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Abstract: We present a detailed study of the generalized hypergeometric system
introduced by Gel’fand, Kapranov and Zelevinski (GKZ-hypergeometric system) in
the context of toric geometry. GKZ systems arise naturally in the moduli theory of
Calabi—Yau toric varietics, and play an important role in applications of the mirror
symmetry. We find that the Grébner basis for the so-called toric ideal determines
a finite set of differential operators for the local solutions of the GKZ system. At
the special point called the large radius limit, we find a close relationship between
the principal parts of the operators in the GKZ system and the intersection ring
of a toric variety. As applications, we analyze general three dimensional hypersur-
faces of Fermat and non-Fermat types with Hodge numbers up to 45! = 3. We also
find and analyze several non-Landau-Ginzburg models which are related to singular
models.

1. Introduction

Recent studies on nonperturbative aspects of string theory have made remarkable
progress in understanding the structure of moduli spaces in string theory. Applica-
tions of mirror symmetry, for example, in type II string compactification to studying
the geometry of moduli spaces is one of the most successful developments. Starting
from the pioneering work by Candelas et al. [1], and subsequently by others, the
quantum geometry of the moduli spaces for many Calabi—Yau models [2-11] have
now been well understood via mirror symmetry. At the same time, there is parallel
progress in studying the axiomatic framework of quantum geometry and its applica-
tion to enumerative geometry [12]. Also in explicit constructions of the geometry of
concrete Calabi—Yau models, it is now understood that for a large class of Calabi—
Yau varieties, the mirror maps have remarkable modular and integrality properties
[13—15]. These models present strong and even beautiful evidence for the recent
proposal for the so-called type Il-heterotic string duality [16]. These Calabi-Yau
models continue to provide fruitful testing ground for string duality [17].
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Mirror symmetry was first recognized in the local operator algebra of the
N =2 string theory [18]. Soon after the introduction of the framework of toric
geometry into the study of Calabi-Yau models [19, 20], mirror symmetry has
since been widely checked for many Calabi—Yau hypersurfaces and complete in-
tersections in toric varieties. Mirror symmetry relates two moduli spaces with
apparently very different properties — one moduli space is described by purely
classical geometry, while the other is described by quantum geometry which
receives nonperturbative corrections from the worldsheet instanton [21]. Mirror
symmetry thus gives us a powerful means for studying quantum geometry of
one moduli space via classical means such as the theory of variation of Hodge
structures.

Variation of Hodge structures allows us to study the period integrals for Calabi—
Yau varieties. It is known that the period integrals satisfy differential equations
with regular singularities, known as Picard—Fuchs differential equations. A gen-
eral technique for constructing Picard—Fuchs equations is the reduction method
of Dwork—Griffiths—Katz. For Calabi—Yau toric varieties, it was remarked in [22]
that the period integrals satisfy a generalized hypergeometric system introduced
by Gel’fand—Kapranov—Zelevinski [23]. It has been observed [8] in solving sev-
eral examples that the GKZ system is not generic and is reducible. Moreover
there is an irreducible part in which the period integrals live. In this paper
we study the GKZ hypergeometric system for general Calabi—Yau hypersurfaces,
and discuss the previous observations in a different light but with much greater
generality. As applications, we determine the Picard—Fuchs differential equations
for all hypersurfaces with Hodge numbers A“! <3 in weighted projected
spaces.

In Sect. 1, we review the toric description of mirror symmetry, due to Batyrev.
We introduce period integrals in the language of toric geometry, and introduce a
GKZ system which we call 4*-hypergeometric system. The system is extended by
incorporating the symmetry coming from the automorphism group of the ambient
space [8]. We classify according to the toric data [8] Calabi-Yau hypersurfaces into
three classes: types I, IT and III.

In Sect.2, we analyze local solutions to the A*-hypergeometric system. We
construct a finite set of differential operators for local solutions by relating the
system to an algebro-combinatorial object, known as a toric ideal. We find that
the local properties near the so-called large radius limit are determined completely
by the intersection ring of the ambient space. In the case of type I and type II
models, we prove in general the existence of the large radius limit, hence establish
the existence of the point of maximally unipotent monodromy. We give a natural
explanation for the reducibility of our A*-hypergeometric system in terms of certain
aspects of the intersection ring of the ambient space. We also extend our arguments
to type III models.

In Sect. 3, we will apply our general framework to three dimensional Calabi—Yau
hypersurfaces with 41! < 3. Detailed analyses are given for a few typical models.
For others, we will append a list of the Picard—Fuchs equations to the source file
of this article [24] for interested readers.

In the final section we will discuss some relationships among different
Calabi-Yau manifolds which come from the inclusion relations among reflexive
polyhedra.
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2. Toric Geometry and Generalized Hypergeometric Differential Equation

In this section we analyze the differential equations, known as Picard—Fuchs equa-
tions, satisfied by the periods of a toric variety. Applications of toric geometry to
the description of the Picard-Fuchs equation was first initiated in [22] and further
developed in [8]. Here we summarize some of the analyses in {8] and extract some
combinatorial aspects of the Picard—Fuchs equations.

2.1. A construction of mirror manifolds. In order to fix some notations, we re-
view Batyrev’s construction of the mirror manifolds, which is applicable to the
list of 7,555 hypersurfaces of [25, 26] as well as complete intersections [27] in a
product of (weighted) projective spaces. In the following we restrict our attention
to hypersurfaces, although generalization to complete intersections [28, 29] can be
done.

Let us consider a weighted projective space P"(w) and a hypersurface Xz(w)
with (weighted) homogeneous degree d = wy + - - - 4+ wy,1. Without loss of gener-
ality, we may assume that the weight w is normalized [30], i.e., gcd(wy,..., Wi,...,
war1) = 1,(i=1,...,n+ 1). (See also [31].) For n = 4, the list of [25, 26] exhausts
all hypersurfaces X;(w) defined by weighted homogeneous polymonials satisfying
the transversality condition. Now let

WEy= 3, anz" = 3 GmymaZ ey 2.1)

(w,m)=d (w,m)=d
For generic ay,, the zero locus {W(z) = 0} defines a hypersurface X;(w) in general
position. Its intersection with singular locus of the ambient space P(w) gives the

singular locus of the hypersurface. We denote the Newton polyhedron of W(z)
as A(w). It is the convex hull of the exponents of (2.1) m in R"*!, shifted by

(—1,...,—1). If we take into account the condition d = wy + - - - + Wy, it is easy
to deduce that the shifted polyhedron can be written as
A(w) = Conv.({x€Z" |(w,x) =0, x; = —1(i=1,...,n+ 1)}). (2.2)

An n-dimensional polyhedron A in R” is called integral if all its vertices are
integral (with respect to the lattice Z"). A reflexive polyhedron is an integral poly-
hedron with exactly one integral interior point, the origin. The polar dual of 4,

4% :={yeR"[(y,x) = —1 (Wxe )} (2.3)

is again integral and reflexive. If we consider the set of cones over the faces of a
polyhedron, we will obtain a complete fan which covers R". Thus to each pair of
reflexive polyhedra (4, 4*), we can associate a pair of complete fans (Z(4), Z(4*))
and in turn a pair of the » dimensional toric varieties (Pz(4-), Pxc4)). In each of the
toric varieties, there is a family of Calabi—Yau hypersurfaces given by the zero loci
of certain sections of the anticanonical bundle. The toric variety Py4, contains a
canonical Zariski open torus (C*)" whose coordinates we denote as X = (X3,...,X,).
In these coordinates, the sections are

frXa)= 3 aXx. (24)

ved nzn

For generic values of the a;’s in (2.4), the X4~ in Py admits a minimal reso-
lution to a Calabi—Yau manifold (which we also denote X4 ). Similarly there is a
corresponding family of hypersurfaces X4 in Pz4+). Batyrev showed that a pair of
the Calabi-Yau manifolds (X4, X4~ ) is mirror symmetric to each other in the sense
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that we have the following relations for their Hodge numbers (n = 4);
RSNy =12 (X )
=l4)—m+1)— X I'SH+ > I(SHIS), 2.5)

codim §*=1 codim §*=2

PN X) = X)) = 1) -+ D)= S S+ Y SIS,

codim S=1 codim S=2

where the S are faces of 4, S* the polar dual face of S. The functions / and !’ count
the numbers of integral points in a face and in the interior of a face respectively.

When W(z) is Fermat, the toric variety Ps4+) is isomorphic to the weighted
projective space P*(w), with X, isomorphic to some X;(w). Then the mirror hyper-
surface X4~ can be understood [19] as an orbifold of the X, in Py, giving the
orbifold construction of Greene and Plesser [32] based on conformal field theory.
For general hypersurfaces of non-Fermat type, P(w) and Py« are only birational.
In fact the fan 2(4*) is a refinement of the fan of P(w). The hypersurfaces X;(w)
and X, are related by flop operations on the ambient spaces. It has been shown
[33], in this way, that Batyrev’s constructions applies to all 7,555 hypersurfaces and
reproduces the generalized mirror constructions known to [34]. In addition, there are
several mirror pairs (X4, X4~) which do not come from hypersurfaces in weighted
projective spaces.

The quantity most relevant to the applications of the mirror symmetry to the
quantum geometry of X, are the period integrals for its mirror X,«. For example,

1 f 1 n %
@miy e fer(Xa) =i X’

(a) = (2.6)

is the period integral over the torus cycle Cp = {|Xi| = |[X3| = --- = |X,| = 1} in
(C*)". For other periods, we will analyze the differential equation satisfied by (2.6).

2.2. of-hypergeometric system for the periods. In [28], it is remarked that the pe-
riod integral (2.6) satisfies an .o7/-hypergeometric system introduced by Gel’fand,
Kapranov and Zelevinski [23]. In [8], it is found that the hypergeometric system
is not generic but reducible, and the period integrals can be extracted from the
system as the irreducible part of its solution space. Furthermore, for most of the
hypersurface models, it is noted that the hypergeometric system must be general-
ized in order to extract the irreducible part of the solutions. We reproduce here
an extension which is called an extended A*-hypergeometric system, from purely
combinatorial data of the polyhedron. We note that for type I models (see below),
the extended A*-hypergeometric system coincides with the GKZ system. For type
IT or III, the extended A*-hypergeometric system incorporates additional differential
operators associated with the action of an automorphism group.

An /-hypergeometric system is described by a finite set .o7 in a lattice {1} x Z"
with the property that .o linearly spans R"*!. In our case of the A*-hypergeometric
system, the finite set is given by the set of all integral points in the polyhedron
A*. Namely we have o/ = {¥,7],...,V, |9 = (1,v), v €4* N Z"}. Here we let
vg = (1,v5) for the origin vj in A*. We consider a lattice L of affine dependencies
on «/:

L={(lo,l1,..., L) EZP | 17 + 17} + -+ -+ 1,75 = 0} . 2.7)
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Then it is found in [28] that the period integral (2.6) satisfies the following set of
differential equations, («/-hypergeometric system with exponents f = (—1,0,...,0)&
R~ )’

D(a)=0 (l€l), Za)=0 (j=01,...,n), (2.8)

where the differential operators 2; and %; are defined to be

RN o\
D= — ] - — lel),
! l,-I;IO (601‘) 1,1;[0 (0‘11') ( )

p
33‘:;)\7;:;9%—/3]' (j=0,1,...,n).

(2.9)

The solution space of (2.8) is typically too large — it contains more than the period
integrals of the Calabi—Yau manifolds X «. It turns out that the period integrals
satisfy additional differential equations.

2.3. Automorphism of Pz(4). It is easy to recognize the origin of the linear differ-
ential operators Z;(j = 1,...,n) as the invariance of the period integral (2.6) under
the canonical torus action on a toric variety, X; — 4,X;(4; € C*). Since the algebraic
torus acts by a subgroup of the automorphism group of the toric variety Pxy), it is
natural to incorporate into the PDE system the invariance under infinitesimal action
of the full automorphism group. To describe this action in full generality, we will
introduce the root system for a toric variety.

Let us consider a compact nonsingular toric variety Py based on a regular fan
2 in the scalar extension Ng of a lattice N(= Z") of rank . Let M(= Z7) be the
lattice dual to N. We choose a basis {n,...,n.} for N and a dual basis {my,...,m,}
for M. There is a canonical algebraic torus 7y := Homgz(M,C*) = (C*Y in Pj
whose coordinate ring is C[M] = @, ,, Ce(m). We write it as C[Xlil,...,X,i‘]
with X; = e(m;). Define the derivations J,(n€N) on C[M] by d,e(m) = (m,n)e(m).
These derivations describe the natural action of Lie(7y) on Ty. We may write
{0ns-- s 0n} = {Xlg%,...,X,%}. The Lie algebra of the full automorphism group
of Py is described by the root system R(2) in addition to the torus action. The
root system R(X) is determined by the data of the fan X as follows. We denote the
subset of one dimensional cones in the fan as X(1). In each one dimensional cone
oD e Z(1), there is a primitive element n(¢(1)) in N. Let

R(Z)={aeM|I cZ(1) with (a,n(clD)) = —1
and (o,n(c'")) = 0 for alle'V +6{D} . (2.10)

In terms of the root system, the Lie algebra of the automorphism group can be
expressed by (see Proposition 3.13 in [35] for details)

aER(X)

Lie(Auto(Px)) = Lie(Ty) ® ( &b Ce(a)én(ag))) . (2.11)

The linear differential operators Z,...,%, in (2.8) express the invariance of the
period integral IT(a) under the action of Lie(Ty). In fact it is easy to check that

_ Ly
Q}H(a)ﬂc{éni<ﬁ*()(’a))k]:[l X (i=1,...,n). (2.12)
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The operator %, represents the change of the period under the overall scaling of the
Laurent polynomial f4«(X,a) — Af4=(X,a). We can now clearly extend the formula
(2.12) to define ZyIl(a) for every Y € Lie(Auto(Pyx4))) by replacing d,, by Y. We
thus arrive at the definition of the extended A*-hypergeometric system

Zi(a)=0 (I€l), ZI(a)=0 (YecLie(Auto(Pss)))).  (2.13)

This extended system was first introduced in [8] and was used successfully to de-
termine the complete set of the period integrals.
Because of the special value of the exponent § = (—1,0,...,0)eR"**!, the fol-
lowing gauge for the period
H(a) = aoll(a), (2.14)

will be useful. We will denote the hypergeometric system in this gauge as 9117 (a)
=0, %,11(a) = 0. Especially the first order differential operators %y, 41,..., %, may
be written concisely as

Z, =3, 70, (ueR™ )y, (2.15)

In ref. [8], several Calabi-Yau hypersurfaces with Al'! =2 and 3 have been
studied. There hypersurfaces in a weighted projective space have been classified
into three types depending on the properties of the fan X(4*). Type I models are
those which do not have any integral points in the interior of codimension-one
faces of 4*(w) and for which we have a regular-fan X(4*) after taking into ac-
count subdivisions of the cones resulting from the integral points on the lower
dimensional faces. Type II models are those which have integral points in the inte-
rior of codimension-one faces of A4*(w) but for which we still have a regular fan
2(4") after subdivisions of the cones resulting from the integral points on the faces.
Type III models are those for which we do not have a regular fan X(A4*) even if
we subdivide the cones by incorporating all the integral points on the faces. In this
sense type III models may be called “singular.” According to this classification, we
reproduce here the models analyzed in [8]

Type I: X3(2,2,2,1,1)
Type II : X12(6,2,2,1,1), X14(7,2,2,2,1), X18(9,6,1,1,1), X12(6,3,1,1,1),
X24(12,8,2,1,1),
Type I : X15(4,3,2,2,1), X12(3,3,3,2,1), X15(5,3,3,3,1), X15(9,3,3,2,1).
(2.16)

It was found that for a model of type I or II, the extended A*-hypergeometric system
is sufficient to determine the complete set of the period integrals. Whereas for models
of type III, one needs to consider additional (non-toric) differential operator(s) whose
form can be determined from the Jacobian ring of the hypersurface. If we supplement
these additional operators to the extended A*-hypergeometric system, we can derive
the Picard-Fuchs differential equations. Thus for type III models, the combinatorial
data of the polyhedron A* alone do not seem sufficient for the explicit construction
of the full system of differential operators. Nevertheless we will find in the next
section that the local solutions are determined purely by the combinatorial data of
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the polyhedron, and this property is shared by all three types of the Calabi—Yau
hypersurfaces.

Example. X14(7,2,2,2,1). This is a typical model with non-trivial automorphism
group. The polyhedron A(w) = {x € R®|wix; +-- - +wsxs =0, x; = —1(i=1,...,
5)} is simplicial and is given by the convex hull of the vertices

V1=(1,—1,—1,—1), V2:(‘*1,6,—1,—1), V3=('—1,—1,6,—1),
2.17)
V4:(—1,_1,‘—1,6), V5:(—1,_1,“1,—1),

where we fix a basis {Aj,..., A4} for the lattice H(w) = {x€Z’ |wix; +---+
wsxs = 0}, with 4, =(1,0,0,0,—w;), A> =(0,1,0,0, —w»), A3 =(0,0,1,0,—w3)
and A4 = (0,0,0,1, —wy). The integral points in the dual polyhedron A*(w) are

VE';:(0,0,0,0), VT :(1’07030)9 V; :(0915070)7
v; =(0,0,1,0), v; =(0,0,0,1), vi =(-7,-2,-2,-2), (2.18)
V2:(~3’_19_17_1)’ v)7k:(_49_1>'—17_1)7 ng(—1,0>0,0)-

The points vj,...,vi are the vertices of the simplicial polyhedron A*(w) and
all other points (except the origin) appear on some faces of the polyhedron.
The point v = %(vf + vi) appears on the edge (one dimensional face) and cor-
responds to an exceptional divisor in X,. The point vi = 1(v3 + v} + v} + Tv3)
and vi = 1(2v; +2v} + 2vj +v§) arc both in the interior of the codimension-
one face dual to the comer v; of A(w). Hence they describe the automorphism
of Pssy and of the family of hypersurfaces X4-. In fact the two points de-
scribe the root system for the fan X(A) and generate the nontrivial part of the
automorphism,

C¢ @ CE, := Ce(v7)6y, @ Ce(vg)d,, . (2.19)

These infinitesimal actions on the coordinate ring can be expressed in terms of the
natural basis for N = Z* and M = Z* as & = X's+(dx, — 6x, — Ox, — 0x,) (i = 1,2)
and have the expressions

£, —1—-(X 0 _xl _xnl_x a),

T xinxx \lax, T Vg, T P ax
5 (2.20)
1 e G i
= (K — Xy — Xy — Xy=— ) .
“= (Xl o oy, Pag M 6X4)

We may verify the algebra [, ] = 0. The linear differential operators Z% and
%%,, which follows from (2.12), turns out to be

0 0 0
Fe=ap7— + 20— +as5—,
6(17 0a6 6&5 (221)
ap— + 2a 0 + 0 ‘
0%as M oay T M%a;

These linear operators together with %),...,%5 and the higher order operator
% (1 € L) constitute the full extended A*-hypergeometric system.

gfz =
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3. Secondary Fan, Grébner Fan and Local Solutions

In this section, we analyze the local solutions of the 4*-hypergeometric system.
We find that the local properties of the A*-hypergeometric system are determined
purely by an algebro-combinatoric object, known as a toric ideal. At a special point,
called “large radius limit,” the toric ideal is related to an ideal which determines
the cohomology ring of the toric variety Ps4-).

3.1. Convergent series solutions for <Z-hypergeometric system. Here we will sum-
marize, with some modification, the general results in [23] about the convergent
series solutions of the .&/-hypergeometric system. We set o = (1,4*)NZPT! =
{ﬁ(’)‘,...,\');,‘} for our case of the A*-hypergeometric system. The description here is
brief and is meant to fix notations and to prepare for later discussions. We refer the
reader to the original paper [23] for details.

From the definition of the «7-hypergeometric system (2.8),(2.9), it is easy to
check that a formal solution to the .o/-hypergeometric system with exponent § € R**!
is given by

1
n = by :
(@7 leEanogigpF(li‘i’%‘i‘l)a ’ G-
where f=3", y;¥. Evidently the formal solution is invariant under y — y + v (v € L).
Define the affine subspace ®(B):= {y e R**'|B =377’} If we choose a basis

D, ..., 1%~ for L, the formal series (3.1) takes the form I1(a,7) =a' 3,
1)

cmx™, where x, =a’ . The relevant solutions are those with c¢,(y) =0 unless
m; = 0. One must therefore restrict the choices of the basis and of 7.

A subset 1 €{0,1,..., p} is a base if {¥}|i€I} form a basis of R""!. Given
a base / and y; (j¢/7), we can solve for y; (j€/l) using the linear relation
Zja V9 = ﬁ—ZlQ 7;V;. Consider @z(,1):={ye®(B)|7,€Z(j4I)}, and
4(B.1) = {y e @z(B,D) |y, = F 4l (0 < <1, j¢D}. It is clear that
@4(B,I) is a set of representatives of ®z(B,1)/L. Consider the cone A (sZ,I) =
{lelr|l; 2 0(idI)} where Lg =L @ R. A Z-basis 4 C L is said to be compati-
ble with the base I if the cone generated by the basis 4 contains the cone (o, 1).

If A= {1V, . 1P~} is compatible with the base I, then the formal series
(3.1) takes the form Il(a,y) =a’ ¥, >0 CmX™ for each y € ®7(B,1) with

xp = a' and this power series converges for sufficiently small |x| . 3.2)

----- Mp—p

By definition we may write the formal series (3.1) as above with ¢, = c,(y) :=
T170 T ml® + 9; +1). For y € ®4(B,1), we have Y myl + 9, + 1€ Z for
Jj 1. 1t follows that if cn+0, then 3" ml% 4y = S(m + 4P = 0 (1),

where we use y; = Ziklﬁk) (0 £ & <1, j4I). Since the basis 4 is compatible
with the base I, we have my + 4x = 0 for all &, implying m; = 0. Thus given
a basis 4 compatible with the base 1, if for every y € ®Z(B,1) there is c,(y)+0
for some m, then we have |@z(B,1)/L| = |det(¥} )1 <i<n+1,jez| linearly independent
power series solutions [23].

However it can happen that c,(y) =0 for all m, ie., the series solution be-

comes trivial {a,7) =0 when kalgk) + 9+ 1€Z<y (m = 0) for some i €1.
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In this case, we multiply ¢, by a constant infinite renormalization I'(y; + 1). More
precisely, we assume that y is such that the following limit exists:

I'(pi+1) im I(yi+1+¢)
F(l,+’))l—f—1) s—»OF(li+'))i+1+8)

(3.3)

for all /€ L.

All linearly independent power series solutions are constructed from a set of
bases {/} which form a triangulation of the polyhedron P := Conv.({0,¥;,¥],...,
V5}), where 0 is the origin in R**'. We call a collection of bases T = {/} a tri-
angulation of P if (J;.,(¥/) =P and (¥) N (¥};) (1, LET) is a lower dimen-
sional common face. Here (¥;) a n + 1 dimensional simplex with vertices ¥} (i € 1)
and the origin. Because the n + 1-simplices in P are in 1-1 correspondence with
the n-simplex in A*, there is a notion of a triangulation of A* (or /). We use
the two notions interchangeably. A triangulation 7 is called maximal if 7 gives
the maximum number of n-simplices in 4* and 0€/ for all /€ T. A Z-basis 4
of L is called compatible with a triangulation 7 if 4 is compatible with every
1eT.

For a base I and a point # € R we consider a linear function hi, on RPH!
such that A;,(V;) = #; (i €1). We define a cone ¢(<7,1) by {# € RP*! | h;,(7) <
1 (i ¢1)}. For a triangulation T, we define the cone 6(#,T) := (o, 6(,1). We
may associate with # € R”*! and a triangulation T, a piecewise linear continuous
function %7, on the polyhedron P defined by 1) Az, (V) =#; for each vertex ¥}
of the triangulation T, 2) the restriction A7, "|<V1*> (I €7T) is a linear function. Then

the cone (<7, T) consists of 7€ RPT! for which the function k7, is convex and
hry(37) £ n; for ¥/ not a vertex of T [23]. A regular triangulation is a triangu-
lation for which we have interior points in the cone 4(27,T). For every regular
triangulation 7, there are infinitely many Z-basis of L compatible with 7. We set
®4(B.T) := U,er P4(B,1). Now we may state the result (Theorem 3) in [23]:

For a regular triangulation T of the polyhedron P, and a Z-basis A =
{1, I’P=™Y of L compatible with T, we have integral power series in
the variables x; = a'* for a='I(a,y) (y € @B, T)), which converge for suffi-
ciently small |x;|. If the exponent B is T-nonresonant, the series Il(a,y)(y €
@4(B,T)) constitute vol(P) linearly independent solutions for (2.8) . (3.4)

In the above theorem, the exponent f is called T-nonresonant if the sets @z(f,1)
(I €T) are pairwise disjoint. It turns out that in our A*-hypergeometric system
there are many regular triangulations for which the exponent f = (—1,0,...,0) is
T-resonant. In particular, if T’ is a maximal triangulation and the polyhedron A* is
of type I or II, then f is “maximally T-resonant,” i.e., @z(f,1) consists of a unique
element y = (—1,0,...,0) modulo L for all 7€ T. (Note that each simplex I/ €T
has volume |det(ﬁj’fji)1§,-§,,+1, jerl = 1.) In this case, we will obtain only one power
series solution (3.1), and all other solutions contain logarithms, whose forms we
will determine by the Frobenius method.

Given a regular triangulation 7, a compatible Z-basis 4 = {I(1),..., (="} and

7€ ®4(B,T), we define a power series wy(x,p) = aoll(a,7), where p = (pi,...,
*)

pp_n) is defined by y =3 pel® + (=1,0,...,0) and x = (—1)% o', Explicitly
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we have

wolx,p) = > L3 (mi + pk)lgk) +1) mtp

% (3.5)
MLy 20 ngiépF(Z(mk + o)+ 1)

The p can also be determined by the indicial equations of the hypergeometric system.
Given a regular triangulation T, we shall now construct a compatible Z-
basis 4 with the criterion that the cone generated by 4 in Ly contains the cone
H (A, T) = Ujer #(,1). First we introduce the Gale transformation. Consider

the exact sequence
0 — R*! - R7*! — R >0, (3.6)

where we let R™*! be the span of the integral points 7}’s and R?*! in the middle is
the span of a basis {eg:,eﬁl*, ...,€» } labeled by the points. The linear map A sends

veR™! to 37,(v,¥)e;x and B is the natural map onto RP*'/R"™! = RP™". The
Gale transform of a point configuration ./ in R"*!, which we denote {7, R*'},
is defined to be a point configuration {#,R?~"} with % := {B(esy ). Bleg )}
Now we consider a cone in RP™”,

¢(4,T) = ) (ZRgoB(e;f)) . (3.7)

reT \ i&l

Then it is shown in [36, 37] that the cone €(s/,T) decomposes into R*! @
€'(2,T). The secondary fan (&) is defined as

F (L) ={€'(#,T)|T: regular triangulation} . (3.8)

It is known that the secondary fan is complete and strongly polytopal polyhedral
fan [36, 37].

In our point configuration {</,R"*'}, the set ./ consists of integral points.
Therefore the sequence (3.6) can be considered with an integral structure: 0 —

Zr+! " Zr+1 = ZPt1/A(Z"') — 0. The dual of this sequence is 0 «— Coker (A*) «—

(Z”+1)*A<—*(ZP+1)*<—L < 0, where A* maps s€(Z"*')* to 3 (e,5)¥;, and so
L(= Ker(A*)) is the lattice of the affine relations among /. The cone dual to
€'(4,T)y C RP™" is the cone # (o7, T) C Lg. In general €’(o/,T) is strongly con-
vex but not necessarily regular. There is a canonical refinement of the secondary fan
known as the Grobner fan (see next subsection). However even a cone in this refine-
ment is not necessarily regular. By suitably subdividing the cone, we obtain a regular
subcone and hence a Z-basis of this subcone. The dual basis 4 = {/(,..., (P=7}
thus generates a cone containing (&7, T). This gives us a Z-basis of L compat-
ible with 7. Note that when 4'(«,T) is already regular, the basis A4 is uniquely
determined by 7.

Suppose now the polyhedron A* is of type I or II. Then endowed with a maximal
subdivision, it defines a regular fan X(4*) and Ps(4-) is smooth. It is known that
the Gale transform {%#,Z7~"} generates the Picard group [35, 38]. Now associated
with X(A4*) is a maximal triangulation T. In this case, €'(</, T) is the Kahler cone,
and 4 '(s/,T) is the Mori cone of Pg(4+). In particular ¢'(.«, T) is a maximal cone
(hence has interior points), implying that T is regular.
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3.2. Toric ideal and universal Grobner basis. Here we will focus on the differential
operators & (I €L) in (2.9). Although there are infinitely many operators, we can
describe the system by a finite set of the operators. The problem is how to construct
such a finite set. We will see that the so-called toric ideal in the theory of Grobner
basis gives us a powerful tool for this purpose.

Let o/ be the finite set in the previous subsection and L be the lattice representing
the integral relations among the vertices in /. We may decompose any element / € L
uniquely into I, — /_ with two nonnegative vectors /.,/_ having disjoint support,
where the support m €L is defined by supp(m) := {i|m;+0}. Toric ideal £, is
defined as the ideal in C[yy,..., y,] which is generated by y™ — y'-, ie.,

Ju = (Y =y |lel). (3.9)

Let @ be a term order in C[yy,...,y,]. It is a vector w = (wo,...,w,) € RPT!
which defines an monomial ordering by the weights: the weight of yg°--- s
being weop + -+ - + wpu,. With respect to this term order, we consider an ideal
LT, (Fy) = (LTo(f) | f € £y) of the leading terms of #,. Two different weights
and o' may give the same ideal. The equivalence class in R?*!

(S, 0) = {0’ €R?* | LT(Sy) = LTwr (S)} (3.10)

is an open convex polyhedral cone. The collection of cones {¥(.%,,w)} is known
to be finite and defines a polyhedral fan called the Grébner fan F(.%,) of 4.

The Grobner basis of .%, with respect to a term order o is a finite generating set
A, of Sy, with the property that the ideal (LT,(g)|g € B.,) is equal to LT,(Fy).
By Hilbert’s basis theorem, .%, is generated by a finite set of binomials y™+ — y'-
with / € L. Starting from such a finite set, the (reduced) Grébner basis 4, obtained
by Buchberger’s algorithm [39] is also a set of binomials. This is because the
algorithm consists of forming the S-polymonials for the generators and the reductions
of the minimal Grébner basis and both processes close in the set of binomials.
Moreover the elements of the reduced Grobner basis take the form y*+ — y/- (1€ L)
of binomials.

Next given a term order w, we shall obtain a regular triangulation T, and hence
a compatible Z-basis 4 of L (last section). The elements of the toric ideal .7,
may be identified as differential operators which annihilate the formal series IT(a,y)
with y € @4(B, T,,). The ideal LT,(Fy) is then a set of of “leading” terms of the
operators which determine the indices for the series wo(x, p). Therefore the Grobner
basis 4, with respect to w gives a finite set of the differential operators {Z;} which
suffices to describe the local solutions. A finite set which contains the Grébner basis
%, for all term orders is known as a universal Grobner basis %,,. This basis is
useful to describe the global property of the system.

A nonzero integral relation /€L is called elementary if 1) [ is primitive,
ie., ged(lo,l1,...,0) =1, 2) supp(!) is minimal with respect to inclusion. It is
known that the set {/(, /), ... I} of all elementary integral relations generates
a (p+ 1)-dimensional zonotope 2, := (0,IM) + (0,/®) 4 ... +(0,10), where
(0,1®) represents a one-dimensional simplex and the sum means the Minkowski
sum. The universal Grobner basis is then given by [40]

Uy = {Y"* — ¥~ |le P, NZP*} . (3.11)
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Given a term order w the notion of a regular triangulation can in fact be recast as
follows. Consider the polytope F,, := Conv.{(wg, Vg),-..,(®p, v})} in R**!, which is
a lifting of .o/ by assigning the weights w; as height to each point v}. For sufficiently
generic o, the lower envelope of F, naturally induces a triangulation 7, of /.

It turns out that a triangulation T of ./ is regular if and only if 7 = T,, for
some generic weight w. Also the interior points of the cone ¥(/,T) consists of
all weights € RP*! such that T,, = T [40]. The Stanley-Reisner ideal SRy for
a triangulation T of &/ is the ideal in C[yy,..., yp] generated by all monomials
Yis Vi, Vi, Where {i1,ia,...,ix} € T. Then the following is shown in [40]:

If a weight vector o defines a term order for the toric ideal 4y, then the
corresponding subdivision T, is a regular friangulation. The Stanley—Reisner
ideal SRy, is equal to the radical of the ideal LT, (%) . (3.12)

As an immediate corollary to (3.12), the Grobner fan (.4, ) is a refinement of the
fan {#(</,T)}. Since each cone #(.o/,T) has a decomposition R"'! @ ¢'(#, T),
we have a similar decomposition €(Fy,w) = R"" @ ¥'(Fy, w). We will call the
collection {%'(#y, )} the Grobner fan which we also denote by F(.%y).

Example. P(2,2,2,1,1). This is a simple example of a toric variety in which we
can define a Calabi-Yau hypersurface with A!(X,) = 2. The polyhedron A(w) is
given by the convex hull of the following integral points,

V1:(3,-1,'—1,—1), V2:(—1,3,—1,—]), V3:(——1,—1,3,—1),
V4=(—1,—l,—1,7), V5=(—17—'1:_19—1)>
where the vector components are those with respect to a fixed basis 4, = (1,0,0,

0,—wy),...,44 = (0,0,0,1,—wy) for the lattice H(w) (see the example in the pre-
vious section). The integral points in the dual A*(w) are

vi =(1,0,0,0), v; =(6,1,0,0), v; =(0,0,1,0),
V:Z(O,O,O,l), v;z(_25—27_23—1)5 vg:(—la_l’—lao)a

(3.13)

(3.14)

The point v§ = %(v:; +vZ) in a codimension 3 face of A4* corresponds to a 4;-type
Du Val singularity in the affine subvariety determined by the cone Ry ov; + Rxovg
in the fan 2(A4*). We can find three elementary relations (up to sign) in &/ =
(1, 4*(w)) N Z° expressed by

1M=(-4,1,1,1,0,0,1),  1?=(0,0,0,0,1,1,-2), ¥ =(-8,2,2,2,1,1,0).

(3.15)
Then the zonotope Z,; determines the universal Grébner basis

Uy = {V1Y2V3Y6 — Yo, Va¥s — Yes Vi VA V3 ¥aYs — Yo V1 V2Ysyays — Yoy} - (3.16)

It is straightforward to find all possible regular triangulations of the set .7, or
equivalently the polyhedron A*(w). We find the following four regular triangulations:

T0=1{(0,2,3,5,6),(0,1,3,5,6),(0,1,2,5,6),(0,2,3,4,6),
(0,1,3,4,6),(0,1,2,4,6),(0,1,2,3,5),(0,1,2,3,4) } ,

71={(1,2,3,4,5)}, T, ={(1,2,3,4,6),(1,2,3,5,6)} ,

T3={{0,2,3,4,5),(0,1,3,4,5),(0,1,2,4,5),(0,1,2,3,5),(0,1,2,3,4)} ,

where, for example, {0,2,3,4,5) represents a simplex with vertices ¥, ¥5,...,75.

(3.17)
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Table 1. Grobner cones with typical weights. Each cone determines the ideal LT,(.%y) and its
radical. The radical coincides with the Stanley—Reisner ideal SRy, according to (3.12)

cone weight w LTw(SFy) rad(LTw(SFy))
7 0,1,1,1,1,1,0) (Y1¥2¥3 V65 Y4¥s) (¥1¥2V3¥6, Vays)
& (1,0,0,0,1,1,0) (¥3> yavs) (¥0, ya¥s)
3 (1,0,0,0,0,0,1) <y3’yg> <J’0,y6>
T4 (1,0,0,0,0,0,5) (Y17233¥6: o V5, ¥4 v6) (0, ¥6)
5 (0,1,1,1,0,0,4) (V13273Y6 Y2, V2 V3V va 35, Y3 V) (Y6, ¥1¥2V3¥4¥5)
76 0,1,1,1,0,0,1) (Y172¥3Y6: V2, Y1¥27374Y5) (Y6, Y1Y2¥3Y4Y5)
) Ty
) |
3
Ty

Fig. 1. The secondary fan and the Grébner fan for P(2,2,2,1,1). The secondary fan consists of
the polyhedral cones parametrized by the regular triangulations Ty, ..., T3 in the text. The Grobner
fan provides a refinement consisting of 1y,...,74 represented by the typical weights in Table 1

The Grobner fan consists of six two-dimensional cones, together with lower
dimensional cones as their faces. We list the typical weight with the corresponding
ideal LT,(#y) and its radical in Table 1. We draw, in Fig. 1, the secondary fan
and the Grobner fan as its refinement using a Z-basis {1, /®} which is dual to a
Z-basis {IV, 1@} in (3.15) of the lattice L.

3.3. Cohomology ring of Pys+y and the local solutions — when 2X(A*) is regular.
In this subsection we will study the local solutions of the A*-hypergeometric sys-
tem. Since the Grobner fan is a refinement of the secondary fan, each cone of the
Grobner fan naturally defines a convergent series for (3.1). Namely we consider a
cone t with typical weight . If 7 is simplicial and regular we consider a Z-basis
{IM, .., [P} of 7, and if not we subdivide 7 into simplicial and regular cones
and take a Z-basis for one of these cones. Then the dual basis {lg),..',lg‘” _")}
gives us a Z-basis compatible with the regular triangulation T, and the series (3.5).
Even though the choice of Z-basis of L is not unique, once a choice is made we
refer to it as a Z-basis of L for the cone 7 with typical weight w.

Since the exponent f is T-resonant for some regular triangulations, we do not
have vol(4*(w)) linearly independent power series solutions, and so we need to
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search for the logarithmic solutions. The type of logarithmic solutions which arises
for a given triangulation depends on the type of degenerations of the hypersurface,
hence on the monodromy of its period integrals. In general, the differential equations
satisfied by the period integrals have regular singularities [41]. Therefore we can
determine the local solutions from the data of the leading terms of the differential
equations — the so-called indicial equations. We expect that among the singularities,
the quotient singularities can be resolved by the toric method via a refinement — such
as the Grobner fan — of the secondary fan ([22] Conjecture 13.2). Thus near these
singularities, we should recover the data for our local solutions from the structure
of the cones in the fan.

Let us consider a power series solution (3.5) determined by a Z-basis {19’,...,
% _")} of L for a cone t with typical weight wet. We identify the toric ideal
Sy in Clyy,...,yp] with the ideal generated by {2/} in C[5...., 60 ]. While
we will consider a multiplication of &; by the rational functions of @;’s extend-
ing the coefficient, we need to be careful with the noncommutativity resulting
from this extension. Now let us consider an operator in the Grobner basis %,,.
If 9,€8, and w-1, —w-1_>0(<0), then (L)*((£)") is one of the genera-
tors for the ideal LT,,(.%,). For the case w- (I, — I_) > 0, we multiply &, by a'+ to

obtain
1y 1_
a* 9@, = a'+ (%) —al+~1-4!- (%) ) (3.18)

Since w-+(ly —1_)>0 we have I, —[_€1V. Since tV is generated by {/),...,
I(P=m}, it follows that a’+~/~ in the second term can be expressed by a monomial
of {x(k)} which vanishes when x*) — 0. Other parts in (3.18) are “homogeneous”
and can be rewritten in terms of the log derivatives 0, = a,-a%. The same argument
applies to the case w- (/4 —7_) < 0. Therefore the principal part of 2; which
determines the local properties about x*) = 0 are given, through the generators of

gw, by
3 Iy 3 I_ , d Iy
—_ - = + | —
(661) (8a> —a <6a) ’ (3.19)

where [, and /_ in the right-hand side for v (/L —I_)>0and w-({, — I_) <0,
respectively. Clearly we can express the pnnc1pal part (3.19) as a polynomial
I)(04y5 - -, 06a,). In the gauge = H(x(l) ,xfp ")) (2.14), using x; = a"’ we can
write

(045 - -5 04,) = J,(Hx(l),...,Hx(p_n)) , (3.20)

where the right-hand side is a polynomial in the 6 ®. Note also that J; is homoge-

neous if the entries of /1 are 0 or 1. Due to the property of the Grobner basis, the
principal parts (3.20) for the elements in %,, give us a complete set of the indicial
equations for p. Summarizing our results:

Consider a local solution wo(x, p) (3.5) with a Z-basis of L for a cone t with
typical weight w. Then the indices p are determined from the finite set of

indicial equations Ji(p\?,...,p™™) =0, with y* — y'- € B, . (3.21)
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This result combined with the Frobenius method enables us to construct missing
solutions in the general theorem (3.4) for the case of 7-resonant.

Now let us turn to the description of the intersection ring A*(Pz(4»), Z), which
is isomorphic to the cohomology ring, H 2*(PZ( 4=y, L) of the nonsingular projective
toric variety Pzc4«). In the following we assume Py4+) is nonsingular, which means
that we take one of the finest subdivisions of the fan 2(A4*). Note that for the models
of type I and II, such finest subdivision comes from a maximal triangulation T of
the polyhedron A*. We have seen that Tj is also regular. In the next section, we
will find that our results apply also to the singular models of type III with some
modifications.

In toric geometry, each integral point v} (i = 1,..., p) in A* N Z" corresponds to
an irreducible T-invariant divisor D;. It is known that if v},..., v} generate a cone in
Z(4*), the divisors D, - - - D;, intersect transversally with the subvariety determined
by the cone. Also there are linear relations among the toric divisors since we are
working modulo the divisors of rational functions on Py(4«). It is then known that
[35]:

For a compact nonsingular toric variety Pg 4%)s the intersection ring
A*(Ps4+), L) is described by Z[D,,...,D,)/.#, where . is the ideal generated
by

@)Dy D;, for vi,...,v; not in a cone of 2(4%),

(3.22)
(i) 3°F  (u,v;)D; for u e Z".

We can fix the normalization of the “volume form” in the ring by the property that
the Euler number of P4+ is equal to the number of the n-dimensional cones in
the fan X(A*). This is the number of the n-simplices in the corresponding maximal
triangulation 7 of the polyhedron A*.

To relate toric ideals to our previous discussion on the A*-hypergeometric
system, we introduce a formal variable Dy and rewrite the intersection ring as
A*(Pya+y, L) = Z[Dy, Dy, ..., D,)/.#, where we define .# as the ideal gene-
rated by

(i) Dy ---Dy, for v',...,V} not in a cone of X((1,4%)),
1 k U

TR

! ‘ (3.23)
Y P, (u,91)D; for ue 2" .

The fan Z((1,4*)) in (i) is defined to be a set of cones over the simplices of the
triangulations 7, of (1,4*). If the fan X(A4*) is regular, so is the fan X((1, 4*)),
although the latter fan is not complete.

Now note that the set of the generators (i)’ is the same as the generators of the
Stanley—Reisner ideal for the maximal triangulation 7 of 4*. Note also the similarity
of the linear relations (ii)’ and the first order relations (2.15) in the hypergeometric
system. By (3.12) the Stanley—Reisner ideal SRy, is the radical of LT,(.%,), where
w is a weight with T,, = Ty. In the following, we will show that the ideal LT,,(%y)
is radical. This allows us to determine the ideal L7,(.%,), or equivalently the prin-
cipal parts (3.20) of the 4*-hypergeometric system that governs the local solutions,
via a purely combinatorial object — the Stanley—Reisner ideal. As an immediate con-
sequence we show that for the maximal triangulation, p = (0,...,0) is the unique
solution to the indicial equations. Furthermore we observe that the local solutions for
the maximal triangulation Ty can be described by the intersection numbers. The latter
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are computable from the intersections ring (3.22). We will also see that the Stanley—
Reisner ideal above can be easily computed in terms of the so-called primitive
collections.

To discuss the combinatorial description of the Stanley—Reisner ideal, we intro-
duce the notions of a primitive collection and a primitive relation [42]. A primitive
collection of a complete fan X(4*) is a set of integral vectors & = {v,l, o Vi d
such that if we remove any one of v} from £, then the integral vectors in g’\{v }
generate a cone in X(4*) while 9’ itself does not generate any cone in X(A4* )
It is easy to prove that i) in (3.22) can be replaced by the monomials D, --- D,
corresponding to the primitive collections of X(4*). Once we fix a triangulation To
which underlies the 2(4*), it is straightforward to read off all primitive collections.
So far we don’t need the regularity of X(4*). But to discuss primitive relations, we
must assume that X(A4*) is regular. A primitive relation will be a certain element
of L attached to each primitive collection.

Consider a primltive collection 2 = {v},v},...,v.}. There is a unique cone
¢ € 2(4*) of minimum dimension such that the integral point v} + v} +--- + v}
in the interior of ¥. By regularity, there is a set of generators { ViseoosV; ) of the
cone such that for some positive integers c;, we have

Vi VAV = kzl vy, - (3.24)
>

It is easy to translate the above statement about the fan X(A*) into a statement
about the fan 2((1, 4*)), which is not complete but regular. We get

VLA Z v (3.25)

where V7 =75 and co =a — ), ¢ = 0. Equation (3.25) defines a primitive rela-
tion/(#)e L. It is easy to deduce from the defining property of a primitive collection
that the index sets {ii,...,i,} and {jo,...,/s} are disjoint.

Let w be a weight vector such that 7, is the maximal triangulation Ty. Recall
that the convex polytope P, is defined by the convex hull of the points ¥} :=
(wk, vk) (k=0,. o p). Then we can show the following “height” inequality (¥ +

4V )o>(ZCk . )0, 1.€.,

O + O+ 05, > ) W), . (3.26)

This means that LT,(y"?+ — y@)-) =y, y; ...y, . Since the Stanley-Reisner
ideal SRz, is generated by those Y2 ...yl with {v},v5,...,v;} primitive, it fol-
lows that SRy, C LT,(#y). Combining this with the property (3.12), we see that
LT,(#y) is radical. Moreover we also have SRy, = (y"?)+ |2 is primitive).

In the example P(2,2,2, 1, 1) discussed in the last subsection, we find two primi-
tive collections {v{,v3, v}, vg}, {v},vi} for the maximal triangulation Ty and the cor-
responding primitive relations turn out to be /() and /® in (3.15), respectively. As
is evident in Table 1, these primitive collections give the generators LT,,( y’(i) — yl(i) R
(i = 1,2) of the ideal LT,,(.#,) for the cone 1.

Note that the above generators of SRz, are nothing but the leading symbols
of a generating set of operators %; of the A*-hypergeometric system. Combining
with the operators %, we have a correspondence between the symbols of the full
A*-hypergeometric system and the ideal .# (3.23) for the intersection ring. This
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motivates the following map m from Z[6,,,...,0,,] to the intersection ring m: 0,, —
D;. Define the following intersection coupling,

Cirig-rriy = (0,00 )m(B,62)) - - - m(6,6))) , (3.27)

where the bracket means taking the coefficient of the “volume element” in the ring
A*(Pz(a+y, Z). Then we observe the following:

If © is the cone in which T, (@ € 1) is a maximal triangulation, then all the

indices at the point D=0 (i =1,..., p— n) of the hypergeometric system are
identically zero. And the local solutions near this point are given by

WO(xb p)|p=0’ apiwo(xl" p)|P=0a Z Clllz “ln apxl 617:2 WO(x‘r’ p)|ﬂ =0 »

i1,02

(3.28)
Z Ci1i2~"in 6,,i1 6% v 6pin wo(xr,p)|p:0 .

0,02,

Recall that rad(LT,,(.#y)) = LT,(.#y) for the weight « such that T, = T}, and that
LT,(4y) is generated by LT,(%,). Since an element of the Griobner basis has
the form y'+ — y'- it follows that the entries of either vector /4 are 0 or 1. In
either case, we see that the corresponding indicial equation Ji(py,...,pp—n) =0 is
homogeneous. But the finiteness of the solution set implies that zero is the only
solution.

Example. P(2,2,2,1,1). As we have seen, there is one maximal triangulation Ty in

(3.17) for the polyhedron 4*. The corresponding cone is 7; in Table 1, and thus
1 2
the Grobner basis %, consists of ylg) -y - »y3ye — yg and y +2) — yl()

yays — ye. From this we obtain the leading term operators for (3.20);

Ji0> = 00, 00,00,0a, = 03, (B, — 20,,.)

(3.29)
Jl(z) = 0[146115 = 03111 >
with the corresponding linear operators
=07 (Ox, —20,,) —x;, (40, +4)(40x, +3)(40;, +2)(40,, +1),
(3.30)

&= 6?;11 - yn(ex,l - yr 1)(94\'r - yq) .
Since the generators of the Stanley—Reisner ideal is given by the primitive collec-
tions, it is easy to determine the intersection ring. The results for the intersection
couplings are

Cox =2  Coy=1,  Cuyy = Ceyyy = Cypyy =0, (3.31)

where Cye = (m(bx, ) -m(0y, )) for example. From the indicial equations Jy(p)
=Jio(p) = 0, we see that all indices at the point x;, = y,, = 0 are zero. In fact we
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find the following 8 solutions with only one power series solution;

wo(x, 0% 8, wo(x,0),3, wo(x,0); (282 + 28,,8,, wo(x, 0), @ 2wo(x, 0);

(20, + 3070, wo(x, 0), 8, wo(x, 0); (20, + 40,8, Wo(x, 0) , (3.32)
where
— F(4(n + px) + 1) ﬂ+ﬂx m+py
WO(x5p)_ZI-v(n+px+1)3F(m+py+1)21-v(n_2m+px 2py+1) ’L‘l y‘El .
(3.33)

Because we have Z;wy(x, p) = Jio(p)x? + (power series in x and y) (i = 1 2), we
can verify that (3.32) solve the hypergeometric system by inspecting (20 +
48px(3py)(J,(.)(p)x”)lp -0 = 0(i = 1,2), for example (see Egs.(4.4) and (4.5) in [8]
for detailed arguments about the remaining terms). .

Similarly we obtain for 7, the principal parts (3.20) in the II(a) gauge

(40, — 4)(40, 3)(40%2 ~2)4,, —1), 0 (3.34)

xrz yiz ’

with x,, = a =1 [Xeys Yo, = a"”. From these principal parts, we see that not all
solutions to the indicial equations at x,, = y;, = 0 are zero. Thus the local properties
of 71 and 1, are quite different. The fact that LT,(.%,) is radical in 7, but not in
7, is responsible for this difference.

3.4. Cohomology ring of X, and the local solutions. We consider the restriction
map H*(Pz4+),Z) — H*(X4,Z) induced by the inclusion X4 — Py4), and denote
the image by Hy; (X4,Z). The restriction map can be realized by considering the
intersection of the elements of H*(Pz(4«),Z) with the divisor X4. By construction
of the Calabi~Yau hypersurface X, the divisor class [X4] coincides with the anti-
canonical class of the ambient space Py4+), namely

Xs1=Di+Dy+---+D,, (3.35)

in the intersection ring. The toric part of the cohomology H;: . (X4, Z) can then
be written as Ay (X4, Z) = A*(Px(4=), L)/Ann(D; + - - - + D,) (where Ann(x) in a

ring R is Ann(x) := {y €R| yx = 0}) or equivalently
tOl‘lC(XA’Z) = [DI’DZa-H,Dp]/jquot s (336)

where Sy is the ideal quotient Syt = S :(Dy + -+ + Dp). (Here (I:x)={ye€
R|yxel})

Now recall the close relationship between the ideal .# in (3.23) and the ideal of
the symbols for the A*-hypergeometric system with respect to the cone 7 of maximal
trlangulatlons T,. First we have fquot =F: (D1 +Dy+---+Dy)= Fi(— Dy) =
#:Dy. In fact we observe more: suitable linear combinations of the differential
operators a'* 9, factorize from the left by the operator 0.,, implying that the hyper-
geometric system is a reducible system. Factorization by the operator 6,, should be
understood as corresponding to the restriction to the hypersurface X4. As we shall
see, the solutions to the factorized system can be obtained from (3.28) by a similar
restriction of the intersection couplings (cf. m(—0,,) = —Dy = [X4]).
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In cases of type II models, we observed that the quotient (3.36) results in setting
to zero the divisors D; for which the integral points v are on a codimension one face
of A*. This can be understood as follows: the above divisors come from the desingu-
larizations of point singularities of the ambient space; a hypersurface X, in general
position will not meet these singularities. In accordance with this “decoupling” of the
divisors it is natural to consider the lattice L' = {/€L|/; = 0, v} is on a codimen-
sion one face of A*}. We define a Z-basis {121), e 1511“"')} (n' = dim Auto(Pz(4+))
of L’ of the reduced cone (Rxolt") + - + RPN L} as follows. We make
subdivisions of the reduced cone if it is not regular, in which case the Z-basis is
not uniquely determined. However our observations in the following do not depend
on this. We will call L’ the reduced lattice, or the reduction of L.

The decoupling of some divisor D; in the intersection ring implies that we
can turn off the monomial deformation via a; (which corresponds to the divisor
D; under the monomial-divisor map [43]). In fact we observe that these variables
can be eliminated in the extended A*-hypergeometric system which is originally
defined to act on functions on C¥ as follow. Recall that the GKZ A*-hypergeometric
system is enlarged by adjoining n’ — n additional linear differential operators Z; (i =
n+1,...,dim Auto(Ps4)) = n’ in (2.21)). This creates just enough equations to
eliminate those operators 6%,- corresponding to points v/ on the codimension one
faces, from the operators &, (/€L). We may then set a; = 0 after the elimination.
We denote by 2 the resulting new operators which act on functions on C¥', where
the set ./’ consists of all integral points on the faces with codimension greater than
one. Note that the set {2} |/€L} is in general larger than the set {2 |/'eL’}.

We now define the intersection couplings on 4} . (X4,Z) by

toric

K = (m(0,6))m(0,6) -~ m(0 6, - m(—04,)) , (3.37)

ipig-in—1
then we may state the observation given in [10] as follows:

For a cone t© with typical weight o, some of the operators a'+ 2(1€L) or their
linear combinations factorize by the operator 0,, from the left, indicating that
the A*-hypergeometric system is reducible. If T, is a maximal triangulation,
the local solutions about the point *P=0 (i=1,...,p—n') for the reduced
system are given by

i, iz

WO(x‘L" P)|p=0, ap,'w()(x‘h p)|p=05 ZKiclliz»--in_l apil aﬂiz WO(x‘r, p)|p=0 )

e (3.38)
> Kiclliz---invlaﬂil apiz T apin_l wo(xc, p)lp:O .

ity iy i1
We also observe that in the case of Fermat hypersurfaces, the operators a'* %)
which factorize whose leading term generate the ideal ffquot can be constructed from
operators &, in the Grobner basis #,. However for general models of non-Fermat
type we need to consider operators a'* @} outside the basis %, as well as their
linear combinations with coefficients in the ring generated by the 0,, (sece examples
in Sect. 4).

Examples. 1) P(2,2,2,1,1). We have seen a unique maximal triangulation 7
in (3.17) and have constructed local solutions for the corresponding cone in the
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Grobner fan. Now we note that 8,y = —(0,, + -+ + 04) = -49,‘11. It is easy to ob-

serve that the operator alg)@,m expressed in the I1(a) gauge factorizes from the
left by 0,, = —40&1, ie., ¥ = fol O in (3.30) for some third order operator . If
we write the divisor m(0;, ) as J; and similarly for J,, the topological data for the
solutions are summarized as follows:

Kd =8, K¢, =4, K, =Ko =0, (339)
e Jy =56, cy-J, =24, '

where the invariants ¢, - J’s are listed for later use. For their calculation we use the
adjunction formula [44]; c(X4) = [12.,(1 + D:)/(1 + [X4]).

2) P(7,2,2,2,1). The toric data of this model have been summarized in the end
of the previous section. Although this model has the same moduli as the above
model, two integral points on the codimension one face make the combinatorics
of this model much more complicated. It turns out that there are 14 elementary
relations which generate the zonotope %, and there are more than 2,000 elements
for the universal Grobner basis. The secondary fan has 32 four dimensional cones,
most of which are singular.

It seems to be a formidable task to determine the Grobner fan, however it
is easy to find the maximal triangulation of 4* and the corresponding Stanley—
Reisner ideal. As proved in the previous subsection, for a weight « such that 7, is
the maximal triangulation, we have LT,( %y ) = rad(LT,(Fy)) = SRy, and we can
determine the ideal LT,,(.#,) by the Stanley-Reisner ideal which is simply described
by the primitive collections. In this case, it turns out that the ideal LT,(.%y) = SR,
is generated by

Y1ys, Yy, Y18, Ys5)8, Y61, Y68 »
Y2y3yays, Y2Y3Yale, Y2yY3yayr .

(3.40)

These generators may be translated into the generators (i)’ in (3.23). Then together
with the linear relations (i)’ in (3.23), they define the intersection ring of the
ambient space. We find that the ideal Syyor = F : (D1 + - -+ + Dg) as defined earlier
is generated by the monomials

DDs, D3DyDe, D5, Dy, (3.41)

with the linear relations (ii). The divisors D; and Dg in (3.41) being among the
generators show that these divisors decouple from the intersection ring.
We find that a Z-basis of L for a cone tv with the typical weight o is

{191 13 1Y with

1) =(-1,0,0,0,0,-1,1,1,0), /¥ =(0,1,0,0,0,1,-2, 0,0), 342)
1 =(0,0,1,1,1,0,0,1,—4), 1 =(0,0,0,0,0,1, 0,-2,1). |

The intersection of the cone generated by (3.42) with Ly is a two dimensional

regular cone generated by /() = 71(,1) + 1(13) + 4l(r4) =(-7,0,1,1,1,-3,7,0,0) and
1@ = @,
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The form of our generators of jquot suggests that we should try to factorize the
following differential operators:

o @ o\
D16y = Gl as (5;,;) ;

2 8004 a8 0 (3N
lasasy = Oaz 6613 0a4 6a6 6&0 aag ’
where 11 5y and /{5346 are the primitive relations corresponding respectively to
the primitive collections {v},v:} and {vj,v},v;,v¢}. Although the second operator
contains a derivative with respect to ag, we can eliminate it using the order one
operators %y, and Z, corresponding to the automorphisms (2.21). Defining the
local variables x = —a’m, y= a’m, we observe the factorization of the operator 8,
in aymazasasZi, , mi’ and find a complete set of differential equations for the
period integrals:

(3.43)

By = (6, — 30,)6, — (76, — 20, — 1)(70, — 20,) ,
@y = 0X(76, — 26,) — Tx(¥(280, — 46, + 18) + 6, — 36 — 2)) (3.44)
X (7(280; — 40, + 10) + 0, — 30, — 1)(»(280, — 46, +2) + 6, — 36,),

in the II(a) gauge (2.14). The local solutions of this system are given by (3.38)
with the following topological data:

K, =2, K&, =7 K =21, KI =63,

Cz'Jx=44, Cz'Jy=126.

(3.45)

3.5. Singular models of type III. In the previous subsections, we have considered
the non-singular models, i.e., models of type I and II in our classification (2.16).
However in actual applications, singular models dominate the others. We will see,
nevertheless, that several properties observed in the previous subsections apply with
some modifications even to the singular cases.

Since a complete analysis of the secondary (Grobner) fan for A4* is formidable in
general (cf. the example P(7,2,2,2,1)), we focus only on the Calabi—Yau phase(s)
which corresponds to maximal triangulation(s). For the nonsingular models of type 1
and II, we have seen that the ideal L7,,(.#,;,) for a maximal triangulation 7, coincides
with the Stanley—Reisner ideal. For the singular models of type III however, the ideal
LT,(4y) differs from its radical and from the Stanley—Reisner ideal because Z(A4*)
is no longer regular.

For a singular model, the fan X(4*) is singular even relative to the maximum
subdivision incorporating all integral points in 4*. To obtain a regular fan, which
we denote as X(4%),,,, we subdivide further the singular cones taking into account
integral points outside the polyhedron A*. Since the polyhedron A* is reflexive, the
integral points which generate an n-dimensional cone in X(A*) are on a hyperplane
with integral distance one from the origin [19]. Moving this hyperplane in a parallel
way to the integral points outside 4%, we can speak of the integral distance of these
points. For the hypersurfaces X;(w) in (2.1), a point with the integral distance £ > 0
corresponds to a monomial of the homogeneous degree kd.
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Let us denote all the integral points generating the one dimensional cones of
(A )yeg @8 {V]5-- 5 V5, Vo pse .0 Vg ), Where Vi ..., vy are those new points intro-
duced by the subd1V1510n (Note that even though the new points have distance
greater than 1, they are still primitive vectors of the lattice.) Since we have a non-
singular toric variety Ps(4+),,» we can describe its intersection ring according to
(3.22) with additional divisors D,_1,...,0;. It turns out that the divisor class of the

Calabi—Yau hypersurface X, in this fully resolved ambient space is given by
[XA] =D +"'+Dp+dp+1Dp+1 ++qu » (346)

where d; is the integral distance of the point v; described above. We should note
that the regular fan 2(4%),, need not be the fan associated with a triangulation of
the polyhedron A4’* := Conv. ({v}‘,....,v;‘,, v;fl,..._,v;}). Therefore in general, we do
not have a description (3.22) of the intersection ring via the Stanley—Reisner ideal in
terms of a triangulation of A’*. However in many cases, it happens that the convex
hull A’* is itself a reflexive polyhedron. In such a case we have another family of
Calabi-Yau manifolds X in the ambient space Pyc4/«). This ambient space is in
genera] different from Py 4%),,,- However if we have the relation 2(4'*) = 2(4" )yeg>
then we will have two different families of Calabi—Yau hypersurfaces in the same
ambient space Px(4+) = Px4-) . One hypersurface X, represents the divisor class
(3.46) and the other hypersurface X, represents

[X4]=Di+--+Dy+Dpp1 +---+D,. (3.47)

We will see an example of this type in Sect. 4.
Now let us see the detailed analysis in a typical example X2(4, 3, 2, 2, 1) which
was analyzed in [8]. The polyhedron A(w) for this model has vertices

v =(2,-1,-1,-1), v, =(-1,3,-1,-1), vy =(-1,-1,5,-1),

(3.48)
vy =(-1,-1,—-1,5), v, =(-1,—-1,—-1,-1),

with respect to the basis Aj,..., A4 for the lattice H(w) as in (2.17). The integral
points in the dual polyhedron A*(w) are as

vi =(1,0,0,0), v; =(0,1,0,0),  v3=(0,0,1,0),

(3.49)
v; =(0,0,0,1), vi =(—4,-3,-2,-2), vg =(-2,-1,-1,-1),

together with the origin v = (0,0, 0,0). The maximal triangulation of the polyhedron
A*(w) is unique and is given by

To = {(0,3,4,5,6),(0,1,3,4,5),(0,2,3,4,6),(0, 1,4,5,6),

3.50
(0,1,3,5,6),(0,1,2,4,6),{0,1,2,3,6),(0,1,2,3,4)} . (3.50)

It is easy to see that the corresponding fan 2(A4*) is not regular because the first three
simplices in Ty respectively have volumes 2,3, and 2. We subdivide the first cone

) . . VEAvE v .. . . 2v*+v*
by introducing a point v; = % Similarly by introducing vg = =+ +

BE2% and v = hﬂ TR Seha % for the second cone and v}, = M%L_Vijﬂ for the
third cone, we ﬁnally obtain the regular fan 2(4%),.,. All these additional points
v3,..., v}, have integral distance two and correspond to the charge two monomials
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732323, 22232228, 21232328 and 23232323, respectively. The generators (i) in (3.22)
are determined by the primitive collections for the fan X(4*).,, and there are
20 such generators. Together with the linear generators (ii) in (3.22), these deter-
mine the defining ideal .# for the intersection ring 4*(Py 4%),)- The ideal quotient
by [X4] = D1+ -+ +De + 2(D7 + - - - 4+ Dyg) determines A7 . (X4). It turns out that
Huot 18 generated by

D,Ds, DD; Dy, D, Dy, Dy, Dy, (3.51)

together with the linear relations (ii). The generators D7, Dg,Dy and D;q indicate
that these divisors decouple from the intersection ring. This can be understood as
follows: the additional points v7,..., v}, represent point singularities in the ambient
space and the divisors Dy,...,Djo resulting from the desingularization of these points
do not intersect with the hypersurface X, in the general position.

Now let us turn to the set of the convex piecewise linear functions over the fan
Z(A")yeq, €., the Kahler cone of Py4+)  (see [37]). Since the regular fan 3(4*),,
does not come from any triangulation of the polyhedron A’* (in fact we verify
2(47 )y has 21 four dimensional regular cones whereas vol(4'*) = 24), the Kahler
cone so obtained cannot be interpreted as a cone of the secondary fan for A'*. It is
straightforward to find a Z-basis for the dual cone of Kéhler cone 7 and we have

1M =(-1,0,0,1,1,0,0, 0,1,-2, 0), I? =(-1,1,0,0,0, 1,0,0,—2,1,0),
153) = (_27070, 17 17 1’ 1’ _29050,0)7 154) = ( 17090’_1’ _1’ —1’0’ 1’ 0’ 1’0) 2

%) =(-2,0,1,1,1,0,1, 0,0,0,-2), I =(2,0,0,—-1,-1,0,-2,1,0,0,1) .
(3.52)

The decoupling of the divisors Ds,...,Di in (3.51) corresponds to reducing
from L to the lattice L' generated by IV = 4/ + 2/@ 4+ 3/ 4 3/ and 1@ =
19 + 1 + 21 with
I =(-6,2,0,1,1,-1,3,0,0,0,0), 1@ =(0,0,1,0,0,1,-2,0,0,0,0). (3.53)

We verify that the above basis for the reduced lattice generates the cone # (.o, Tp)
dual to €’(o/,Tp) for the maximal triangulation T, of 4*. However this is not
a general phenomenon as we will see in the example X14(7,3,2,1,1) presented in
Sect. 4.

The operators &; we deduce from the first two of (3.51) are

g~ 28 _(2Y

lasy = 6a2 (3LZ5 aaé ’
g, =002 (oY o
I{13,46y — Oay Oaz Oas Oag day ) Oay’

where Ipy 53 = I + 19 + 21 and 1(y 546 = 21 + 1 + 1P + 21 are primi-
tive relations for 2(4"),,,. These two operators are the analogues of (3.43) of the
nonsingular model, but with one crucial difference. In this singular case, we do not
have an order one differential operator in the extended A*-hypergeometric system

(3.54)
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to eliminate a% In order to eliminate this we must study the Jacobian ring of the
hypersurface in detail. In [8], a second order operator was found which has the
form

0 4 aa ( 0 >2_24a1a2a6 0 8 12aa; 3 0 (3.55)

dag Oag a3 Oag ay  Oag Oas ag Oag Oas’

when acting on the period I1(a), see Eq. (3.39) in [8]. Using this relation and the

definition x = @’ and y = a’”, a third order differential operator is derived from
D154 after a factorization 6, from the left. As is evident, the linear differential op-
erators represent relations among the monomial with the homogeneous degree d or
the charge one in the Jacobian ring. In contrast, the differential operator (3.55)
represents a relation among the monomials of charge two. While the order one
differential operators have been related to the symmetry of the period under auto-
morphisms and thus to the combinatorial data of the polyhedron A*, the form of
the operators for the charge two monomials above do not have a clear description
in terms of the combinatorial data. This is a typical feature we encounter in the
analysis of the singular models. We observe that despite having to use charge two
operators to factorize &, the principal part of the factorized operators still coincide
with those monomial generators of the defining ideal Fguo for A5, (X4) — just as
in the case of type I,II models. This means that the structure of the local solu-
tions is not affected by the usage of the charge two operators. That is, the same
properties in (3.38) hold for type III models as they do for type I and II models.
In our example here, the local solutions are described by the following topological
data:

c [~ E— o _ d
Kxxx =2, Kxxy =3, nyy =3, K;yy =3 ’

Cz-Jx=32, Cz'Jy:42.

(3.56)

We verify that the convex hull of the points {v],...,v{,} is again reflexive
and defines a family of Calabi-Yau manifolds Xy with Hodge numbers (2.5)
h-1(X4)=6 and h*'(Xy )= 71. Thus this is a case in which a polyhedron A*
results in topologically distinct Calabi—Yau manifolds X, and X, sitting inside two
distinct ambient spaces (because Z(A*)reg:kZ(A’ *) as we have seen). In fact X
is not even in the list of 7,555 Laudau—Ginzburg models of [25].

Finally let us calculate the Stanley—Reisner ideal for the triangulation 7p in
(3.50). It is straightforward to see that the ideal is generated by

D,Ds,  DyD3D4Ds . (3.57)

Since the model (or the fan X(A4*)) is only simplicial but not regular, the odd
homology groups of the singular toric variety can have torsion. Thus we con-
sider the homology groups over Q. Then the groups are given by the intersection
ring (3.22) o/*(Pz4+), Q) over Q. Thus it is Q[Ds,...,Dg]/# with the ideal .#
generated by (3.57) and the linear relations among the vertices {vi,...,v¢} as in
(ii) of (3.22) [38]. The normalization of the “volume form” of this ring becomes
less clear because the Euler number of the singular Py4«y is not given simply
by the number of the cones with maximal dimensions in 2(4*). However we
know that the hypersurface X, in the general position does not meet the point
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singularities of the Pyc4+), and the hypersurface divisor class is given by [X,] =
Dy + -+ + Dg. Therefore we naturally introduce a normalization of of*(Pz 4, Q)
using the Euler number of the hypersurface, rather than that of the singular ambient
space:

1’;1(1 +Dl)

— 1, 22,1
(T allon = 208" (Xa) = 121 (X)) (3.58)

Here we evaluate the component of the top degree on the left-hand side and we
use the Hodge numbers A"!'(X,) and #>!(X,) in (2.5). In the left-hand side, we
adopt the expression [[(1 + D;) for the total Chern class [38] which is justified for
the nonsingular Pz4+), but naively extended to our singular case. We have verified
experimentally that the normalization (3.58) indeed results in the right topologi-
cal couplings and the linear form ¢; « J’s. We may summarize our observation in
general,

For a smooth Calabi-Yau models X4 in a singular toric variety Psu+y, the
intersection ring o/ (X4,Q) is given by of*(Py4+),Q)/ Ann(Dy + -+ +Dp)

with the normalization determined by (3.58). (3.59)

The effect of taking the quotient by Ann(D; + ---+ D,) may be replaced by the
ideal quotient Fgor = £: (D) + - -- + D,) as in the nonsingular case. In our example,
it is easy to derive the first two of (3.51) from (3.57) via the ideal quotient.

Finally we note that all notions in the theory of toric ideals apply to the singular
cases as well. Therefore it would be helpful to compare the Grébner fan of a singular
model with that of a nonsingular model. By an analysis similar to (3.15), we obtain
the following elementary relations for the model P(4,3,2,2,1):

M =(-6,2,0,1,1,—1,3), I? =(0,0,1,0,0,1,-2),
(3.60)
I® =(-6,2,1,1,1,0,1), 1M =(-12,4,3,2,2,1,0).

The universal Grobner basis are determined from the zonotope %, as

Uy = {3394 vivsyve — V8 Wy v viyvsys — v6's iy vive — vsve,
WY VIVAYE — Y0 Ve VI VAVAVEYs — Vo5 Vi vayaye — s,
VEV2V3YaY6 — Vos Vi VA V3Vays — YSve, v2ys — Vet - (3.61)

In Table 2, we present the cones in the Grobner fan with the ideals of the lead-
ing terms. There the cone 7; corresponds to the maximal triangulation Ty (3.50)
and should be compared with 7; in Table 1. The difference we should note is
that the ideal LT,(#y) is not radical and does not coincide with the Stanley—
Reisner ideal ST,,. To see the consequence of this fact, recall that the generators
of the ideal LT,,(%4y) may be mapped to the symbol of the differential operators
2, by (3.19). As we see in the Table 2 explicitly, we simply obtain higher order
differential operators rather than (3.54).
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Table 2. Grobner cones with typical weights for P(4,3,2,2,1). The first cone 1| corresponds to
the maximal triangulation Ty in the text

cone  weight w LTw(5y) rad(LT (5 )

7 (0,1,1,0,0,0,0) (¥ 1293546 Y2 ¥3¥4¥e: V2¥'5) (V173Y4¥6, ¥2¥5)

) (0,0,2,0,0,1,0)  (¥3y2¥3¥4¥6: Y555 ¥2¥5) (V1Y273 946, Y0 V5> ¥Y27'5)
73 (1,0,0,0,0,1,0)  (y25,¥5) (¥2¥5, ¥0)

74 (1,0,0,0,0,0,1) (33, ¥2) (¥0, ¥6)

Ts (1,0,0,0,0,0,7)  (¥332¥3¥4¥6: 2 ¥§¥6> ¥42) (0, ¥6)

76 (0,0,0,0,0,1,3)  (¥2,58¥6 Y3 v27334¥6: Vi V32 ¥2ys) (Ve viv2v3vays)

17 (0,1,0,0,0,1,2)  (y2,¥2y2¥3¥4¥6, 2 V2 V374 ¥5) (¥6: V17273 ¥4¥s5)

4. Applications to Mirror Symmetry and Mirror Map

In the application to mirror symmetry, the secondary fan can be regarded as
a collection of different phases of a type II string theory compactified on a Calabi—
Yau manifold (see for example [45,46]). The triangulations of 4* which induce
different subdivisions of the fan X(4*), and their corresponding cones in the sec-
ondary fan are known to have a clear physical meaning in terms of orbifold as
well as the smooth Calabi-Yau manifold. Among them, the maximal triangulations
of A* or the finest refinements of the fan X(A4*) constitute the Calabi-—Yau phase.
In this phase we have the large radius limit of the smooth Calabi-Yau manifold
where the non-perturbative instanton corrections are suppressed exponentially. The
structure observed in (3.38) is consistent with the quantum cohomology ring near
the large radius limit.

In this section, we use several models to show how our general framework
applies.

4.1. Quantum cohomology ring. Quantum cohomology ring is one of the nontrivial
consequences of the local operator algebra of the type II string theory compacti-
fied on a Calabi—Yau threefold. In N = 2 string theory, two different kinds of the
local topological operator algebras, called (a,c)- and (c, c)-ring, correspond respec-
tively to the H"!-type cohomology and the H!-type cohomology in the topological
o-model [47,48]. On physical ground, the (a,c)-ring receives quantum corrections
from ¢-model instantons whereas the (c,c)-ring does not [21]. Mirror symmetry
which exchanges the two provides a powerful hypothesis to determine the quantum
cohomology ring in terms of the (¢, c)-ring:

3 3

DH) (X)) = DH T (Xpea), (4.1)
i=0 i=0

where ¢ in the left-hand side represents the quantum deformation and a in the right-
hand side represents the classical deformation of the mirror hypersurface in (2.4).
More precisely, we may regard the right-hand side as the Jacobian ring of the mirror
hypersurface and we can use the theory of variation of Hodge structures to study
this side. The isomorphism can then be realized in terms of the flat coordinates
on moduli spaces. This map is called the mirror map. It is known that the mirror
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map has many remarkable properties such as modular property, integrality in the
g-expansion, etc. [13].

In the classical limit, the instanton corrections in the quantum cohomology ring
are exponentially suppressed. The monodromy of the periods near the limit is maxi-
mally unipotent [2]. This is the property we established in general in (3.38) for any
maximal triangulation of the polyhedron A* of type I or IL It is found in [8, 10]
that if we define the local variables via the basis {/)} of the Mori cone by

) g
xp = (=Dl a"", (4.2)
then we may express the mirror map as

L 0p,Wo(x,0)

t = 4.
772w wo(x, 0) (4.3)
where g; = e’ The inverse map is denoted as x; = xx(q). The quantum couplings
are related to the geometrical couplings, Ky (x) := [ Q(x) A 0;0;0.Q(x) — Q(x) be-
ing the holomorphic threeform — by

1 1 2 dx; dx, dx,
Ki(q) = omy (_wo-(x)) 2 Kimn(x )dt, dt; dy,

l,m,n

“4.4)

xe=x(q)

Special geometry in the H>'-moduli space enables us to express the same couplings
using the so-called prepotential F(¢) [49]:

1 00 ¢

Kix(q) = Wa_ga_g@m)‘ (4.5)

For the prepotential, there is a concise formula given in [10] based on the local
structure (3.38):

1/ 1\
F0 =1 (55 {00+ SoPmeoPmm | @6
wo(x) ! xe=x1(q)
where we define
1
1
DS )= 6,,1, D?) = 2 E lmnapmapna DB = Z lmnaplapmaﬂn . (47)
m,n l m,n

It is also observed that the prepotential defined above has the following asymptotic
form with topological data in the leading terms, i.e.,

1 /
RO = ¢ 3 K - SO - Sk 0, @8)

4

where y is the Euler number of X, and the ()(q)- terms represent the quantum
corrections. The first example understood was the case of the quintic in P* studied
by Candelas et al [1]. We denote by N'(d) the predicted number of g-model in-
stantons with multi degree (d,...,d.1). The genus one (string 1 loop) topological
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amplitude [50] F{®® has the form

top 1 3+ —i O(xl, » Xpl, 1) 7 5
= log ———H dis; Hx ©3 4+ const. , (4.9)

wo 6(11, N AR )

where the dis; are irreducible parts of the discriminant of the hypersurface X, and
r; and s; are some parameters to be fixed by the asymptotic form of the topological
amplitude. It is known that the amplitude has an expansion of the form

F® = const. — — Z(cz A

—Xd: {2Ne(d)10g(f1(qd)) + %N’(d)log(l - qd)} ; (4.10)

where ¢? = ¢ .. th"ll and the number N¢(d) is the prediction for the number

of 1 loop instantons, i.e., elliptic curves in the Calabi—Yau manifold X, with multi
degree n.

In the following, based on our general observation (3.38), we analyze the large
radius limit. In this paper, we will be mainly concerned with the determination of
the Picard—Fuchs operators from which we can determine the quantum corrections in
a straightforward way. For example we can calculate the quantum corrected yukawa
couplings (4.4) using the Mathematica program INSTANTON appended to [10].
The required input data come from the Picard-Fuchs operators and the classical
couplings given here in Appendix C. For the interested reader, a complete list of the
Picard—Fuchs operators for the Calabi~Yau hypersurfaces with 4! < 3 is appended
in the source file of this text [24]. The determination of the numbers N¢(d) is a little
involved because we need to know the form of the discriminants of the hypersurfaces
and need to fix unknown parameters »; and s; in (4.9). We will list, in the appendix
to the source file, the form of the discriminants for some of our models. However
the detailed analysis, together with the analysis of the conifold singularities where
one Calabi-Yau model may be connected to another (cf, [51,52]) will be presented
elsewhere.

4.2. Selected Examples.

X9(3,2,2,1,1)% ;45 This is a singular model of type III. The polyhedron A(w) for
this model has the vertices

Vi =(27—1’_19_1), sz(—1,3,_1,—1), V3:("‘1,3,_1,0),
V4:(—1,—1,3,—1), V5:(—1,—1,3,0), v6:(_1,_1,_1,8), (411)
V7:(_1’_17—1:_1)a V8:(0a2;_1’_1)3 V9:(0,—1,2,—1),

with respect to the basis {Ay,..., 44} for the lattice H(w) defined after (2.17). Then
the vertices of the dual polyhedron A*(w) are given by

vi =(1,0,0,0), v =(0,1,0,0), v§=(0,0,1,0),
vi =(0,0,0,1),  vi=(-3,-2,-2,-1), vi=(-1,-1,-1,0).

(4.12)
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There are no integral points inside the polyhedron except the origin. For the maximal
triangulation of 4*(w), we obtain

To = {(0,3,4,5,6),(0,2,4,5,6),(0,1,3,5,6),(0,1,2,5,6),(0,1,3,4, 6),

(4.13)
(0,1,2,4,6),(0,2,3,4,5),(0,1,2,3,5),(0,1,2,3,4)} .

This triangulation induce the fan X(A4*), however the resulting fan is singular
because the simplex (0,2,3,4,5) has volume three. In fact we find two integral points
vy = WIRRPAERE) (11,0, vj = XLREMOIRD) _ (_1.0,0,0) which
are inside the cone spanned by v3,v;,v; and v5 but outs1de the polyhedron, indicat-
ing that this model is of type 1II. As described in the previous section, we subdivide
the fan 2(4*) by v7 and v; to obtain a regular fan 3(4"),,. The intersection ring
A*(P;(A*)mg,Z) is described by the ideal (i) in (3.22) with generators

DyD;, Dy Ds, DDy, DeDs, D1DyDs, Dy D3 Dy
(4.14)
Dy,D3Ds, D4DsDsg, DyD3DyDs ,

and the linear relations (ii) among the integral points v},...,vg. The hypersurface
divisor [X4] = Dy + -+ 4+ Dg + 2D7 + 2Dg determines the ideal quotient Jg,q. It is
generated by

D4Ds — D4Dg + 4D3Ds, D\D4Ds, Dy, Dg (4.15)

together with the linear relations. Starting from those operators &; whose lead-
ing terms match (4.14) (under the correspondence 0, <« Di(i = 1,..., p)), we can
derive the Picard—Fuchs operators via some nontrivial factorizations.

We first note that the generator D1D4Ds induces /¢ 45y =(—1,1,0,0,1,1,
—2,0,0) in L. From this we immediately see that the operator

8 a0 o (oY
9l{1,4,5} - 5‘2_10_&‘5‘1—5 - 5_ao (5&) (416)

is one of the Picard-Fuchs operators. To find the other, we need to derive the
following relations from the analysis of the Jacobian ring of the hypersurface:

s 3a1<6>2 a 0 0

5(10 6a7 o agp 6a0 (273 6(10 6(18 ’
0 0 3maas (0 aaas 0 3
6a0 6(18 - 16020306 (3(16 16a2a3a6 604 8a5

apay 0 0 ap 0 0
16aya; Oay Oag  4ay daz dag (4.17)

The derivation of the above relations may be done most efficiently by representing
the hypersurface in terms of the homogeneous coordinate of P(3,2,2,1,1):

W=z +2324 + 2425 + 2] + 22 . (4.18)

The mirror of this hypersurface, whose period we are analyzing, can be constructed
by the transposition argument of Berglund and Hilbsch [34]. We consider the
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orbifold W/Z4 x Zs with the transposed potential W. Relating to our toric descrip-
tion, we may write the transposed potential

2 3
W =azi + azzg + agzg + a42223 + a523zg 4+ apz122232425 + aézlzjz§ , (4.19)

which is regarded as the degree 12 hypersurface in P(4,3,3,1,1). Then the integral
points v3,vg are mapped, respectively, to degree 24 (charge two) monomials
23222828 and z3z3z;z3 under the monomial-divisor map [43]. The equations in
(4.17) represent the relations among the charge two monomials in the Jacobian
ring Clzi,...,25]/(OW).

We now focus on the generators D1Dg and DgD; which correspond to the prim-
itive collections whose primitive relations are /g gy = (—2,1,0,0,0,0,0,0,1) and
li6,13 =(0,0,0,0,—1,-1,1,1,0) in L. We find that the operator

3
ajazazag 0 ayaza; 0
O=3————D, — =26 g

1
ap aao a% aao 7

(4.20)

has the property that ayOIl(a) = (0,, — 2)%,11(a). Using this we obtain a complete
set of the Picard—Fuchs operators in the II(a) gauge,

D1 = 0,(6, — 0.)* — ¥(36, + 0, + 1)(36, — 26, — 1)(36, — 26,),

Dy = (0, — 0,)* + (6, — 6,)(36, — 20,) + 46,(30, — 20,)
—48xy(360, — 260, — 1)(36, + 6, + 1) (4.21)
—3y(30, — 26, — 1)(36, — 26,)
—48xy(30; + 6, + 3)(30, + 0, + 1) — 16x(6, — 6,)*,

where x and y are defined by (4.2) using the basis /) = (-3,0,1,1,—1,-1,3,0,0)
and /® =(-1,1,0,0,1,1,—2,0,0) generating the Mori cone in the reduced lattice
{l€L|l7:lg=0}
Using the hypersurface divisor [X4] = Dy + - - - + D¢ + 2D + 2Dg we determine
the following topological data:
K. =6, K&, =9, K& =13, K¢ =17,

XXX xxy = xXyy

e =48, c-J,=T74.

Y (4.22)

According to the general form (3.38), these topological data determine the local
solutions of the Picard-Fuchs equations (4.21) near x = y = 0. We notice that this
model has the same Hodge numbers as the model Xg(2,2,2,1,1)% ;. However there
is no linear transformation which relates the topological data: the cubic and linear
forms of the two manifolds. By Wall’s theorem [53] we see that the two manifolds
are topologically distinct.

Non-LG model related to Xy(3,2,2,1,1)? ;4. For the model analyzed in the last
subsection, we can verify that the polyhedron 4”* = Conv. ({v,...,v§}) is reflexive
and the complete fan X(A'*) for a triangulation of A’* (i.e., the triangulation 7
below) coincides with 2(4").,. Therefore we have another family of Calabi-Yau
hypersurfaces X, in the same ambient space Py(4+) = Py(4+)_ . The hypersurface
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represents the divisor class
[X41=Dy+---+Ds+D7+Dg. (4.23)

The dual polyhedron A’* is the convex hull of the points vi,...,v5. The poly-
hedron A’ has vertices v,, v3,..., V9 (the comer v; i1s deleted) and

Vio = (19_17_132)7 Vi1 = (1707_1’0)7 Vi2 = (1309_19ﬂ1) s
(4.24)
V13:(1,_1,_1,_1), V]4:(1,_1,0,0), V]SZ(I,_I,O,'—I).

By the formula (2.5), we know that Hodge numbers of X are hb! =4 and h>! =
85. It turns out that this model is not in the list of [25]. Also this model gives an
example of a topology change due to flop operations [43].

There are 37 triangulations for the polyhedron A’* and among them two tri-
angulations give us different resolutions of the ambient space. The first one is the
triangulation corresponding to the subdivision (4" ).,

T, = {{0,3,5,7,8),(0,2,5,7,8),(0,3,4,7,8),(0,2,3,5,8),(0,2,3,4,8),
<0’ 1’ 3’ 57 6>, <0, 19 29 57 6>’ <09 15 3949 6>’ <09 13 29 4, 6)7 <0’ 1a25 3’ 5>a <O> 27 4) 75 8)7

<O, 19 2a 3’ 4>7 <09 3’ 4’ 59 7>7 <Os 2’ 47 59 7>9 <09 33 45 5, 6>7 <0, 2’ 43 5’ 6)} ‘ (425)
The second triangulation Tp is T4 but with the last four simplices replaced by
<03 3,43 6’ 7>’ <0’ 29 5’ 6’ 7>’ <0’ 394’ 6, 7>’ <0’ 27 47 6’ 7) . (4'26)

We verify that the difference in the two triangulations is due to two different trian-
gulations of the two dimensional face (square) (vj,vs,v:,v¢). They are {(vj,vi,v¢),
(vi,vi,vi)} for T4, and {(v},v¢,v7), (v5,v¢,vi)} for Tp.

For the triangulation T4, we have in (4.14) the generators of the Stanley—Reisner
ideal. Each generator D; D;, - - - D;, determines uniquely the element I; ;, ;) in the
lattice L, and in turn the operator &, . . ,. We observe that some combinations of
the operators factorize to give a complete set of Picard-Fuchs operators. The prin-
cipal parts of these operators generate the ideal Fguo as in (4.15). In Appendix A,
we list the resulting Picard—Fuchs operators in terms of the local coordinates x, y,z
and w defined by 1\’ =(-1,1,0,0,1,1,-2,0,0), /¥ =(-1,0,0,0,1,1,0,~2,0),
¥ = (~1,0,1,1,0,0,0,1,-2) and [ = (0,0,0,0,—1,~1,1,1,0), respectively. The
intersection ring (3.36) determines the topological data as follows;

K& =17, K& =26, K&T=36, Kpl=46, Kii=13,

XXX XXy xyy yyy XXz

KA,CI — 18, KA,CI — 23’ KA,L‘I — 9’ KA,L‘] — 11’ KA,CI — 4 R

xyz yyz xzz yzZ 227

KA,CZ — 39’ KA,Cl — 54, KA,C] — 72’ KA,CI — 27’ KA,CI — 36 ,

XXW Xyw yyw Xzw VW

KA =18, KA —=81, K44 =108, KLI—54 KL =162,

ZZW XWw yww ww

- JA=T74  -Ji=100, c-Ji=52, co-J;=144. (427)
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For the triangulation T, we find the generators for theStanley-Reisner ideal
D\D;, D Dg, DyDs, DeDsg, DyD;Dg, Dy,D3D; . (4.28)

We observe again some (less trivial) factorizations among the operators {2 iy
and their combinations in order to obtain the Picard-Fuchs operators listed in
Appendix A. The local coordinates x, y,z and w for this triangulation are defined

by 11(31) = l;l) + 124), lg) = lf) + 19, lg) = lff) + 1514) and lg) = —l/(f), respectively.
Then the topological data turns out to be

K& =4,  KBI =8,  KBEI=10,

Xyw Yyw
Kid =4,  KEI=5 = KBd=2, (4.29)

e+ JE =174, ¢ - JE =100, c - JE =52, - JB =24,

where the cubic couplings among J,,Jy,J; are the same as in (4.27) and K5 =

Kf;ﬂ, =0 (x =x,y,z). As we observe in (4.29), the topological data for the phase
B indicate that the Calabi—Yau hypersurface has the property of a K3 fibration [14].
In fact, we verify that Ay, := Conv. ({v},Vv3, v}, V¢, v3,vi}) is a three dimensional
reflexive polyhedron. We observe that ¢, - J; = 24 for some i (cf. (4.29)) is nec-
essary for the Calabi-Yau hypersurface to contain a K3. We also remark that the
existence of a three dimensional reflexive polyhedron Ak, in A* does not always
yield the above topological condition. We will return to this point later in the final

section.

X14(7.3,2,1,1)% 55, This model provides us an example in which we have two dif-
ferent resolutions of point singularities in the ambient space, however the difference
of the two resolutions does not affect the topology of the Calabi-Yau hypersurface.
This model has also been solved in [11].

Let us summarize the toric data for this model. The reflexive polyhedron we
consider is given by the convex hull of the following integral points:

V1 :(1’—_17_1’_1)9 sz(—1,3,0,—1), V3:(“1,3,“1,—1),
v4:(_1’3a_1’1)a V5:(~1,—1,6,—1), (430)

v6:(_1’_17—1’13): V7:(—1,—1,—1,_1),

with respect to the basis {A,..., A4} of H(w) given after (2.17). Then the vertices
of the dual polyhedron A*(w) are

vi =(1,0,0,0),  v;=(0,1,0,0), 5 =(0,0,1,0),
(4.31)
v =(0,0,0,1),  vi=(-7,-3,-2,-1), v{=(-2,—-1,0,0).

We will find one point v = (—1,0,0,0) on a codimension one face (v}, v}, v, vs, vi).
If we triangulate the polyhedron A*(w), we will find the following two differ-
ent triangulations 7 and 7 which induce the complete fans X(4*)? and Z(4*)®
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7
5 3< i \7‘5
6

Fig. 2. Two different triangulations T4 (left) and T (right) for the models X7(7,3,2,1,1). In
the left, we see three 3-simplices whereas in the right we see two 3-simplices. This results in
different regular fans Z(A*)‘feg and Z(A*)Irgeg for the different desingularizations of the ambient
space. However the Calabi—Yau hypersurfaces in them have the same topology

7

respectively;
TA = {<O’ 4’ 57 69 7>’ <05 3, 55 67 7)9 <07 3, 4, 69 7)5 <03 27 4, 5; 7>7
<09 29 33 53 7)7 <O’ 29 3’ 47 7>7 <O9 1’4’ 55 6>9 <O’ 1’ 3’ 53 6)5
<03 1’ 33 49 6>, <05 15 25 4) 5>7 <07 13 2’ 37 5>’ <O9 1’ 2a 3’ 4>} N (432)
Tz can be obtained from T, by replacing the first three simplices of 7, by
(0,3,4,5,7) and (0,3,4,5,6). The difference between T4 and Tp are depicted in
Fig. 2. Since it turns out that some of the cones in the fan X(A4™) are singular

for both triangulations, we need to subdivide them. In the case of 7,4, we find the
following integral points make the cones regular:

1 1
W= 30T 95 = 505 v v ).

| ! (4.33)
v;‘ozz(vf—i—vj—kv;—i—vg‘), vi‘lzi(v’l"—i-v;—i—vj—i-v;),
and for T we find
* 1 * * 2 * * * 1 * * * *
V8=§(V3 +V7)+§(V4+V5), V9=§(V2 +vi+vs+7),
* 1 * * * * * 1 * * * *
Vi = E(v1 + v+ V5 +vg), Vi = E(v1 +v; + v +v5), (4.34)

Vi = ‘3‘("4 +V5)+§(V3 +v7).

Subdividing Z(4*)! and X(4*)® by these integral points results in the regular fans
Z(A*)‘:'eg and Z(A*)f;g, respectively, both of which do not come from any triangu-
lation of the polyhedron A’* — the convex hull of all the integral points. Using each
of the two regular fans, we determine the basis for the Kéhler cone, and the Mori
cone of the ambient space. We summarize in Appendix B the bases {r},..., 73} and
{nk,...,n3} of the Mori cones for Z(A*)feg and Z(A*)5  respectively. We observe
that the Mori cones for both ambient spaces are not simpficial, implying that neither
are the Kéhler cones of the ambient spaces.
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Fig. 3. The secondary fan for the polyhedron 4*(7,3,2,1,1). The Kihler cones of the smooth
ambient spaces PZ( AV and PZ( A8 have different restrictions to the secondary fan. The re-
reg reg

stricted Kéhler cone for the former space is given by the union of the cones parametrized by Ty
and Ts, while for the latter it is given by the cone parametrized Ty

The divisor [X4] of the form (3.46) determines the same intersection ring for the
two hypersurfaces, and for both cases we find that the divisors D; (i 2 7) decouple.
In fact the ideal Zy is generated by

DD, D3DyDs, Dy iz7), (4.35)

together with the linear relations (ii) in (3.22). We remark that in this model both
{v3,ve} and {v3,v},vi} are the primitive collections of Z(A)feg and Z(A)feg. The
reduced lattices which we denote L/, L} in the two cases are generated by

19 =302 + n} + 20 + 205 + 40§, = (=4,2,1,0,0,0,1,0,...,0),,

(4.36)
1542) = 271114 + 1131 + ni + ’731 +2n§ = (_25 1)092a 1, 19—3705"'70) >
for L/ and
159 =303 + 6n3 + Tk + nj + 208 = (0,0,1,-4,-2,-2,7,0,...,0),
(4.37)

122) =21} +15 =(-2,1,0,2,1,1,-3,0,...,0),

for Lp. We remark that the Mori cone for the ambient spaces are not simplicial
but their intersection with Ly’s are. We also note that two restricted cones for

Z(A*)ig and Z(A*)f;g have an intersection, in fact the former is included in the

latter since I;l) = 1) and lff) = lg) +21$). We draw in Fig. 3 the restricted Kéhler
cones in the secondary fan for the polyhedron 4*, more precisely in the secondary
fan for the point configurations vg,v{,..., v¢ (we delete the point v corresponding to
automorphisms). Since e is the same for both Z(A*)feg and E(A*)f;g, we expect
that the two triangulations define the same Calabi-Yau hypersurface in different
ambient spaces, i.e., the only difference is in the topology of the ambient space
which is irrelevant to the hypersurface.
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Now we derive the Picard—Fuchs operators based on the triangulation 7. We
note that this model is of type 1l with non-trivial automorphisms. This is the most
general situation. The point v on a codimension one face is a root vector in (2.10)
for the fan X(4). According to (2.12), this results in the following linear operator
annihilating the periods:

0

0
gl = 2611%0‘ +a06—a7 . (438)

Now we look at the operators which correspond to the first two generators in (4.35),

g, 00 (oY
feey = ('}az 606 8617 ’
0 0 0 0 0 0

éas day das  Oag ag das

(4.39)

91{3,4,5} -

Starting with these operators, we derive the Picard-Fuchs operators for the period
restricted to the sublattice (4.36). It is easy to sce the first operator &, ,, combined
with the linear operator (4.38) results in a second order differential operator. For
the operator &, ,,,, we need to look into the structure of the Jacobian ring of the
hypersurface. For this, as in the previous example, it would be most efficient to
express the hypersurface in terms of the homogeneous coordinates:

W =224z%2 +z] +z04 + 214, 4.40
1 T2 3T 24 5

in P(7,3,2,1,1). Then the transposition argument in [34] applied to this hypersurface
indicates that the mirror is given by the orbifold W/Z; x Z4 with

2 4 7 14 14
W = alz% +axzy +azzozy +aszy” +aszs + 02122232425

4.4
+agz3zizt v arZiZ2z2z2 (4.41)

in P(14,7,3,2,2). We note that, in this form, the automorphism used for (4.38) is
identified with

Z] &> 21 + € 22232425, zi—z (1 22), (4.42)

in infinitesimal form. The deformation parameters ag,...,a;; corresponds to the

degree 56 (charge two) monomials z,2z32z1021%, 23232528, 2,222}22 and z,232]Z],

64diaras N 3 1010 _ 112dlaras 2 6 6.6 | 2aa
(110 )22Z — 1 + a3

respectively. Since we can verify (1 — 324 25 = — 5 23237425 + =
’ . 0 0

282828 modulo terms in the Jacobian ring (8W) which vanish inside the period
32425 P

integral, we have the relation

64atayas\ 0 0 alazay 0 0 aay [ 0 \*
|- B4mde) 0 0 _ 5oy I Sl N B
( ag 6a0 aag a(s) 5a6 8a0 t a(z) 6a6 ( )

where we use (4.38) in the derivation. If we combine (4.43) with the opera-
tor 7, ,,, in (4.39), we will obtain a third order differential operator. Thus we
obtain the Picard—Fuchs operators which determine the local solutions with the
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property (3.38);

D1 = 0,(6, — 306,) — 4x(26, + 40, +3)(20, + 40, + 1),
D = (1 — 64x)°60) — 64{112x7 y(6, — 36,)(20, + 40, + 1)

+xy(0; — 36, — 1)(6x —36,)} — (1 — 64x){112xy(0, — 36, — 1)

x(0x — 36,)(26, + 40, + 1) + y(0; — 36, — 2)(6, — 36, — 1)(0, — 36,)},

(4.44)
2
with x = a¥’ = Qs y = ald = A%A% . The topological data for the local solu-
076
tions about x = y = 0 are given by
Kgd=9  Ky'=3,  Kgl=1  Kjtf=0 (445)

0 JE=66, o -Ji=24.

The analysis for Tp is the same as the above and the Picard—Fuchs operators are
given by (4.44) with the variables (x4, y4) := (x, y) changed to (xz, y3) under the
relations x4 = xpy3, y4 = yz. The topological data are connected by the linear rela-
tions which results from these relations.

5. Conclusion and Discussions

We have analyzed the GKZ hypergeometric system — which we call A*-hyper-
geometric — for a reflexive polyhedron. The characteristic feature of this system in
mirror symmetry is that it is 7-resonant in general. Especially, for a maximal trian-
gulation Ty of the polyhedron 4%, the monodromy of this system becomes maximally
unipotent. We have found close relationships between the Stanley—Reisner ideal for
the triangulation 7y and the ring of the leading terms of the A4*-hypergeometric
system at the maximally unipotent point. For the models of type I and II, we
have proved these two ideals are actually equal, using the general theory of toric
ideals. We have found a closed formula for the local solutions near the maximally
unipotent point, in terms of the intersection form. As was observed in [8, 10], the
A4*-hypergeometric system is reducible. If we extract the irreducible part of the sys-
tem by factoring out the operator 0,,, the resulting system gives a sufficient set of
differential operators to determine the quantum geometry of moduli space. We have
verified our observations for the Calabi—Yau hypersurfaces in weighted projective
spaces up to A"! < 3, including models of type III.

In the table of Appendix C, we have summarized the topological data for each
models. There we can see several isomorphisms or relations between different mod-
els. For example we have X14(7,2,2,2,1)%,,0 = XX3,1,1,1,1)2,,, , XK(5,3,3,
3,107 14 = X10(3,2,2,2,1)% 14, and X[5(9,4,2,2,1)° 540 = X8(4,2,1,1,1)2 ,,, , all
of which can be explained by a fractional change of the variables [54]. Also there
can be a reflexive polyhedron A4*(w') in another reflexive polyhedron A*(w).! For
example, by listing all integral points in the polyhedra, we see A4*(2,2,2,1,1) C

This observation has also been made in Ref. [11].
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4*(3,3,3,2,1), 4%(6,2,2,1,1) C 4%(9,3,3,2,1) and 4*(1°), 4*(2,1*) C 4*(3,2,2,
2,1) C 4*(5,3,3,3,1). Since all integral points in A*(w’) are contained in A*(w),
the inclusion relation 4*(w') C 4*(w) implies that the fan Z(A4*(w)) is a refinement
of the fan 2(A*(w')). This reminds us of the cases we encountered in the singu-
lar models of type III, in which we found that topologically different Calabi—Yau
hypersurfaces can sit in the same ambient space.

To see the details, let us consider the case 4%(6,2,2,1,1) C 4%(9,3,3,2,1). The
integral points in 4*(9,3,3,2, 1) with respect to the basis given after (2.17) are vj =
(0,0,0,0), vi =(1,0,0,0), v =(0,1,0,0), v =(0,0,1,0), v; =(0,0,0,1), v¥ =
(-9,-3,-3,-2), v§ =(—6,—-2,-2,—-1), vi =(-3,-1,-1,0) and v{ =(-1,0,
0,0), where the last points v§ are on a codimension one face of the polyhedron.
The polyhedron A4*(6,2,2,1,1) has integral points vg,vi,v;,v;, V], V¢, V5, vg, where
the point v§ is also on a codimension one face. Therefore X(4%(9,3,3,2,1)) is a
refinement of the fan X(A4%(6,2,2,1,1)), and we will have two different Calabi—Yau
hypersurfaces in the same ambient space Ps4+(9,3,3,2,1)).2 According to (3.46), the
divisor for the hypersurface is given by

[XA(W)]=D1+D2+D3 + D4+ Ds + D¢ + D7+ Dg (5.1)
for the model X;5(9,3,3,2,1)% 154 ; and
[XA(WI)] =D1+Dy+ D3+ Dy +2Ds + Dg + D7 + Dg , (5.2)

for the model X|,(6,2,2,1, 1)2_ 252 - This can also be understood by the fractional

transformation on the defining polynomial. The polynomial W(z) = W(z) for the
mirror of X14(9,3,3,2,1)% g6 is

2 2 6 9 1 12
W =az + azz§S + aszy + aszg + a5258 + apz1z2232425 + (162325 + a7z§’zs6 , (5.3)

in P(9,3,3,2,1)/(Z¢)*, where the deformation by ag, which corresponds to the
divisor Dg, is eliminated using the automorphism. Now consider the transforma-
tion & =z (i=1,2,3),& = 22/4, & = 21/425. Then the potential becomes, if we set
as = 05

W(E) = a1& + @88 + a3 &S + aall? + agb1E283 6485 + agll? + ar&8E8,  (5.4)

which can be regarded as a hypersurface in P(6,2,2,1,1)/(Z2 x Z;;), the mirror
of X,(6,2,2,1,1)*,5,. The additional quotient by Z12 comes from the identifi-
cation (&4, &s) = (a*éy,aés) with o =1 (see [8] for the detailed form of the ac-
tions for Z2). The Mori cone of each model may be obtained by restricting the
Mori cone of the ambient space to the sublattice L', namely / € L with Iy =0 for
4*(9,3,3,2,1) and /s = Ig =0 for 4%(6,2,2,1,1). Thus the inclusion of the dual
polyhedron, A*(w') C A*(w), implies an embedding of the (quantum) Kahler mod-
uli of X4y to that of X, 4(w)» OF equivalently under mirror symmetry, the complex
structure moduli for the mirror Xy-(,s) to that of X «(y).

As a different kind of inclusion relation, we also observe that the dual poly-
hedron A*g3(w') for some K3 hypersurface [55] sits inside the polyhedron A*(w)
for a Calabi—Yau hypersurface. It has also been observed that if, in addition, we

2Since the ambient space is still singular, we need further subdivisions of some cones. However the
following arguments are valid for the fully resolved ambient space.
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have the following specific form of the topological data; ¢;-K =24, J- KK =
K -K K =0 for some divisor class K, then the following “CY-K3 correspondence”
occurs: the Picard—Fuchs operators for the Calabi—Yau manifold specialize to those
for a K3-model under a suitable limit of the variables. In our list, the following
models shows these specific properties: X;(2,2,2,1, 1)2_168, X5(6,2,2,1, 1)2_252,
X12(3’ 333727 1)3—132 » X18(9’393=2’ 1)3—192 > X24(12’ 8’ 29 1’ 1)3—480 » X10(4’ 2’ 2’ 1’ 1)3—192
and X4(8,3,3,1, 1)3_ 256 - Also our non-Landau—Ginzburg model found in relation to
X5(3,2,2,1,1)% (s shows this property as well. The K3 polyhedron A*; contained
in the reflexive polyhedron A’* provides an example of non-Landau-Ginzburg K3
hypersurface. We have noticed that the specific form of the topological data de-
pends on how we triangulate the polyhedron, namely in this example, the CY-K3
correspondence occurs only in the phase B (see (4.29)). Some of the models where
the CY-K3 correspondence occurs has been studied extensively, and has provided
strong evidence for the so-called heterotic-type II string duality [16, 14, 17]. We
believe that our general framework outlined here will provide powerful techniques
for studying questions in heterotic-type II duality.
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Appendix A. Picard—Fuchs Equations for the Model in Section 3

This non-Landau-Ginzburg model is defined by the reflexive polyhedron A4’* which
has the property Z(A4’*) = 2(A" g for 4 = 4%(3,2,2,1,1). There are two Calabi—
Yau phases, phase A and phase B, which are connected by flop operations.

Phase A:

D1 = 0,(6; — 26, + 6,,) — xw(6, + 0, + 6, + 11)(0,, — 20,),

Dy = 0,0, — 20,) — xyw (O + 6, + 0, +2)(0 + 0, + 6, + 1),

D3 = (0w — 20,)(0, — 20, + 0,,) — w(O, + 0, — 0,)(0: + 6, — 0,,),

Ds = (205 — 0,,)(20, — 6,) — yw(0, + 0, + 6, + 1)X0, — 26, +0,,),

Ds = (Ox + 0, — 0,20, — x(0x + 0, + 0, + 1)(0, — 26, + 6,, — 1)(0, — 20, +0,,),

Dg = (0x + 6, — 6,,)°(6, — 26,)
— (65 + 0, + 6, + 1)(0, — 26, + 0,, — 1)(0, — 20, + 6,,),

D7 = 0,(0x + 0, — 0, + 3y2(0; + 0. + 6, + 1)(0, — 6, + 0, )6, — 20,)
—¥0,(6; — 20, + 0, — 1)(0, — 26, + 0,,) — x0,(0,, — 20, )0,y — 26, — 1),

Dy = 902 — 180,0,, + 250,0, — 416,0, + 166,06,
~48yzw(0; + 0, + 0, + 1)(0, — 26,) — 9x(6,, — 20,)(0,, — 20, — 1)
+yw(0y — 20,)(0; — 20, + 0,,) + dxyw?(8, + 1)(0; + 0, + 6, + 1)
+xw(96, + 100, + 90, + 9) (0, — 26) ,
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Dy = 30:0, — 60,0, — 60,0, + 36,0, + 36, — 96,0, + 136,,0, + 36
=3y(0; — 20, + 6, — 1)(0: — 26, + 0,,) — 32(26, — 6, + 1)(20, — 0,)
—xwb,(0,, — 20,) + yw(50;, + 36,, + 3)(0, — 20, + 6,,)
+xyw? (0 + 0, + 0, + 1)(86, + 66,, + 12) . (A1)

2 :ax(ex_HyJI‘Gz“aw)_x(ex“l‘ey'f'ez"‘1)(9y—0x_0w)a
Dy = 0:(0, — 20,) —xy(0x + 0, + 0, + 2)(0, + 6, + 0, + 1),
Dy = 0% —w(b, — 0, — 0,)(0: — 6,+0,-9,),

94 = (ay - Hx - gw)(ay - 202) - y(@x + 9y + 02 + 1)(0): - Oy + 02 - ew) s
Ds = 90,0, — 20,0, — 160,6,, — 1606, + 166,06, —48yz(0 +0,4+6,+1)
(8, —20;) — 16y0,(6; — 0, + 6. — 6,,) — 9xw(8, — 6, — 0,, — 1)

(0, — 6; — 0,) — 4xy(20; — 30, + 26,, — 1)(6; + 0, +02+1)

—x(96, — 108,)(0, — 6, — 6,,) ,

Ds = 30,0, + 80,0, + 66,6, — 246,0,, — 160,06, + 86>
~82(6, — 20, — 1)(0, — 26,) — 16yz(0, + 0, + 0. + 1)(6, — 26,)
—8yw(0x — 0, + 0, — 0, — 1)(0; — 6, + 6, — 6,,) '
~3xw(0, — 0 — 0, — 1)(6, — 0, — 6,,) — 8y0,(0; — 6, + 0, — 0,)
—4xy(50, + 205 + 6, + 3)(0; + 0, + 6, + 1) — x(30,, — 20,)(8, — 0, — 6,,) .
(A2)

Appendix B. Basis of the Mori Cone for P(7,3,2,1,1)

For this weighted projective space, we have two different desingularizations of the
ambient space, Py a*¥, and Py 4. 2, in the text. For each desingularization, we obtain

the basis of the Mori cone following [37]. We see the Mori cone for X(A4* )reg
not simplicial.

For the regular fan X(4*)*

reg

ny =(1,0,0,1,0,0,—-2,—1,1, 0, 0, 0),

ni=(-2,0,00, 1,1, 1, 1,-2,0,0,0),

ny =(-2,0,1,0,1,1, 0, 1,0,—2, 0, 0),

ny =(2,0,0,0,—1,—1, 0,-2, 1,1,0,0),

ny = (- 2,1,001,1,1 0,0, 0,-2, 0),

75 =(1,0,0,0,—1,—1,—1, 0, 1,0,1,0),

ny =(-2,1,1,0,1,1, 0, 0,0, 0, 0, —2),

7% =(1,0,-1,0,—-1,—1, 0, 0, 0,1,0,1) . (B.1)

For the regular fan Z(A4* )reg
113 =(0,0,0,1, 0, 0,-2,0, 0, 0, 1,0,0),
71% - (_1,0507 1’ 09 ans 19 1a030’ 0,—2),
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ny =(-1,0,0,0, 1, 1, 0,0,—2, 0, 0,0,1),

ns =(1,0,0,—1,—-1,-1,1, 0,1,0,0, 0, 0),

ny =(=2,0, 1,0, 1, 1, 0,1, 0,2, 0,0,0),

75 =(2,0,0, 0,—1,—1,0,-2,1,1,0, 0, 0),

ny=(=2,1,00, 1,1, 1,0, 0, 0,—2,0,0),

n=(-2,1,1, 0, 1, 1,0, 0,0,0,0,—2, 0),

ny =(1,0,-1,0,—1,—1, 0,0, 0, 1, 0,1,0) . (B.2)

Appendix C. Topological Data for Models with 4! <3

We list the topological couplings for the Calabi-~Yau models with 4! < 3. We fol-

low the conventions in [8, 10], i.e., 8J13 + 4J12J2 for the coupling means Kfllxlx, =8,
K:f;lxlxz =4 and others are zero. The superscript in each model shows the type of

the model defined in (2.16). The divisors J; and the variables x® = (—1)% o™
are connected by the identification J, = m(8,») made in (3.27) and (3.37). Ac-
cording to Wall’s theorem cited in Sect. 4, the topological type of the Calabi-Yau
manifolds are classified by the classical Yukawa couplings (cubic form) and the
invariant c; - J; (linear form) on H"!(X,Z).

For the interested reader we list the concrete basis {/*)} for the Mori cone in
the file appended to [24]. The basis for the Mori cone and the topological couplings
in this list determine the prepotential F(¢) in (4.6).

Fermat type Calabi-Yau hypersurfaces

model topological couplings e J
X3(2,2,2, 1,1 142 8J1° + 44,2 (56,24)
XL(6,2,2,1,1) 55, 4073 + 2012, (52,24)
X5(4,3,2,2,1) 144 20 4302 K +34 02 + 300 (32,42)
XL(7,2,2,2,1) 540 203 + 702 + 210 12+ 63053 (44,126)
XE(9,6,1,1,1)% 540 91 + 342k + 1 )2 (102,36)
X5(6,3,1,1,1) 5, 181 + 612, + 20, Jy? (96,36,102)
HIB8J2 S5 + 601 JoJs + o2 Js
+1841 J5% 4+ 34 3 + 9052
X8(3,3,3,2,1)% 13, 6J1° +40 2 + 842 + 40 ) Js (48,24, 56)
+81.532 + 40y J3% + 851
XL(5,3,3,3,1)% 144 307+ S5A2h + Sh A+ 501 (42,50,120)
+10J12 5 + 151 1 Js + 1542 5
+30J; J32 + 451, J32 + 9033
XE(9,3,3,2,1) 1o, 303 + 202 + 402 T3 + 201 Js (42,24,52)
HAS T+ 200 05 + 405
X1(12,8,2,1,1)% 440 8J1° +21%h + 447 ) (92,24,48)

+ NS Jy 4201 J52
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Non-Fermat type Calabi-Yau hypersurfaces

575

model

topological couplings

-

Cz-J

X2(3,2,2,1,1)% 15
XN2,2,1,1,1)2 g6
X8(3,2,1,1,1)% 0
X33, 1,1,1,1)% 5
XE(7,3,2,1,1)% 5
XL(5,4,3,2,1) 16

X8(3,2,2,2,1)° 144

XK(3,3,2,1,1)% 1

X2(10,4,3,2,1)> 1o,

X1(4,2,2,1,1)% 5,

X%6(8,3,2,2,1)2 9

X5(5,3,2,1, 1) 4

X118(9’ 4’ 29 2’ 1 )3—240

X9I(47 27 1’ 17 1)3_24()

6J1° +902 hh + 13N L2+ 17053
1403 + 702 5 + 34 02

367 + 1212 ) + 40 2 +
63J,% + 21012 + T 12 +2.05°
9J3 + 302 + J1 Jo?

8J1° + 14,2 Jy + 2401 b2 + 37J5°
+4J2 B+ 70 Js + 1042 T

201 2+ 24058
90J;% + 30,2, + 104, o2 + 3J5°

+45J2 s + 150 b J5 + 55203
+15 5, 2+ 5057 + 531

153 + 20012 5 + 26 J; J»?
+321° + 10,2 + 131 b J3
+16 12 J + 601 J2 + 6., 32
183 + 1202 h + 851 2 +50°
4912 4 61 Ja s + 402 T
351 2+ 2402 + 058

40J3 + 200,25 + 100, 2 + 405°
+10J2 s+ 55 s+ 200 )
36J1° + 1212 ) + 44 L2+ 4P
+18J2 3 + 61 1 Js + 20,2 T3
+6Jy Js2 + 2052 + 258

5013 + 30,25 + 181 1% +9.7°
+60J,% )5 + 36 J1 1y J5 + 21,2 5
+72 0 52+ 430 052 + 8653

813 + 18120y + 361 o2 + 72.05°
+4J2 T +9J1 L Js + 1812 T
+2J1 132 + 40, 52

72J3 + 1812, + 4J, Jp?
436123 + 951 hJs + 202 )
+18J1 52 + 40, J3% + 853

(48,74)
(68,36)
(96,34)
(126,44)
(66,24)
(44,82,24)

(120,42, 50)

(66,92,48)

(72,50,34)

(100,52,24)

(96,34,44)

(104, 66,128)

(68, 132,36)

(132,36, 68)
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Non-Fermat type Calabi-Yau hypersurfaces

-

model topological couplings c-J

XE(8,3,3, 1,10 1ss  6J13 +16J1°h + 42011 + 1040, (60,164,24)

+2012 5+ 50, Ja Js + 1042 T

XE(8,5,1,1,10 s 50J° +104% + 241 57 (164,36,266)

+80J,2 05 + 16 J1 o Js + 352 Js
+128J; 132 + 255, J52 + 203 033
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