solve the above integral equation and evaluate the eigenvalues
A explicitly, we numerically approximate the eigenvalues (A;);>1 in Subsection 3.3. The
characteristic function of D, is given as

E(e"*P) = |exp [ it N7/A; | | =[] Blexp(itN;/2g)] = [[(1 —2it/3;) 2.
j=1

=1 j=1

Note that K (s,t) is symmetric with respect to the origin and K(s,t) = 0 for st < 0
as discussed in Subsection 2.1. This implies that in our problem the eigenvalues appear
in pairs and we do not need the square root in the characteristic function. More precisely
the characteristic function of D, is given by

() = E(e*>") = prms,

where D(A) = [];2;(1 — A/};) is the associated Fredholm determinant of our kernel
K (s,t) restricted to [0, 1]2.

Inverting the characteristic function gives the distribution function and the proba-
bility density function of the proposed statistics theoretically. However, practically there
are two problems in treating the characteristic function in the form of Fredholm determi-
nant. One is in the approximation of D(A) itself and the other is in the Lévy’s inversion
formula. We treat the former problem in Subsection 3.3.

Concerning the latter problem we use the residue theorem. The residue calculation
is given in Appendix B. The reason we prefer the residue theorem over the direct numer-
ical inversion of approximated characteristic function is that the characteristic function
oscillates between negative and positive values and the convergence of the integral is
very slow (see Section 6.1 of Tanaka (1996)). Assuming that the kernel K (s, t) restricted
to [0, 1] has only single eigenvalues, the corresponding density function and distribution
function are calculated as

(2.15) fp.(v)

(2.16) Fp.(y)=1- i o (—%J—yg

Note that the series on the right hand side is alternating and we can bound fp_(y) and
Fp, (y) relatively easily.

3. Computational studies

In this section, some simulation results are given. Since the exact finite sample
distributions are difficult to obtain, first we approximate the percentage points of D,, ,, by
Monte Carlo simulation. Then the power of both tests for the finite sample is evaluated.
In the end of this section percentage points of D, are computed by the residue theorem.
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Table 1. MLE: Upper 10 percentage points of Dy, .

n\k 0.1 0.5 1.0 2.5 5.0 10.0
10 21.23 3.05¢ 1.111 0.307 0.127 0.0498
20 21.60 3.093 1.103 0.292 0.118 0.0451
50 21.83 3.119 1.105 0.287 0.115 0.0432

100 21.90 3.131 1.108 0.285 0.115 0.0430
200 21.89 3.136 1.111 0.286 0.114 0.0426

Table 2. MLE: Upper 5 percentage points of Dy .

n\x 0.1 0.5 1.0 2.5 5.0 10.0
10 22.95 3.406 1.271 0373 0.160 0.0675
20 23.31 3481 1.263 0.349 0.147 0.0592
50 23.59 3.514 1.268 0.338 0.141 0.0543

100 23.66 3.546 1.271 0.337 0.138 0.0533

200 23.65 3.555 1.275 0.335 0.137 0.0524

Table 3. EISE: Upper 10 percentage points of Dy, .

n\«x 0.1 0.5 1.0 2.5 5.0 10.0
10 19.88 2.806 0.992 0.209 0.0541 0.0108
20 20.74 2916 1.040 0.228 0.0645 0.0154
50 21.22 3.006 1.078 0.241 0.0709 0.0192

100 21.39 3.026 1.085 0.244 0.0727 0.0202

200 2145 3.040 1.089 0.245 0.6736 0.0209

Table 4. EISE: Upper 5 percentage points of Dy, ..

n\k 0.1 0.5 1.0 2.5 5.0 10.0
10 20.95 3.103 1.118 0.234 0.0585 0.0113
20 22.20 3.277 1.182 0.264 0.0754 0.0180
50 22.85 3.394 1.231 0.281 0.0836 0.0226

100 23.07 3416 1.241 0.285 0.0858 0.0240
200 23.14 3.438 1.251 0.286 0.0870 0.0247

For the MLE, the estimates are easily found by the Newton method. Convenient
initial values are suggested by Copas (1975). But for the EISE the simple Newton
method does notwork well and we often need grid search of initial values. In the case of
the EISE we use the same initial value as the MLE for the Newton method. If it fails
to converge we do grid search of initial values and we obtain the parameter value which
minimizes (2.3) among, say, 20000 points, and use it as the initial value of the Newton
method. When the values of the estimators have converged, we can compute D, . by
(1.3). Based on 100,000 Monte Carlo replications, the upper 10 and 5 percentage points
of the statistics D, ., £ € {0.1,0.5,1.0,2.5,5.0,10.0} are tabulated in Table 1, Table 2
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for the MLE and Table 3, Table 4 for the EISE. In the preprint version of this paper
(Matsui and Takemura (2003)) we also gave critical values for some classical procedures
(i-e., Anderson-Darling, Cramér-von Mises, Kolmogorov-Smirnov and Watson statistics)
based on the empirical distribution function of the Cauchy distribution when parameters
are estimated by the MLE.

3.1 Alternative hypotheses

For studying the power functions of various tests considered, we use the following
family of distributions containing the Cauchy distribution as a special case.

1. #(5). Student’s ¢ distribution with j degrees of freedom for j = 1,2, 3,4, 5, 10, cc.
Note ¢(1) = C(1,0) and t(oc0) = N(0,1).

2. st(a,b). Stable distributions with the characteristic function

B(t) = exp(—|t|*[1 — ibsgnttan(an/2)]), if a#1,
exp{—|t{{l + ib(2/7)sgntlogt]]), if a=1.

Here we only consider symmetric stable distributions (b = 0). The characteristic expo-
nent a € (0, 2] concerns the tail behavior of the distribution. Note that st(1,0) = C(0,1)
and st(2,0) = N(0,1).

3.2 Analysis of finite sample power

For the significance levels £ = 0.1, 0.05, finite sample power of the tests were studied
using sample sizes n = 50, 100, 200 for estimations of the MLE and using sample sizes
n = 50, 100 for the EISE based on 10,000 Monte Carlo replications. The case of the
EISE with the sample size n = 200 was computationally very heavy due to frequent need
of grid search of initial values under various alternative hypotheses. In this paper we
only give results of the case n = 50 in Tables 5 and 6, since the results for other sample
sizes were qualitatively similar to the case of n = 50 (see Matsui and Takemura (2003)
for detail). In these tables ‘*’ stands for 100, i.e. the power of 100%.

In comparison to the test proposed by Giirtler and Henze (2000) for the nominal level
of 10%, we derived the following main conclusions. In the case of the Cauchy distribution,
the total power of a goodness-of-fit test based on the empirical characteristic function is
not affected very much by the choice of the estimators of (a, 3).

Some tendency concerning the weight x can be observed for each estimator. The
test by the MLE tends to have more power than the other two tests when the weight k
is small (e.g. k = 0.1, 0.5, 1.0) for most alternatives and is most powerful for st(0.5,0)
regardless of the weight. Although the test by the EISE has more power than the other
two tests when the weight is around k = 2.5 for most cases, it has the least power when
the weight is large (e.g. £ = 10.0), except for the case of N(0,1). The test proposed by
Giirtler and Henze has more power than the other two tests when the weight is large
(e.g. k = 10.0) for most alternatives and tends to have less power for other weights.

We also see that our tests compare well to more traditional tests based on the
empirical distribution function tabulated in Giirtler and Henze (2000).

For future research, it is worth investigating the problem of choosing weights x and
v depending on alternatives in order to maximize power.

3.3 Approzimation of D,
Because we can not obtain the exact distribution of D, as a result of difficulty in
solving integral equation, we have to approximate the distribution of D.. This can be
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Table 5. MLE: Power of Dy, « (significance levels £ = 0.1, 0.05, n = 50).

0.1 0.05
& 01 05 10 25 50 100 01 05 10 25 50 100

C(0,1) 10 10 10 11 10 10 5 5 5 6 5 5
N(0,1) 34 72 87 96 98 98 22 60 78 90 92 86
£(2) 15 22 25 26 27 24 8 13 16 15 14 9
£(3) 19 34 43 50 55 52 10 24 30 34 36 25
t(4) 22 43 54 64 71 70 13 30 42 49 52 40
#(5) 24 48 62 73 80 80 14 35 49 58 62 50
£(10) 20 60 75 87 92 92 17 47 63 77 80 T
st(0.5,0) 75 90 94 97 98 98 64 84 89 94 96 97
st(0.8,0) 14 21 27 35 40 42 7 13 17 24 29 31
5t(0.9,0) 10 12 15 18 19 21 5 7 8 10 12 13
st(1.1,0) 6 8 9 10 11 10 2 3 4 5 6 6

st(1.2,0) 8 11 12 14 15 12 2 4 6 8 8
st(1.5,0) 20 34 40 42 44 34 11 23 28 28 26 15

Table 6. EISE: Power of Dy, . (significance levels £ = 0.1, 0.05, n = 50).

0.1 0.05

£ 01 05 10 25 50 100 01 05 10 25 50 100
C(0,1) 10 10 10 10 10 10 5 5 5 5 5 5
N(0,1) 30 66 8 98  * * 20 53 76 95 97 92
£(2) 13 19 24 30 29 19 8 11 15 19 16 8
£(3) 17 30 41 56 58 43 10 20 30 41 40 22
t(4) 19 37 52 71 74 62 11 25 40 57 58 36
¢(5) 21 42 60 80 84 74 13 30 47 67 69 48
£(10) 24 53 73 91 95 91 15 40 62 84 8 T3
5t(0.5,0) 50 88 94 93 87 72 32 8 8 8 79 60
5t(0.8,0) 12 21 27 31 28 25 6 12 17 20 18 15
st(0.9,0) 10 12 14 16 16 15 5 6 8 9 9 8
st(1.1,0) 7 8 9 10 10 10 3 3 4 5 5 6
st(1.2,0) 7 10 13 13 13 12 3 5 7T T 71 6
st(1.5,0) 18 20 39 47 41 24 10 19 28 33 26 11

done by numerically approximating the eigenvalues of the integral equation. Furthermore
we have to approximate the infinite sum and infinite products in the series (2.16) by a
finite sum and finite products.

First we discuss numerical approximation of the eigenvalues of kernel K(s,t). N xN
regularly placed points are taken from (0, 1) x (0, 1) to approximate K (s,t) by an N x N
matrix K. By standard argument of the theory of integral equations, we evaluate N
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eigenvalues of K and define

Dy(\) = |1- 2&|= i A A <--<A
N()Z('—N l—-H 1—5\— N O< A< < N,
j=1 J

where 1/A; = 1/X;(IN) are the corresponding eigenvalues of K/N. Note that as N — oo,
Dn()) converges to the associated Fredholm determinant D()) which is the characteris-
tic function of D, in our case. We found that we can easily evaluate N = 500 eigenvalues
by this simple method except for the case k = 0.1. For the case of k = 0.1, we had some
numerical difficulty and the approximated sum of 2 E;‘;l 1/ did not converge to E[D,]
quickly. Therefore we omit the case k = 0.1 and present results in Tables 7 and 8 for
k € {0.5,1.0,2.5,5.0,10.0}. Note that the powers of both tests are the lowest for the
case of k = 0.1 and we do not recommend using k£ = 0.1. We remark that in the lit-
erature on numerical treatment of integral equations (e.g. Baker (1977)), many other
approximations of the eigenvalues are considered.

Secondly, the infinite sum and the infinite products in (2.16) have to be approxi-
mated by a finite sum and finite products. Let { and m (I < m) denote the number of
terms in the sum and the products, respectively. Then Fp_(y) in (2.16) is approximated

as
ex —)\J
l p 2 y

s (1 3)

For the remaining part of the product 1/ ], (1 — %), we can give bounds by using
the relation 1/(1 — z) = exp(> oo 2"/n). A lower bound of the j-th term of the series

is given by
s
()

o0
1
e (3 1),
H;’;j (1 — _J) k=m+1 "F

Ak

and an upper bound is given by

Aj )
exp <——y 00

2 Aj 1
(1 exp(*”{”2<Am+1—xj>}k_zm+lxk>'
[Tk bW =

For evaluating Y 5 .., 1/As, we can utilize the expected value E(D,) = 23277, 1/A.
The sum Y _po, 1/Ag is evaluated numerically by approximating the first m eigenvalues as
S 1/ A~ Yp 1/M and then E(Dy)/2 — Siw| 1/« approximates > oo, 1 1/Ac.
Note that the series is alternating. Therefore the range of the critical values can
be obtained by substituting the above bounds for positive terms and negative terms
separately, i.e., by substituting the upper bound for positive terms and the lower bound
for negative terms, or vice versa. The ranges for the percentage points in Tables 7 and 8
are less than 0.01% of each value for any & if [ and m are [ > 50 and m > 100. Therefore
accuracy of approximation of the infinite sum and infinite product is very good.
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Table 7. MLE: Upper £ percentage points of D.

E\K 0.5 1.0 2.5 5.0 10.0
0.1 3.153 1111 0.286 0.114 0.0431
0.05 3.571 1276 0.336 0.137 0.0527

Table 8. EISE: Upper £ percentage points of Dy.

E\k 0.5 1.0 2.5 5.0 10.0
0.1 3.057 1.093 0.248 0.0750 0.0213
0.05 3.458 1.256 0.290 0.0886 0.0254

The difficulty lies more in the approximation of the eigenvalues. In Matsui and
Takemura (2003) the values of E(Dx)/2 — > j; 1/A are given. This error is less than
1% of true value E(Dy)/2 if | and m are | > 50 and m > 100. Therefore the true
sum of eigenvalues E(D,)/2 is well approximated by the sum of numerically obtained
eigenvalues.

Note that more accurate approximations may be obtained if we evaluate higher
order moments of D,.
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Appendix

A. Proofs of the results in Subsection 2.1

Proofs of the theorems are essentially the same as those of Giirtler and Henze (2000)
based on Csorgé (1983). Therefore we state only the differences in our case from Giirtler
and Henze (2000) along their framework.

Before considering Fréchet space C(R), we first consider the restricted space C(S5)
of continuous functions on a compact subset S with the supremum norm ||f|le =
sup,cg | f(t)| so that we can utilize arguments of Csorgé (1983). Define k(z,t) = cos(tz)+
sin(tz). Then an alternative representation of Z,(t) is given by

Za(t) = —= > _{cos(tX;) + sin(tX;) — eIl (cos(tei) + sin(tei,))}

1
v
_ / k(x, t)d{V/n(Fa(z) — F(z,6,))}.

n
=1

By checking the conditions of Csérgd (1983), the weak convergence of Z,(t) to a zero
mean Gaussian process Z is proved in the space (C(S), || [|so). Since the compact set S
is arbitrary, the space (C(s), || - ||oo) can be extended to Fréchet space C(R) easily.

Let {-,-) denote the standard inner product and let Z have the general covariance
function obtained by Giirtler and Henze (2000)

(A1) ['(s,t) = Ko(s,t) — Ko(s)Ko(t) + H(s,0) E[l(X1)I(X1)H(t,60)
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- <H(t,eo), / k(w,S)l(w)dFo(w)>
- <H(s,90), / k(x,t)l(:r)dFo(a:)>.

We only need to evaluate terms of (A.1) i.e., E[[(X1)l(X1)'] and [ k(z, s)l(z)dFy(z).
The first step is to obtain an asymptotically linear representation of an estimation

error

A 1 & R 1 &
Vné, = 7 le(Xj) +T1ny  VR(Bn—1) = % 212(Xj) +Ton,  TinsT2n L 0,
i=1 j=1

for the standard Cauchy case C(0,1).

LEMMA A.l. The asymptotically linear representation l(z) = (I1(z),l2(z)) and
their covariance matrices for the MLE and for the EISE are given by
1. MLE

4z 2(z? — 1
he = i b =

E[l(X)IX)] =2 x L.

K

2. EISE
x
(v +1)2 +22)¥
(v+1)2 -2
(v +1)%2 +22)%’
v+ 2)2(502 + 14v + 10)
16(v +1)3

Lhiz)=@w+1)(v+2)?

bh(z) = 5 +2) ~ 5 (v + 2)°

1
2
X I27

E[OO)IX)] = ¢

where v is the weighting constant in (2.4) and Is is the 2 x 2 identity matriz.

ProOF. In the case of the MLE, [; and [y are easily obtained from the score

functions and the Fisher information matrix.
For the EISE we apply the delta method to the estimating equations (2.7), (2.8) for

the case of C(a, 3) and obtain

) _ 1 i aXy)
Vin(@n - a) = Vi 2(X;5)/n

P
+ Tin, Tin — 07

1 1
A n nin — Z;ﬁk::l hl(Xja Xk) - n_ Z?:l 2h2(X])

(A2 Vg -p=Lpne =
D) Dokt 13X Xe) = 7 35 2ha(X5)

P
+T2n,  Top — 0,
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where

. (x — ) ) — 3z —-a) - (v+1)*82
(s RV L Rl TP Lo 7 S )

v(z1 — 3)° V3(x1 — z9)°
hl T1,T2) = 5 ) h x1,T2) = p] s
( : ((m1—z2)" +1206%)2 o ) (w1 — z2)” +126%)3
2 3 z—a 2
) - D =a) ) = D=0

(- @) + (v +1)%62)2’ (- )+ (v +1)782)3

Returning to the standard case (o, 8) = (0,1), the numerator of /n(8, — 1) in (A.2)
can be expressed in the form of a U-statistic

1 L P
N {Un T an—1) ;ZhQ(XJ‘)} = VAU, +Tan,  Tan 50,

-1 n n
U, = (Z) Z h(X;, Xk) = Eﬁ Z {hi (X5, X&) — ha(X;) — ho(Xi)}.

1<j<k<n 1<j<k<n

By standard arguments on U-statistics (Chapter 3 of Maesono (2001), Chapter 5 of
Serfling (1980)) we only need to evaluate

a(z1) = E[h(X1, X2) | X1 = 1],

since
P

1 &
\/ﬁUn = — Z2G(Xj) + T4n, 740 — 0.
Vi =

It can be shown that a(z;) is written as

1 (v+1)* -2t 1
22+ (v+1)2)?  2w+2)*

a{zy) =

The denominators of v/né, and v/n(8, — 1) converge in probability to their expec-
tations or limiting expectations

- 1
E [Z!]?(Xj)/n} = —m)

J=1

n—00

4 - 8
li —_ hs(X;, X)) — —— h ;
im E {n(n— ) j,%::l 3(X;, Xk) —1 ; 4(X]):|

= lim
n—00

{3u+2_ n 3w+4]_ 2
w+2) n-1@+2?] (v+2)°*
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Thus the asymptotically linear representation of the EISE is given by

) I X;
\/ﬁan = ﬁ;(y-i_ 1)(V+ 2)3 (XJ2 T (V+ 1)2)2 + 71n,

—5 - L[+ X2 - w1’ (y+2)} :
. ﬁz{ S A R

Note that the covariance matrix E[I(X)I{(X)’] for both the MLE and the EISE is
finite and positive definite. Therefore condition (iv) of Csorgd (1983) is satisfied. Since
l; and I3 are bounded and differentiable, condition (v) of Csorgd (1983) is satisfied.

Write Fy(z) = F(z,8) for simplicity. The kernel transform of the asymptotically
linear representation are given as follows.

1. MLE
/k(x,s)ll (z)dFo(z) = 2se” 1%l
(A.3)
/k(m,s)lg(x)dFo(:r) = —2|sle”I*l.
2. EISE
/k(x,s)ll (z)dFy(z) = %ﬁsgn s(e—lsl — e—(u+1)lsl)
W22 s
2v '
(A4)

/k(m,s)lg(x)dFo(m) = W(e—(u-}-l)lsl - e—lsl)

2
M ChL)E ]
2v

Evaluating (A.1) for the case of the MLE and the EISE using (A.3) and (A.4) proves
Theorem 2.1.

We here remark a relation between the asymptotically linear representation {* of the
MLE and the asymptotically linear representation I/ of the EISE. From the asymptotic
efficiency of the MLE it follows that [ and I — I™ are orthogonal, i.e.,

EM@ — M) =o.

The proofs of Theorems 2.2 and 2.3 are clear from detailed proofs of Giirtler and
Henze (2000) and we omit them.

B. Calculation of residues for the results in Subsection 2.2
Here we derive the density function and the distribution function in (2.15) and
(2.16). By the inversion formula

1 o0 e—izt
f(x):i%/_oo o GIAN
Hj:l 1= W
J
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Im
—R R
a(1) Re

a(l)

a(l+1)

Fig. 1. Complex integration.

We consider complex integration

__1_ f e——imt i@t
21 J o oo 2t
e (:-5)

where a closed curve C consists of a semicircle Cr with radius R and a line segment
[-R, R] and —C or —Cg means the clockwise direction. See Fig. 1.

In the region D = {re™* | 0 < r < R,0 < 8 < 7}, the integrand has singular points
at a; = —i);/2. Except for these points, the integrand is regular and continuous. The
residue theorem tells us

1 e—i‘tt 0 e——i:ct
1 — —i'S Resieq,
27 J¢ oo 2 & ’Z; Ot=ay | 2it
Hj::l 1- _)\‘"‘ J= Hj:l 1- T
J J

j=1 o (1_23
’ iz ( /\k)
In the integral on Cr we transform ¢ by R and 6 as t = Re~*. Then

dg — 0,

1 ]{ et gt — 1 [ iRexp{—i(zRe % + 6)}
21 Jon 1yoo 2it\ 27w Jo o 2iRe~%
Hj:l (]. - TJ—) Hj:l 1-— —7\1—

as R — oo. Here we can take R to be the midpoint (a; + a;1)/2 of neighboring a;’s,
50 that the denominator of the integrand never vanishes. Although the integrand is a
function of all the eigenvalues )\;, the convergence to zero of the integral over Cg, is easily
justified if the entire function J]}Z, (1 —2iu/ 2;)Y/2 is of exponential order less than unity
(see Slepian (1957)). It can be easily shown that []72, (1 — 2iu/ Aj)/2 is of exponential
order less than unity based on the fact >3,1/A; < co. In general 1/}; = O(1/7%) as
discussed in Section 4 of Anderson and Darling (1952).
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