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1. Introduction

Let X;, 7=1,2,--.,(p+q) be (p-+gq) stochastic variables having a
multivariate Normal density N(g, 2). Let L denote the likelihood ratio
criterion for testing the hypothesis H that the covariance matrix I is
bipolar. That is, 3 is of the form

—_ 21 ZZ
Z‘LV; ZJ

where X, is a pXp matrix with diagonal elements equal to ¢,, and other
elements to g, , 2; is a pXq matrix with all elements equal to ¢,, and
J; is a ¢xX ¢ matrix with diagonal elements ¢,, and other elements o, .
Votaw [8] used Wilks’ [10] method and derived the ¢-th moment of L,
that is E(L'), under the hypothesis H. Roy [6] has shown that, under
H and when a simple random sample of size » is taken from N(g, %),

(1.1) E({INY={(p—1yg—1)'}
I'(g=1(n—-1)/2}{(p—1)(n—1)/2}
I'(p—D [+ (n—1)2]}{(g—1) [t +(n—1)/2]}
Pt T+ (n—3)/2—7/2}
! [ {(n—3)2—75/2) ]

=0

and has also given a good approximation to the distribution of L.
Consul [3] has used some reduction formulae for hypergeometric series
and obtained the exact distribution of L for the cases p=¢=2, p=¢g=3
and p=3,¢=2 in terms of hypergeometric series. For the cases p=>5,
g=2, 3 he obtained the distribution of L in terms of an infinite series
of hypergeometric series. Here we will obtain the exact distribution of
L, in the most general case, in G and H-functions and also in a simple
computable series. In order to obtain the distribution in G and H-func-
tions we will use the ¢-th moment of L in (1.1) and use Mellin inversion
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formula and for getting the distribution in simple computable series we
will use the residue theorem and some properties of Riemann Zeta func-
tion.

2. The density of L in G and H-functions

Since 0< L <1 the density of L is uniquely determined by the mo-
ment sequence FE(L') and is obtained as,

2.1) f(gc)=71E7 SL, E(L)z'dt

:x'1{21i SL E(L‘)x“dt}, 0<a<l,
—

where L’ is a suitably selected contour and ¢=(—1)"*. Throughout this
article the density of L will be denoted by f(x). Now,

(2.2) TT I{t+(n—3)2—j/2}(p—1)""(g—1)*'
E(Lt)——‘cl J=0
I{(p—1)[t+(n—1)2}{(g—D[t+(n—1)/2]}
where
(2.3) .= Tla=) (=12} {(p—1(n=1)/2}

I M —s)2-312)

Hence the density is

) — -1fyp+q-20 < [(p_l)(n_']-)/zx p'_l]v
@4 fw=Ce H“’”‘{(p—l)ﬂ(q——l)q—l [(n—3)/2,1],
[(g—1)(n—1)/2, q—1] ]
[(n—3)2—1/2,1],- - -, [(n—8)/2— (p-+q—3)/2, 1]
0<e<1

in the well-known notations for the H-functions [2].

The H-function was first introduced and studied by Fox [5].
Braaksma [2] studied in detail the asymptotic expansions and analytic
continuations for the H-function. A series expansion of an H-function
is available in [2] but obviously the conditions for the expansion are not
satisfied by the parameters in (2.4). A general expansion of an H-func-
tion, under all the conditions of its existence is not available in the liter-
ature so far and hence the density obtained in Section 3 is a new result
on H-functions as well. We will also obtain the density in terms of
Meijer’s G-function. To this end, we will simplify the ¢th moment in
(1.1) by using the Gauss-Legendre multiplication formula for the Gamma
functions, namely,
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(2.5) [(mz)=(2x) ™ m=12 ] Tz +j/m) .
=0
Now (1.1) becomes

pji[:]"[é+(n—1)/2 —1—j/2]

(2.6) E(LY=K,,

—2

T, 7Tt (n—Dy2-+/(p—1)] [T It+(n~1)j2-+5f(q—1)]

where

(2.7) Kp,q=1’[(¢I~1)(n—1)/2]Z’[(p—l)(%—l)/Z]/

{(zﬂ)ﬂ—(pﬁ-q)ﬂ(p_1)(17—1)(71—-1)/2-1/2((1_1)(q—1)(n-1)/2—-1/2
p+a-3 . ?
X ]];[0 I’[(n——S)/Z——j/Z]j-.

Now the density function is obtained by inverting (2.6) and is given as

~11p+q—2.0 —-D/2+1/(p—-1), - - -,
(2-8) f(x)———Kp,qx Gp+q—2,p+q—2[:x Eﬁ_1;;2_1,/((%-1))/2—1_1/2, -

(n—1)2+(p—2)/(p—1), (n—1)/2+1/(g—1), - - -,
(n—1)2—1—(p+q—3)/2

(n=Dj2-+@=2)a-1)],

0<x<1, where GG is Meijer's G-function ([4], p. 207). Since |z{<1 and
the lower parameters, namely, (n—1)/2—1, ---, (n—1)/2—(p+g—3)/2—1
in this case, differ by integers, a general series expansion of the G-
function is not available in the literature. Hence the results obtained
in Section 3 will also be new results on G-functions as well.

3. The density in simple functions

Here we will obtain the density for the general case p=2, ¢=2
except for the case p=2, ¢=2 which is simple and is given in Consul
[3]. For convenience and simplicity we consider the cases p-odd, ¢-odd;
p-odd, g-even and p-even, g-even separately. The case p-even, ¢-odd is
available from the case p-odd, g-even. According to the residue theorem
the density f(x) is the sum of the residues of E(L")x™'™' at the poles

of "I I{t+(n—1)2—1—jf2] where the contour is selected as in the H
j=1

and G-functions of (2.4) and (2.8). In order to evaluate the residues we
will use the following procedure.
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3A. Case I: p-odd=3, q-odd=3.
Consider the Gammas in (2.6) excluding the constant K, ,. They can
be simplified to the form

(p+a—86)/2

T rt—(p+oi2+i) "1 Iih—(p-+a+1)/2+3)

(3.1) E(LH)=—2= ;
(h—1¥h—2)(h—1/2)%h—3/2)(h—5/2)

1

T Ih+5/e—1)} T rih+dla=1)

j=t
J#(p—-1)/2 ]#(fl 1)/

X

on cancelling the common Gammas and taking h=t+(n—1)/2.
The poles coming from (3.1) can be obtained by equating to zero
the various factors of

(3.2) {h—@+92+1}{h—(p+g)/2+2}*
- {h—=(+@)2+(p+q—2)2) 7 en

X {h=(p+)/2+(p+g)/2}7r=®"
X {h—(p+9)2+(p+q+2)/2} 77702 ..

and

(3.3) {h—(+eq+1)2+1H{rh—(p+g+1)/2+2}
- {h—(p+q+1)/2+(p+q—2)/2} P+~
X {h—(p+q+1)/2+(p-+q)/2}Fre>r
X {h—(p+q+1)/2+(p+q+2)[2} 2=
X (h=(p+a+1)/2+B-+q+4)/2) 0% .
The indices in (3.2) and (3.3) represent the orders of the poles. The re-

sidue corresponding to a pole belonging to (3.2) and of jth order is given
by

B.4)  ax)= O [{h—(p+q)2+iV B (L],

G-nr 1)’ 315“
at h=(p+q)/2—1,

1 - a s oy i
—_ = -t} Y —1 } _ 5 —
G- {at +(=loga)r [{h—(p+9)/2+i} E'(LY]
at h=(p+q)/2—1, where the operator is defined as follows:
7 { o ( 7.> 57t » :}
3.5 Y ————— o s . r
( ) { +a 8t’+ 1 aat7_1+ +(T3a’

r a'r k
5[ 2
S \k/) o e
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Similarly we will define

1

(3.6) bij(x)= ! v f%‘*_(—l()g x)}j_

(7—1)! {
X[{h—(p+q-+1)2-+1} E'(L)]
at h=(p+q+1)2—1.

Consider the sets
a={(5, 9)]i=1, 1=L2, -, (p+9—6)/2}
(3.7) { o' ={(t, 7) | 5=1, 1=(p+q—4)/2, (p+q—2)/2}
a"={(1, ) i=(+q-6)/2, 1=(p+9)/2 (p+q+2)/2, - - -}
b={(G NIi=1, 1=12, ---, (p+q—6)/2}
g v=1{@ Hli=1i, 1=(p+q—4)/2}
l v'=1{( ) i=+9—2)2, i=(p+q9—2)/2, (p+9)/2}
o' ={(1, )1 i=wm+q—6)/2, i=(p+9+2)/2, (p-+e+4)/2, ---}.

(3.8)

Then the density is given by

(3.9) f(x):Kp,qx-I{ S oa,@+ 3 bij(x)}, O<o<l.
aua’yaer bUB UB UL

— =572 = [(]—1> _ . (j_l_k)} Ak
Kp,q v {aua_y’aa” k2=0 k ( log ./,U) AOL (j—-l)'
Lo ;2—1 Kj;l)(_log x)kcg{—l——k)}
bUb UBUb” k=0
xi—(p+q+1)/2} O< <1
—_— € ,
(-1t
where
(3.10) A= {h—(p+g)2+i) E(L)
(3.11) Co={h—(p+q+1)2+i}E(L),
a or
3.12 AP=—A4,, CP=—-C,
(3.12) o o

and A,,, A denote respectively the values of A4,, A" at h=(p+q)/2—71
while C,;, CS> denote respectively the values of C;, C\” at h=(p+q+1)/
2—1.

In order to evaluate A and C§P we define
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(3.13) B=21logA, and D,=""logC,,
ot ot

so that

(3.14) —a%—Ai:AiBizAED ,

(3.15)  A=ArB (" T AEBE (T 4B

where B{” denotes the rth derivative of B,. We can write similar ex-
pressions for C{” and C{™. (3.15) gives a recurrence relation from which
A§™ is obtained on taking A=(p+¢)/2—7. Similarly C5 can be obtained
from C{™ on taking h=(p+q+1)/2—1i. Hence the density in (3.9) is
completely determined. A,;, By, BSY for the set aUa’'Ua” and Cy,, Dy,
D§P for the set bUV UH"UD" are derived below.

(i) (4, 7)ea: We have

(3.16) A=[I{h—p+o2+i+ 1 { Th—p+/2+3)
(p+a-6)/2
x I rth=(p+a+Dj2+3} /
(h—2)(h—1)Y(h—5/2)(h—3/2)(h—1/2)

x T ri+ie-m T Ih+ila=1]

L J=1 =
J#(p-1/2 J#(q—-1)/2

<1, [h~(p+)/2+3V!
Hence,

(3.17) Ay=

(P+q=6)/2 L (p+g=6)2 . .
N r=n) T r=i-1z4n /

=i+2

[{(p+q)/2—i—2}{(p+q)/2—i—l}z{(p+q)/2—i~5/2}
X {(p+ /2 —i—32P((p+ /2 —i~1[2)’
x T Tip+or—i+ie-1)

F£(p—1)/2

X qﬁ Mp+9)/2—i+7/(g—1)} TT (—i-;_j)f} ,
J#la-1/2 j=1

Now,

(3.18) Bi:aa—tlogA,L-:(i+1)¢{h—(p+q)/2+i+l}
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(P+q—6)/2

(p+q—6)/2
+ 8 s a2+ S slh—(p+a+1)2+)

—1)(h—2)—2)(h—1)—1/(h—5/2)—2/(h—3/2) — 2/(h ~1/2)

—9

S ethrilo-Di— § sl

i=
J#E(p—13/2 J#(q—1)/2

-1

S (Gt (p+a)2+3l),

o
J=(g-1)/2

where

(3.19)  ¢(2)=(z—1) mi Ylm+1)(m+2)],  2#0, —1, -,

which is evidently the well-known ¢-function ([4], p. 15(3)) excluding
the Euler’s constant y. In our problem, due to the special nature of
2, #(z) can be put into a finite sum by using the results of ([4], p. 16).

Hence,

(p+q-6)/2 . . (p+q—6)/2 . .
(3.20) By= 3 4(—iti+ X S(—i—1/2+7)
J=i+2

Z:i“j d{(p+)2—i+7/(p—1)}

j=
F#E(P—1/2

S slp+oR~i+ilg-D}-1{(p+oR—i-2)

=
F#(g—1)/2

—2/{(p+9)2—i-1}—1/{{p+¢)/2—i—5/2}
—2/{(p+9)/2—1-3/2} =2/{(p+q)2—i—1/2}

—;ij/(—m).

Now differentiating B; in (3.18) r times, we have

(3.21) BE"’=(—1)"’7”![(i+1)g{?“+1,h—(p+q)/2+i+1}

where

(p+q—6)/2

+ X g{r+1 h—(p+9)/2+7}

J=i+2
(p+q—6)/2 .
+ X g{r+L h—(p+g+1)/2+7}

Jj=1

p—2 . q=-2 .
- X glr+Lrt+g/p-D}— X glr+1, h+j/(e—1)}
jeloon j=lasnn

+1/(h =2y +2/(h—1) " +1/(h—5/2) ' +2/(h—3/2)*
+2/(h=1/2) "+ 5 G/ (= (p+a)/2+5)
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(3.22) g(s, c):i 1/(m+ecy, R(s)>0, ¢+0, —1, -2, -- -,
which is the well-known generalized Zeta function ([7], p. 36). Hence,

(p+q—6)/2
(3.23) BP=(—1)"7l [(i+1)g(r+1, D+ gtr+1, —i+4)
J=i+2

(P+ya—6)/2

> glr+1, —1—1/2+7)
j=1

— S glr+1, 0+a)2—i+i/p—-1)}

j=1
J#E(p-1/2

— qij g(r+1, (p+9)/2—i+7/(g—1)}

i=
J#(q-1)/2

+1{p+9)2—i—-2} M +2/{(p+9)/2—i—1}F
+1{(p+9)2—i=512y " +2/{(p+9)2—i—=3/2}

F2UPOR—i=112) "+ 5 G437

Without going into the details of calculations we write down Ay, By,
B§? for (4, j)ea’,a” and Cy, Dy, D for (3, 7) € b, b, b”, " respectively.

(i) (1,5 ¢€a’:

Jj=

3.28) Aw=(-nror " r—im12+5) /

(p+q~6)/2 . L i=1 . . 3
L ey T (i
7

=(p+q-4)/2

X {(p+9)2—i—1/2}}{(p+q)/2—1—3/2}

X {(p+9)/2—1—5/2} jifl I'{(p+q)/2—i+7/(p—1)}
j#lp-Dn/2

x T re+or-i+tile-1}].

=1
jle-1/2

Jj=1

(3.25) Bu=(~2yoron 18 gmim124 )-8 ji(—i+9)
—(+a-0)2) T U(—i+i)-2{p+o2—i=12)

—2/{(p+)/2—i-3/2} — 1/ {(p+0)/2~i—5/2)
— T sle+a2—i+ifp—1)

J=
FE(p—1)/2

- S sl+or—iti-D}.

7=
J#la-1/2
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(3.26) 5{-’:(—1)"17’![{2 or (—1)"*! according as i=(p+q—4)/2
or (p+9—2)/2}+{(p+qg— 6)/2}g(r+1 1)

(ptq—86)/2

2 gr+1, —i— 1/2+3)+ 2 J/(-—i+j)’“

i-1

+pte=6)2) 3 (1f(=i+gr)

+2/{(p+9)2—i—1/2} ' +2/{(p+q)/2—1—3/2}""
X1{(p+@)}2—i—5/2}"

- 2 g{r+1, (p+9)/2—i+j/(p—1))

#lom 1)/2
- 8 o1 GroR-itila—1) ]
sl

(i) (4, ) ca”:

(p+a—=6)/2

(8.27) A= ;r[ Ir(—i— 1/2+J)/

R G N IS A e R R

j=1 F=(p+q—4)/2
x{(p+9/2—i—2}{(p+q)2—i—1/2}
x{(p+@)/2—1—3/2}{(p+9)/2—1i—5/2}

x T Iiw+oR—i+ilp-1)

PR
T re+or-itia-1).
J#(q 1>/2

q—6)/2 (p+g—6)/2

(3.28) BOi=(p+j2=l $(—i—12+9)— 2 =i+~ {(p+9—6)2)

-1

X 3 =i+ -2/{(p+g))2—i—1}

J=(p+q~49)/2

—1/{(p+9)/2—1—-2} =2/{(p+9)2—1—1/2}
—2/{(p+9)/2—i—3/2} =1/{(p+q)/2—1—5/2}

- \" d{(p+)/2—i+7/(p—1)}

J#(P—l)/

- “_; S{(p+a)2—i+iflg—D}.

(q—-1)/2

(3.29) B =(=1"r!] {(p+a—6)/2)gtr+1, 1)
{(p+q—6)/2

+9—6)/2
> Q(H—l,—i—l/?-i-j)-i— = =i+

J=1 . j=1
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=62} S L=+

+2/{(p+9)/2—1—1} 41 {(p+)/2—i—2}"
+2/{(p+@f2—i—1/2) M+ 2/ {(p+q)/2—1—3/2}
+1/{(p+q)2—i—-5/2}*

~ 5 glr+1, (o) 2—i+il—1))

Jj=1
J#(p-1)/2

— 5 glr+1, (pt2—itilg—1)

A=t
J#Ey—1)/2

(iv) (3,7)¢€b:

+q-6),

(3.30) Cu= 11

j=i+2

/2 (p+q—6)/2

M=i+s) [T T/z=i+3)
| T (i 0y {p+a+D2—i=1){(pq+1)2—i—2)
X{(p+q+1)2—i=1/2){(p+q+1)/2—i—3/2}
X {(p+q-+1)2—i—5/2)
x T Mle+erDR—i+tip+1)

7
JE(p—-1/2

—

—2

x T Mp+e+De—i+ila—D}].
(

¢;1=——11)/2
(331 Du=" 5 (it 5 $(—itl2+) = i(=i+])
—~2/{(p+a+Dj2—i—1}~1/{(p+q+Dj2—i-2)
~2/{(p+a+1)2—i—1/2} —2{(p+q+D)2—i=3[2)
~U{p+g+Dj2—i=5/2)
~ 5 slwrarDR—itip-1)

j=
J#E(Pp-1/2

S plpratD2—itilg—1)}.

J=1
F#(q~1)/2

(p+q-6)/2 X
(3.32) DR =(—1)y""'r! [(i+1)g(r+1, 1)+ P:Z]2 glr+1, —i+3)
J=i+
(p+q—6)/2

S g1, 12—+ §)+ 30 /(=i )
Jj=1

i=

+2/{(p+a+1)2—i—1) 1 {(p+g+ D2 —i-2)
+2/{(p+a+1)2—i—1/2) 2/ {(p+a+1)2—i=3/2}"
+1/{(p+g+1)2—i—5/2)
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- z g{r+1, (p+q+1)2—i+3/(p—1)}
j#lp—1)/2
— 5 g+l e+ D2—i+ila- 1} |-

i=1
j#la—1/2

(v) (i, g)ebd:

(333) Cu=" 1 I'6l2-(+a2+7) /

(errapzr I - e+ i

x T reerie-m T reesie-n).

=1 L=
J#(p—1)/2 F#(g—1)/2

+

@30 D.="5"s6r-(p+arR+i) "5 iR+ R+)

(3.35)

Ry 2
i ,‘L[_ |
)

~2BR)-UR)-22-21~ £ $5R+ilp—1)
J#(p-1)/2
~ 5 sbR+ifa-D).

7=
F#(g-1/2

Dip=(=1yr![ ((p+a=6)/2}gr+1, 1)

(p+9—6)/2

> g{r+1,5/2—(p+q)/2+7}

7=
(p+q-6)/2

+ 3 J/52—(p+a+1)2+51 +2/(3/2)F +1/(1/2)

j=t

+2/@)y* +2/(1) = pZ—j g{r+1,5/2+j5/(p—1)}

j=
J#E(P-1/2

- qj gi{r+1, 5/2+j/(q—1)}]

j=1
F#EQ~1)/2

(vi) (2, 7)ed”:

(p+g-6)/2 . .
(3.36) Cp= 1T F(l/Z—H—J)/
j=1

e+ D2—i=1){(p+a+D)2—i-2)
X {(p+g+1)/2—i-5[2)
x T Tip+a+DR—i+jle-1)

j=
F=(p—1)/2

q—

< 1 F{(p+q+1>/2—i+j/<q—1>}].

Jj=1
J#E(@~1)/2

99
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(3.37) DM=2<—1)<p+q>/2-i+“’+§”2 $(1/2—i+5)—2/ (p+q+1)/2~i—1)
— 1 {(p+q+1)2—i—2) =1 {(p-+g+1)/2—i—5/2)

p-2
<!

— X ¢lp+e+D2—i+7/(p—1)}

K
F#E(p=1)/2
q—

- X ¢llo+e+DR2—i+5/q—1}.

=
J#E(q-D/2

o

(3.38) Dg?:(——l)“r![{Z or 2(—1)"* according as 1=(p+q—2)/2
or (p+¢)/2} + {(p+9—6)/2}g(r+1, 1)

prq—6)/2

+ by P g1, 12— i )+ 2 {(p+gt D)2 —i—1)
+1/{(p+q+1)2—i—2) 1/ {(p+g+1)/2—i—5/2} ™+
— S glr+1 (prg+1)2—i+jl(p—1))

se o1y
— 5 glr+l e+ DR—i+il-D} |

j=1
J#(g-1)/2
(vi)) @, 7)eb”:

q-6)

(p+,
(3.39) Co,; = _[T

: l’(1/2—i+j)/

(p+1-6)/2 o i-1 . " .
T iy T, (i) ((pr g+ D2 —i-1)

X {(p+q+1)/2—i—2} {(p+q+1)/2—i—1/2}*
X {(p+9+1)2—i—3/2}*{(p+q+1)/2—i—-5/2}

x T Ile+re+DR—i+i/p-1)
j#(p=1/2
x T Tle+e+D2z—i+ie—1)].
J#(g—1)/2

(3.40) Du="'%  p2—itH— 5 jf(—i+f)— {(p+q—6)2)

i=1 J=

X 5 (=it} -2p+arDR—i-1)

j=(p¥’q—4~

—1/{(p+q+1)/2—i—2} —2/{(p+a+1)2—i—1/2)
—2/{(p+q+1)2—i—8/2) — 1/ {(p+q+1)2—i—5/2)
~ 5 slptgr)2—it 1))

j=1
J#=(p-1)/2
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- V ¢{(p+q+1)2—i+7/(g—1)}.

J#(fl 1)/2

(8.41) D =(—-1y"'r! [{(p+q—6)/2}g(7“+ L1

(p+9-6)/2

S gr+1, 12—t i)+ S G —itg)

i=1

+{(p+q—6)/2) (%‘ (L(—i+))

P+q—4)

+2/{(p+q+1)/2—z 1} 41/ {(p+g+1)2—i—2}*
+2/{(p+q+1)/2—i—-1/2} 42/ {(p+q+1)/2—i—3/2}
+1/{(10+q+1)/2—i—5/2}T+1

— Z g{r+1, (p+q+1)2—i+7/(p—1)}

) #(p 1)/2

= 5 b4l g+ D2—i+ilg-1) ]

Jv-(q 1)/"

Special cases

(a) For p=3, ¢q=3 the density function (3.9) reduces to,

0<x <1, where, a'={(, /)|7=1,1=1,2}, b'={(%, Nls=1=1}, v"={@ 7|
7=2,1=2,3} and K; is given in (2.7); that is

(3.42) f(@)= K400 [2(, i {(7"1)(—105; o) Agio|

f(x):KMx(n—s)/z[Amx—Z‘{‘Aoz(Boz—‘1Og x)x"+C'olx‘5/2
+ Coo(Dye—log )23+ Cyy(Dys—1log x)x~*],

where,

Am: _25/9, A02=25/3, Bozz5/3y 00122/9, Cozz&
C()3=4:/3, D02= '—3 and Do3=43/6 .
Hence,
{F(n—l)}zx"/z"‘
I(n—4) I {n—6)2(4!)
X [—162*4+(80 — 48 log %)x**+1—(108+36 log x)x
+(43—6 log %)z,

fl@)=

which is a result recently obtained by Consul [3].
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(b) For p=5, ¢=3, the density function (3.9) gives,
(3.43) F(@)=Kusa™ V| Aua™+ (A%~ Ay log 2o
2 . \ -t
o e
—{—i Ayt +Cpxr "+ {C5P — Cyy log x) 2%

=372

+5<O>C(’)+< >(—10gx)C“) ( >(~1og90)2003}x2'

(
(3o () e (2 onearcs

< >( logx);‘CM} —I—V Cox*™ 9’}
where
a={( )| j=1=1}, o'={0 5)|j=11=2 3},
a’"={(i, )| j=11=45---}, b={(45)|i=i=1},
V=A{( 0li=1=2}, V'={3,J)|j=3, =3, 4}
and

b"={(i, 5)|j=1,1=5,6, - - -}.

Consul {3] has obtained a result for p=5, ¢=3 in terms of an infinite
series involving Gauss’s hypergeometric function ,F,(-). Due to the di-
flerence in representations it does not seem to be easy to verify his re-
sult. Since our result is in simple computable form we will not try to
put it into an infinite series involving hypergeometric series.

Cumulative distribution function

It is easy to show that for «>0, k=0,1, .- 0<2<1,

u o Tno . _ 2%
(3.44) Kox( log #)*da=—

v

i éﬂ [(-+1)k- - - (k—r+1)
X (—log w)* "/(a+1y*'] .

Hence the cumulative distribution function is obtained on integrating
(3.9) from 0 to u. That is,

1 1 ,u/L+(n—3)/2—(P+(l)/‘.’r}~l
3.45) F(u)=K, [ S 5 {(9 >A(f -1-0
( ) (u) P ZLtJa G—1) i= = I 1

XY‘ (k+1)k- - -(k—r+1)(—log w )
= (i (—3)2—(p+9)2+ 1} )
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1 (<j 1> gy WHOTDRmGORD
+bubu2bub (] 1)1 o= k C§ 7
o (A Dk- - - (k=74 1) (—log u)* J

= i (n—3)2—(p+a+ D)2+ 117

for 0<u<1, 1+nm—3)2—(p+q+1)/2> for all 1.

3B. Case II: p-odd=3, g-even=2

The Gammas in (2.6) excluding the constant K,, can be simplified
to the form:

G46) B(I)="1 Th—(+o+i) [ Th=p+erDi+it/

{(h—3/2)(h—1/2)(h—2)(h—1)° ﬂ I{h+3/(p—1)}

“(17 1)

{ﬁrm+ﬂ@—n@,

on cancelling the common Gammas and taking h=(n—1)/24¢. The poles
coming from (3.46) are given by equating to zero the various factors of

(847 {h—(p+@)2+1} {h—(p+q)/24+2}* - - {h—(p+q)/2
+(p+q—3)/2} 7V h—(p+q)/2+ (p+g—1)/2} ¥+
X {h—(p+)/2+(p+q+1)/2}** > {h—(p+q)/2
+(p+gq+3)2}rer. ..

and

(3.48) (h—(p+q+1)/2+1} {h—(p+q+1)/2+2}" - - {h—(p+q+1)/2
+(p+q—D2} 7" h—(p+q+1)[2+ (p+q+1)/2} 77
X {h—(@+q+1)/2+(p+q+3)2}7T75 - -

where the indices in (3.47) and (3.48) represent the orders of the poles.
Proceeding as in the previous section we find that the density is

given by

(3.49) Sf(@)=K 9:‘”*3)/2[ 5 {( 1)(—105;%)’240 A
P au@er k=0 ) (j=1)!
— i +1)/2
+ 3 121 §<.7 1>( _log z)*CY~1" k))) _ﬁf,_(p_ﬂ__:_jl ,
bULIUD" k=0 (j—].)
0<e<l,

where
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a={(, ) ij=1 1=12, ---, (p+q—5)/2},
(3.50) 1 o’={(1, )| i=(+9—-3)/2, i=(p+q¢—3)/2, (p+¢—1)/2},
Ca"={ N i=(p+9-5)2, i=(p+9+1)2, (p+q¢+3)/2, .-},
b={( Nli=1i, 1=12, .-+, (p+¢—5)/2},
(3.51) g V={( ) i=1, i=@+q¢—-3)/2 (p+9—1)/2},
i v'={0, ) 7=(+q9—=5)/2, i=(p+q+1)/2, (p+9+3)/2, -- -},

and A,, By, B, Cy, Dy, D§> corresponding to the above sets are
given below.

(i) @ Jea:

(p+a=5)/2 . (pra=B)/2 . .
@52) Aw= [ I(=i+d) [I r—i-12+3)/

{((r+a)j2—i-2} (r+0)2—i—1) {(p+9)/2—1—3/2}
X {(p+a)2—i~1/2) ﬁ(—iﬂ)i

x n I'{(p+q)/2—i+j/(p—1)}

i=—/2
xT1 {(p+a)/2—i+i/@—} |

(p+q—5)/2

(353) Bu= 3 #(—i+i)+ 5 s(—i—1/2+)—1{@+a2—i-2)

—2/{(p+0)/2—i—1} ~1/{(p-+a)/2—i—3}2)
~1/{p+)/2=i-12) = £ i/(~i+J)

- 5 plotor—itilo-1)

=
J#(P—1)/2

~S s (w+oR—i+ilg-D},

(p+a-5)/2
(354 BP=(—1y"r (+Dglr+1L, D+ 8 glr+1, —i+3)
J=i+

(p+q-5)/2
S gr+1, —i—1/2+ ) +1/ {(p+q)/2—i—2}

i=1

+2/{(p+)2—i—1} " +1/{(p+q)/2—1—3/2}
+1/{(p+q)/2—i—-1/2}"

- X gi{r+1, (p+9)/2—i+5/(p—1)}

J=1
J=(p-13/2

143
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-2 . .
—jgl g{r+1, (p+@)2—i+7/(g—1)}
i—1
+]§ j/(—iﬂ')’“} .
(i) G, ea:

(p+a-=5)/2
(3.55) Ag=(—1poreoi T D(—im1y245) /

(p+q=58)/2 i-1
T ey T (e
=1 J=(p+q-3)/2

x{(p+92—i—2}{(p+g/2—i—1}*
x Tl r+or—i+je-1)

j=
J#E(pP-1)/2

XTI I'l(o+a)2—i+3fa—D1} |

(1) @Fa-Da- (pta=5/ 12 __(p+%;5)/2 L

j=

—

~{(r+a—5)2} ST Y(—i+d)—1/{(p+a)2—i—2}

=(p+g—3)/2

—2/{(p+@2—i—-1} = Z ¢{(p+a9)/2—i+7/(p—1)}

J#(p 1)/

-5 slp+aR—i+ilg-D}.

(3.567) B{pP=(—1)y 17"[{1 or (—1)"*! according as 1=(p-+qg—3)/2
or (p+g—1)/2}+{(p+a— 5)/2}9(7”+1, 1)

(p+q—5)/2 . .
+ >3 gr+1, —i— 1/2+.7)+ 2 J/(—z+J)’“

j=1

+1/{(p+/2—1—2} " +-2/{(p+q@)/2—i—1}"H
— L g{r+1, (p+@)2—i+3j/(p—1)}

J*(P 1)

~S g{r+1 (b2 —i+ila—1} .

a5 S ((=i+irY

(iil) (4, 7)ea’:

(3.58) A =(Tf) r(—i=1j2+3)/

I iy T (i ooz —i-2)

Jj=1 J=(p+¢-3)
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X (p+a)/2—i=1) (p+9)/2—i~3/2]
xip+az—i-1/2 T [ip+o2z—i+i/p-1)

j#lp-1)/2

XTI I p+2—i+ila—D} |

(P+q-5)/2
(3.589) Bu= X

Jj=1

¢(—i—1/2+j>—<”jz:”2 J(—i+ )= {(p+g—5)/2)

X 3 Y=+ H-1{p+9)2—i—2}

J=@+q-3)/2

—2/{(p+a)2—i—1} —1/{(p+q)/2—i—3/2)
—U{p+2—i-12)— S s{p+a2—i+iip—1)

j=1
F#(p—1/2

—Ssl+a2—i+ G-}

(3.60) BfP=(-1)"'r! [{(p+q—5)/2}g(7‘+ L1

(p+a=5/2 . . (p+g=5)/2 | . st
+ 2 gr+l 1249+ 2 J=1+3)7
i= i=

a5 | S =i+

+1/{(p+9)/2—i—2} ' +2/{(p+g)/2—i—1}"
+1/{(p+@)2—i—3/2) ' +1/{(p+)2—i—1/2}

- 5 gr+1, 02—+ ilp—1)

Jj=
J#(»-1)/2

—S glr+1, (p+oR—i+ilg—1} .

@iv) (1, 5)€b:
3.61) Cu= 11

o2 . .\ (Pra=s)2 .
r(—i+12+9) 11 I(=i+)/
Jj=1 F=i+2

5)/ +q—35)

[ Tl (=345 {(p+a+1)2—i—2} (p+g+1)/2—i—1)*

Jj=1

X (p+g-+1)/2—i—3/2} (p+a+1)/2—i—1/2)

x 8 Ii+erDR—i+ife-1)
J#E(p—1)/2

Xl Flp+a+DR2—i+ilg-1} .

-5

(p+a=35)/2 . . (p+g-5)/2 . .
(3.62) Dy= X s(—i+n+ X s(—i+1)/2+7)

F=i+2 j=1
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—z il(—it ) =1/ {(p+q+1)2—i—2)
—2/{(p+q+1)/2—i—1} =1/ {(p+q+1)/2—i—3/2}
—1/{(p+q+1)2—i—1/2)

~ 5 slorarr—itie-1)

j=
JE@-1/2

q=2

—3 plp+at+1)2—i+iflg—1)} .

(p+q=5)2
(3.63) DP=(=1"r! (+Dglr+1L D+ 5 glr+1, —i+3)

J=i+2
(p+q-5)/2 i—1
+ 3 glr+1, —i+124 )+ §/(—itg)H
Jj=1 Jj=1

FU P+ 12— =2} 2 {(p+g+1)/2—i—1)
FUL+g+ D2 —i-8/2) 7+ 1 {(p+q+D/2—i—1/2)
— S glr+L (pra+D2—i+3/(p—1)

J#E(=-D/2

q=2

—X g{r+1 (p+a+D2—i+5lg— D} .

(V) (G, g)eb':
6.60) Co=(-D T ra—ivg) /

[{(p+q+1)/2—i—3/2} {(p+e+1)2—i-1/2}

(p+q~5)/2 i—1

. ’ﬂ-:l (_i—l_j)jj:(pl—tz[-s)/z(—i+j)(p+q'5’/2
x T Iilp+g+D)2—i+i/(p—1)

i
f

J=lp-1/2

X T Mi+a+1j2—i+3fa—11 |-

(3.65) Dy={—2 or 1 according as i=(p+q—3)/2 or (p-+g—1)/2}

(p+a=5)/2 L )
- {J $(1/2—i+5)—1/{(p+q+1)/2—i—-3/2}

1 {pta+DR—i—12 = 5 l—i+])

S =it

3

—{(p+a-5)/2) _

=(p+y

X slprgrD2—iti/p—1))
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—S1slp+a+D/2—i+5lg—1)

(3.66) Dg;>=(—1)f-wz[{z or (—1)* according as i=(p+q—3)/2
or (p+q—1)/2} +{(p+q—5)/2}g(r+1,1)

+ 78 G+ 1, 12— i )+ 1 (o g+ 12— i—3/2)

i=1

F1/{(p+qr1)2—i—1/2)

PHa—=53/
by
P

j=1

(=it gy

+{(pra-5)2) 3 =iy

-2
- ]§=3 g{r+1, (p+q+1)2—1+7/(p—1)}
J#(p-1)/2

—z glr+1, (p+q+1)/2—z'+j/<q—1)}] .

v G5 ey:
(P+4q-5)/2

0 rae—its/
P+

T iy L (i e+ D2 —i—2)

j=1 J=(p+g~-38)/2

X {(p+a+1)/2—i—1} {(p+q+1)2—i—3/2)
x{p+g+1)2—i=1/2)
x 1 rie+arr—itie-1)

L =
J#(p—-1)/2

Xl Mi@+a+1)2—i+35/a—D} |

(3 . 67) Co,; =

g ¢(1/2_.¢+j)_"’*:2:“ J—it )~ (p+a—5)/2)

(3.68) DOi =

Jj=1

X S =i+ -1{p+a+1)2-i-2)

F=(p+q—3)/2
—2/{(p+¢+1)/2—1—1} =1/{(p+q+1)2—1—-3/2}
—1/{p+q+1)2—1—-1/2}

- 5 plo+arDE—i+ile—1)
F#(P-D/2

_jj {(p+g+1)/2—i+3/(g—1)}.

(3.69) Dgp:(—1)f-17~![{(p+q—5)/2}g(r+1, 1
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(p+q-5)/2

Z glr+1, 1/2—’L+J)+ L J/(~4£+j)’+1

Flpte-5)2) S (f(—i+i)

F=(p+e-3)/2
FUAp++1)/2—i—2) P42 (p+g+ DR —i— 1)
U+ 1)2—i—3/21 " 1 (a4 1)j2—i=1/2)
— 5 olr+L et D2—i+i/p-D)

J#(p-1)/2

~Sg{r+1, (p+a+D2—i+3fa—D} |.

Special cases
(a) For p=3, ¢=2 the density function (3.49) yields

(8.70) f(x)=K, 2" P Ayx 2+ Apt "+ Cyit 7'+ Coo( Dy —log )z 7' ,
O<a<l,

where Ay=—8, Ap=8/3, Cy=4/3, Cy=4, Dy=1 and K, is given in
(2.7). That is,

I'm—1I'{(n—1)/2} =112
2r(n—4)I'{(n—5)/2}
X [— 22"+ (2/3)0**+(1/3) + (1 —log %)z} ,

flx)=

which is the result recently given by Consul [3].

(b) When p=3, g=4 the density function (3.49) gives the following
result.

BT Fl@)=K, 2" [Amx‘f’/z—}-(Ag;)——Aoz log )~
+(AP— Ay log x)x—l/z+g Ay~ Coy™
+(C5P—~Cy log 2z 2+ {( ‘g‘ >C§§> + < ‘% >(~—Iog 2)CP
+ ( 2 >(—log x)ZC%} o /243 COix”“ﬂ . o<w<1,
and the sets are given as follows:

a={(i, 5)|i=i=1}, o'={(19|si=2, i=2 38},
(1/"—'—‘{(7:, .7)}]:1’ ?’:4! 57 "'}’ bz{(%j)'j:?':l}y
bl:{(’l/,.?)l]:’b, %:2,3}, b”:{(?’: J)Ij:]-! ,"24’ 57 '}
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The cumulative distribution function

The cumulative distribution function in this case is given as

1 1 i/
372 F :K {(.7 A(J 1-k)
( ) (u) 2,0 UZUE G=1) kzu - ) —
xsy o+ Dk (k—r+1)(—log u)" |
=0 {i+(n—3)2—(p+q)/2+1}7+ |
# [(9 1> (51— R e
b“%b G &g k+1
(k+1Dk---(k—r+1)(=logw)*™" 1!

=0 {i+(n—3)2—(p+g+1)j2+1} )"

valid for 0<u<1, 1+ (n—3)/2—(p+q¢-+1)/2>0 for all 1.

3C. Case 1II: p-even, g-even, p=2, ¢=2 (p+g>4)

In this case the Gammas in (2.6), excluding the constant K, , and
after concelling the ecommon Gammas, take the form

G13) EW)=" [ [h=@+or+i) [ Ih-@+rerdiz+i}/

i=1 j=1

(h—1)'(h—2) jT;le’{h+J'/(p—1)} jjjl’{h%-j/(q—l)} .

The poles of (3.73) are obtained by equating to zero the various fac-
tors of

(.79 (h—(p+@)/2+1} (h—(p+a)/2+2) - (h—(p+ )2
+ (g =212} * P h—(p+ )2+ (p+)/2} 7
x {(h—(p+a)[2+(p+q-+2)[2} o .

and

3.75) {h—(p+q+1)2+1} {h—(p+q+1)2+2}: - - {h—(p+q+1)/2
+(p+q—2)[2} 2 h—(p+g+1)2+(p+)/2} 705 -

where the indices give the orders of the poles. As before the density
is given by
xi—(p+q)/2
(7—1)!
7 xi—(p+q+1)/2}
L=t )’

0<z<l,

316 f@)=Keao>] 5 S (- logay Al

a” k=0

'\r

+ E[( 1> (—log 2)*C{{—~®

bUb k=0
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where
a={(4 7)]j=1 1=12 .-, (p+¢—6)/2},
(3.77) { a'={( J)i=t i=(p+q¢—4/2 (p+q-2)/2},
a"={(i, )i =(p+q—6)/2, i=(p+9)/2, (p+q+2)/2, - -},
b={@ ) 1i=t, 1=1, ---, (p+9—2)/2},
vV={(, Ni=m+e—-2)2, 1=(p+9)/2 (p+q+2)/2, -- -},

and Ay, By, B, Cy, D, and D§P corresponding to the above sets are
given below.

(3.78) {

(i) G Jea:

(p+9=6)/2 L a2 . .
379 A= 1 I(=i+d) [ I(=i=12+3)/

[ ((p+o2—i-1P{@+o/2—i=2} [T (—i+i)
<l i+ oR—i+3/tr—1)

<t P +oR-i+ia-1)].

(p+9-6)/2 . N (p+q~-2)/2 . . i-1 . .
(3.80) By= jgg H—1i+75)+ JZ‘;I ¢(—@—1/2+3)—j§9/(—%+3)

~2/{(p-+a)/2—i—1} 1/ (p+a)2—i~2]
-5l +R—i+ilp—1)

—z s{(p+a)2—i+i/a—1)} .

( ~6)/2
B8 BP=(=1" 7 [G+Dg0r+1, )+ 51 glr+1, —i+9)
F=1i+2

(P+q=2)/2 i-1
+ X g(r+1, =124 +32 J/(—i+5)
J=1 Jj=1

+2/{(p+9)/2—i—1}" +1/{(p+q)/2—i—2}"
—u glr+1, (p+a)/2—i+35/(p—1)}

—S g(r+1 (b2 —i+ila—1} |-
(ii) (¢, 5)ea:

(3.82) Aw= (=1 T n(—i-24d) /
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(=itgy T (=g

[(P-f—'l—ﬁ)ﬂ i-1
j=1 J=(P+y—4)/2

<] I{(p+9)/2—i+5/(p—1)
T Mi+o2—i+ila=1} .

(3.83) By={—2 or 1 according as i=(p+q—4)/2 or (p+q—2)/2}
TE —im1240) - S =it (0 +a—6)2)

j=1

x 5 {1/<—z'+j)}—j§¢{(p+q>/2—i+j/(p—1)}

F=(p+q—4)/2
-S slo+az—i+ila-D}.
(3.84) Bg;>=(—1)f-wz[{2 or (—1)* according as i=(p+q—4)/2

(p+q-2)/2 . .
or (p+q—2)2}+ X g(r+1, —i—1/2+7)

4 {(p+a—6)/2)g(r+1, 1)#“}2:’” J(—it iy

5 Wit

+{p+a-0)2 3

~S glr+1, p+2—i+il(p-1)
—S g{r+1, (+0)2—i+illg— 1)} |-
(i) (i, §) ea”:

(P+a-2)/2 L.
(3.85) Au= 1] F(—1/2-—z+.7)/
=1

(p+9—6)/2 . . =1 . e .
R R I A L
Jj=1 F=(p+q—1)/2

X {(p+0)/2—i=1)((p+a)2—i~2)
XT] [{(p+9)/2—i+35/(p—1)

< T rie+ayz—i+ifa—1}] .

¢ —2/ —6)/

(3.86) Bu=_ % o(=12—iti— S jl(—i+H—{(p+q—6)/2)

i=1 i=

xS ((—i+)} -2 {p+e2—i—1)

F=(o+a—9)/2



THE EXACT DISTRIBUTION OF VOTAW'’S CRITERIA 113

~1/{(p-+0)/2—i=2} =% {(p+0)/2—i+3/(p—1)

S lp+2—i+ -1}

(3.87) BiP=(=1y""'r! [{(p+q—6)/2}g(7+ L1

(P+9-2)/2 . N (p+4=6)/2 . .
+ 2 grtl, —i-1240)+ X =i+
Jj=1 j=1

a2 S (=it
+2/ (R —i— 1} 1 {(p+ )2 —i—2)
—S o+, (p+ )2 —i+3/(p—1))

— glr+1, (p+9)/2—i+3/a— 1) |
(iv) (1,7)¢€b:
(3.88) Cu= 1 I(—i+) [ Iz—i+s)/
[ (G+a+D2—i-1) (g +1)2—i-2)
XTI (=i+37 T{ Plo+a+12—i+l0-1)

xT Fp+a+1)/2—i+3i/a—1} |

(2+9-2)/2 . a6 ..
(3.89) Du= 3 d(—i+H+ X 12—i+])
J=t+2

—2/{(p+a+1)2—i—1} —1/{(p+q+1))2—i—2)
—2 j/(—i+j)—j§ s{(p+q+1)2—i+j/(p—1)}

—5 6l(p+a+1y2—i+3/g—D}

(p+a—2)/2 L.
(3.90) D8§)=(—1)"‘7‘Y[(i+1)g(?"+1, D+ p_qZ] g(r+1, —i+7)
J +2

(w+q-86)/2 .. —il—l . < ey
+ X g(r+1,12—045)+2 j/(—i+5)
J=1

Jj=1

2/ {(p+q+1)2—i—1} 1/ {(p+g+1)2—i—2)
—4 g{r+1, (p+q+1)2—i+3/(p—1)}

N+l <p+q+1>/2~i+j/(q—1>}} .

Jj=1
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(v) (5, 5)ed:
(p+9-6)/2 . .
(3.91) Cu= 1] F(—z+1/2+3)/
Jj=1

(e +D2—i—1) (p+a+1)/2—i—2)

(p+a-D/2 A o i-1 . .
X T (—i4gy TT (=it gyers
Jj=1 F=(p+q)/2

xﬂ T{(p+q+1)2—i+j/(p—1)}

< Piw+a+ =i+ -1 .

392 Du="'% #(2—i+5)-2((p+a+1)2—i-1)

P+q—2)/2

~—UKp+q+lN2—i—2%~(§1 =1+ —{(p+9—2)/2}

X 5 (Y (=it *2 plp+g+1)/2—i+]/(p—1))

F=(p+q)/2

_§§¢Kp+q+iy2—i+jKQ~lﬂ.

(3.93) DiP=(=1yrl] (p+a—2)2g(r+1,1)
TS g1 12— 2l g DR -1
FUAE+e+ D=2+ il (—i+iy
+e+e-20) S (=it
~Sglr+1, p+a+D2—i+5l(p-1)
~S glr+1, g+ 12— i+ jlg -1} .
Special case

We will be giving the density in the case where p=4, ¢=2 explic-
itly, for the purpose of illustration.

(399 fla) =Kyt Aya 4 Au(Bu—log m)+ Coa~s?

+ CoDu—log @) + 5 Cul Duc—log )™
i=3
o0<e<t,
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where

An=TTI(~32+3) /T T2 +if3).

Au= =TI T(=52+3) /T TQ+3P3),

Bu=5/6—4log2+31log 3,

Cu=8 / {9 ,U 1’(5/2+g‘/3)} ,

Cu=8 /T[TB2+3/3).

Dy=—T/2—2log 2+31og 3,

Cu=1 / [(5/2—@2(3/2—@') T[ I(7/2—i+3/3)

X (—i+a) T (—i+3]

Du=—2J(5/2~)—1/(3/2—1)— £ J/(~i+5)=2 3 1(—i+J)

—z 6(7/2—i+3[3),  i=3,4, -

The cumulative distribution function

In this case the cumulative distribution function is

1 Jj-t 3‘__1 i ui+('n—3)/2—(p+q)/2+1
3. Fuw)=K, - [( > AY-0
(3.95) (u) 2.q augga” G—1)! kZ=0 I kel

5 (k+1Dk- - -(k—r+1)(—log w)*”
XX {i+(n—3)2—(p+q)/2+1}" }

1 -1 [<‘7_1> C(j—l—k) ui+(n—3)/2—(p+q+1)/2+l
i (G—1)! =IAAL k+1

X L k+DE- - (E—r+ 1D (=logw)*™" p
= i+ (m—38)2—(p+q+1)2+11 )"

valid for 0<u<l, ¢++n—3)2—(p+q+1)/2>0, for all 1.
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