PARTIAL DIFFERENTIAL EQUATIONS FOR HYPERGEOMETRIC
FUNCTIONS OF COMPLEX ARGUMENT MATRICES
AND THEIR APPLICATIONS

YASUKO CHIKUSE

(Received Aug. 21, 1975; revised Mar. 1, 1976)

1. Introduction and summary

Statistical analysis based on the complex multivariate normal dis-
tribution has been developed as a counterpart of classical statistical
analysis based on the real multivariate normal distribution, and espe-
cially in connection with the study of the spectral density matrix of
a multiple stationary Gaussian time series. The reader may be refer-
red to Goodman [5], Goodman and Dubman [6], James [10] and Khatri
[14], [15] for the general theory, and Brillinger [1], Fujikoshi [4], Haya-
kawa [7], [8], Khatri [13], [16], Sugiyama [24] and Priestley, Subba Rao
and Tong [22] for the further distributional results and the applications
in time series analysis.

In multivariate analysis based on the complex multivariate normal
distribution, many of the distributions of the matrix variates and of
the latent roots can be expressed in terms of hypergeometric functions

zﬁq of one and two complex argument matrices respectively. These
results may be compared with the corresponding results in real multi-
variate analysis, discussed in terms of hypergeometric functions F, of
one and two real argument matrices. The hypergeometric functions

,f’q are defined as the power series representation (James [10})
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where a,,---,a, b, ---, b, are real or complex constants, [a]. is the
complex multivariate hypergeometric coefficient defined by
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lal=1T@=i+1,,,  @.=a(e+1) - (@+n—1).

C(A) is the zonal polynomial of the mxm Hermitian matrix A corre-
sponding to the partition e=(k, ks, - -+, k), bizbe=---2k,,=0, of the
integer k into not more than m parts. It is defined by

(1.3) CLA) =Y Lka(A)

where %.,(1) is the dimension of the representation [«] of the symmet-
riec group and is given by

KaW=k! 1T ec—ley—=i+9)/ [T Germ—1)!,

and X.,(A) is the character of the representation {«} of the linear group
and is given as a symmetric function of the latent roots of A.

The following simple recursive formula of C.(A) is given in Sugi-
yama [24]

Cayy oo, km)(A) = a?clcu?z, o fo(A)— a£2—10(1?1+1. Rpeen b (A)

+ 08,20k 11, 5y5 1.2, R (A)— -+,

where q; is the ith elementary symmetric function and (121, By - - -, lAcm)
is the conjugate partition to x=(k, ks, - -+, k.). From this recursive

formula, starting with C'(k)(A)zak, the zonal polynomial of a Hermitian
matrix can be calculated much more easily than for the real case.
However, the determination of the series (1.1) and (1.2) requires an
enourmous amount of calculation, and so, from a practical point of
view, it is useful to derive asymptotic expansions for the distributions
involved. Such examples in the complex case are in Fujikoshi [4] and
Hayakawa [8]. It is known that partial differential equations (p.d.e.’s)
are useful tools in obtaining asymptotic expansions in the real case
(see e.g. Muirhead [18], [19], [20], Muirhead and Chikuse [21] and Chi-
kuse [2]), and it appears that obtaining p.d.e.’s for the complex case
could be certainly worth while. Sugiura [23] obtained derivatives of
any latent root of a symmetric matrix, and applied them to deriving
p.d.e.’s for zonal polynomials and to giving an asymptotic expansion
for the distribution of any latent root of a Wishart matrix. Similar
results were also given for the complex case.

In this paper, it is shown that the function 2F~1(CL, b;c; A) satisfies
the system of p.d.e.’s

*F
1.4) A(1—A4)%2L
(1.4) ( ) EYE +

m Ai(l—Ai)} oF
[c m+1l—(a+b—m+a) ~i—j=l A—A, o4,

J=i
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_& AQ-4) oF _ bF =1,2, .-
g% A—A, 94, a (1=1,2,---, m)

*

and that the function 2ﬁ’l(a, b;c; A, B) satisfies the p.d.e.

m azz’fv m.om A aﬁ’ e aﬁ’
15) S A +230 3 ot et e—mt]) 31
(1.5) = A + izlg% A— A, aAi+(c mt )tgl d4,

m N aﬁv m aZF’ mom B‘; aﬁ

—(@+b—2m+3) X B~ B2 % B 3B,

(a+ m+ )iL:-l 0B, =1 ' 3B? Z‘I% B,—B; 0B,

=ab[tr (B)]F,

where A,, A,,---, 4,, and By, B,,---, B,, are the latent roots of the m
X m Hermitian matrices A and B respectively. We note here that the
latent roots of a Hermitian matrix are real numbers.

The methods adopted are essentially extensions of those, due to
Muirhead [18] and Constantine and Muirhead {3], used for deriving the
p.d.e.’s satisfied by the hypergeometric functions ,F, in the real case,
to the complex case. Using (1.4) and (1.5) we can obtain the systems
of p.d.e’s and the p.d.e.’s for the functions .F,, F,, F, and (¥,. The
results are shown in Sections 2 and 3 for the cases of one argument
matrix and of two argument matrices respectively.

The paper concludes with presenting useful applications of the
p.d.e.’s to obtaining asymptotic expansions for distributions in complex
multivariate analysis.

2. A system of partial differential equations

In this seetion it is shown that the function 2ﬁ’l(oL, b;c; A) satisfies
the system of p.d.e.’s (1.4). Muirhead [18] derived a system of p.d.e.’s
satisfied by the ,F, function of a real argument matrix. His method
is extended to our complex case.

Denote by <Z\) the coefficient of C,(A4)/C,(I) in the “complex bino-
mial ” expansion
2.1) CA+ACMD=2 2 £)C([CaD .

£=0 s \

We use the following differential operators

(2.2) E=3) AdjoA;,

2.3) =30/64, ,
i=1
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(2.4 D*=33 AJOAH2 33 33 [AY (A 4,)]3)04,
and
(2.5) 5% = iAaz/aAz i S > [AS(Ac= A,)13f04,

x.\
H’II
P

Here we notice the slight difference between the coefficients of the

terms in D* and &* and those in D* and &* needed for the real case
in Muirhead [18]. Corresponding to the partition «, let

2.6) re=(ky, Koy -+, k1, -, k) and  £P=(ky, ko, oo, k=1, -+, k)

wherever they are admissible, i.e. so long as the parts are in non-in-
creasing order.
We obtain the effect of the operators E, ¢, D* and &* in

LEMMA 2.1.
2.7 EC(A)=kC.(4),
(2.8) C(ACD=F (o) Caot ) [CastD)
(2.9) D*C(A)= [i ki(ki—Zi)-{—k(zm-—l)}C"(A)
and

(2.10) 5C.(A)/01)= z < m>(k it m—1)Cuo(A) / Gl .

PrOOF. We can prove them in the same manner as James [11] and
Muirhead [18] did for the real case. Therefore, it suffices to note that
C.(A) is a homogeneons polynomial of degree k, that C(A)=c. ABAL. .. Air
+terms of lower weight, which is shown by (1.3) and James [10], eq.
(113), and that §* =(cD*—D*e)/2, in order to prove (2.7), (2.9) and (2.10)
respectively.

We apply Muirhead’s approach [18] to our complex case, using the
results obtained in Lemma 2.1. The details are omitted here and only
the final result is summarized in the following

THEOREM 2.1. The function Fya, b;c; A) is the unique solution of
each of the differential equations

A(l— Ai)]iﬁ_’

1—
@11 A(l— A)aAq {c mA1—(@+b—m+2)4,+3] o

];1 Az—AJ
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3 A,(1—A)) oF

=abF  (1=1,2,---,m),

subject to the conditions
(a) F is a symmetric function of A, A, -+, 4, and
(b) F is analytic about A=0, and F(0)=1.

From Theorem 2.1 and the confluences

lim Fi(a, b; ¢; b7 A)=F(a;c; A) and

b—o0

lim \Fi(a; ¢; a*4)=,F|(c; A4)

the systems of p.d.e.’s satisfied by the ,F, and ,F, functions are given in

COROLLARY 2.1. The function Fi(a;c; A) is the unique solution of
the system of p.d.e.’s

aF [c—m+1 A-I—Z 4 }817

2.12) A,—
( ) 942 JIA —4;

(7::17 21 Ct s m)y

and the function 0f’l(c; A) 1s the um'que solution of the system of p.d.e.’s

aF[ Ai] n A, oF _z

2.13) 4, 1 =F

G139 At +121A oA, B A4, 24,
(%:1y2v"'rm)v

subject to the same conditions as in Theorem 2.1.

3. A partial differential equation

In this section, we shall show that the function 2F~’1(a, b;c; A, B)
satisfies the p.d.e. (1.5). Constantine and Muirhead [3] established a
p.d.e. satisfied by the ,F, function of two real argument matrices.
Their method can be extended to our complex case.

Let us use the following differential operators

(3.1) Di=3 Afodi+2 3] % LAY(A,— A)J3[3A, ,
(3.2) =5 adpa+e S % [AJ(A— A)10A;,
(3.3) ﬁ 9[0A:,
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(3.4) ra=3 ADA,

and

(85)  fu=3] AWOAIF2 2 3 [AY(A—A)0PA+E—m)r, -

.
[

Y

.
s

Here we notice the difference between the coefficients of the terms in
D%, &% and 7. and those in D%, 6% and », used for the real case in
Constantine and Muirhead [3]. We use the same notation as in Sec-
tion 2.

From Lemma 2.1 we have

(3.6) DrC(A)= {i Fes(Jes— 20) + ke (2m— 1)}(1(,4)
(3.7) FIC(ICD)=5 <K’5)> (hy—i+m—1)C.co( A) CoT)
and

3.8) e, CAAICD)=3 (ﬁ’;)) G.o(A) / Gl ) -

Applying the operator ¢; with (3.8) to both sides of the well-known
result (James [10])

SU( etr (AUB UNdU = ki > C(A)C(B)/CAT k!

and comparing the coefficient of C.(B) on both sides gives

oo

(3.9) > <’;> G (A)=(k+1) tr (A)C(4) .

i=0

The effect of the operator y, and 7, are given in

LEMMA 3.1.
(3.10) rl(A)=-—1_% ("i >(ki—i+1)d_(A)
k+1 i=t\g ‘
and
~ A 1 LA . . ~
. =L (- — (4).
615G = B )i D~ i mIC(4)

ProOF. The proof is similar to that for the real case; so that it
suffices to note the fact 5_4=(]§1‘;fA~r_4l~)1‘)/2.
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Applying Constantine and Muirhead’s approach [3] to our complex

case, with the results obtained above, gives the final result in

THEOREM 3.1. The function ,Fi(a, b; ¢; A, B) is the unique solution

of the p.d.e.
(3.12) S F+(c—m—+1)e, ' —(a+b—m+1)y,F —7,F =ab[tr (B)]F

1.€.

1) 54 f iﬁiZ Ai_iAj aaf; —mt]) 3 gi
—(a+b—2m+3) 31 B 52-%3 25
23 JZ Bf?Bj %_ab[tr (B)IF

subject to the condition that F may be expressed in the series form
F(4, B)= DI a.C(A)C(B)CI),

where F(0, 0)=1, i.e. apn=1.
From Theorem 3.1 and the confluences

lim ,Fi(a, b; ¢; A, b'B)=,F,(a;c; A, B) and

b—eo

lim Fi(a; c; 4, a”'B)=,Fi(c; A, B),

a—oa

the p.d.e.’s for the JF, and F, functions are established in

COROLLARY 3.1. The function 1ﬁ(a; c; A, B) satisfies the p.d.e.

F z ; ™ e OF
3.14 4,75 P 1 B oK
614 3 Py 1]2:1,4 iy aA Tt m+)z21aA —=57E
=altr (B)IF

and the function Fi(c; A, B) satisﬁes the p.d.e.

moom A aF ~
42 ; y> 2 By,
TR R A4, aA m+D a5

: FF
(3.15) i}jA Ve P

subject to the condition in Theorem 3.1.

Putting b=c=m-—1 in (3.13) and a=c=m—1 in (3.14) establishes

COROLLARY 3.2. The function Fia; A, B) satisfies the p.d.e.
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moa PR, A OF m oo 0F 3 g FF
3.16) A, ——+423 3] : —(a— 2) > B} —>1 B}
(3.16) =t 9 3+ =1mtA— Ay A, (@—m+ )i=1 B, ?:1 0B}
mom B3 a
—2 51 : B)|F
%i% B,—B, aB (BNF
and the function (Fy(A, B) satisfies the p.d.e
FF o A F
3.17 A, 23] L — B’ 1) tr (B)F,
610 3 At SEA-A, o4 & aB =(m=Dir (B

subject to the condition in Theorem 3.1.

4. Applications

We conclude the paper with presenting applications of the p.d.e.’s
for the hypergeometric functions, developed in the previous sections.
Let A be the covariance matrix formed from a sample of size n+1
drawn from a complex m-variate normal distribution with population
covariance matrix Y (assumed to be positive definite); then nA has
the complex Wishart distribution W;(n, 2) (see e.g. James [10], p. 489).
Let I,>0>-->10,>0 and 4, =4h=---=21,>0 denote the latent roots of
A and XY respectively. In this section we shall derive asymptotic ex-
pansions for the distributions of the extreme roots [, and [, of A by
a partial differential equation method, when the population roots i, 4,
..., 4, are simple.

The sample spectral density matrix of a multiple stationary Gaussi-
an time series is distributed as complex Wishart. In this connection,
it is of great use to work with the distribution of the latent roots [,
l, -+, 1, in our notation. Priestley, Subba Rao and Tong [22] obtained
asymptotic distributions of the likelihood ratio criteria for testing hy-
potheses concerning A,.

The problem of deriving asymptotic expansions for the distribu-
tions of the latent roots of the sample covariance matrix formed from
a real multivariate normal distribution has been considered by Muirhead
and Chikuse [21].

Use will be made of the following results.

LEMMA 4.1. The complex generalization of Laplace transform is
gtven as

1 a—m ... e B e .
@y o SO L etr (=) et To Fyfay, -+, 0y by, bys TAT

P+IF( "'7a/p’a/;bl;"'ybq;A)-
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The “complex” confluent hypergeometric function has the integral repre-
sentation

(4.2) Fya;c; A)

[(c)

=-_~—~—~—S et (TA) det T det (I— TY-+"dT ,
@) ofe—a) Bctores

holding for all A, Rea>m—1 and Re(c—a)>m—1. The “complex”
Gausstan hypergeometric function has the integral representation

(4.3) F(a, b;c; A)
_ Tyo
fm(a)fm(c —a)

det T ™det (I—-T)y *™det(I-AT)dT,

SO<f’=T<I

valid for Re A<I, Rea>m—1, Re(c—a)>m—1 and all b. Here we have
Fo@)=z"2 ] (a—i+1).

Proof. (4.1) and (4.2) are verified by Fujikoshi [4]. (4.8) follows
from wusing (4.1) and (4.2) and interchanging the order of integration
(see Herz [9] for the proof in the real case).

We consider first the distribution funection of the largest root I,.
Since nA=S is distributed as Wishart Wg(n, 3), we have, with (4.2)

4.49) PU<y)y=PA<yl)=P (S<nyl)

=l L etr(—3S)detSmdS
J0<S=8<nyl [’m(/n) det In
(ny)™

——~————————S _ etr (—ny2~'T)det T~ dT
I',(n) det 3 Jo<Tr=1<1

————~£'"(—m)— det (nyS~yFyn; n+m; —ny3Y).
I.(n+m)

Sugiyama [24] has obtained an approximation to P ({,<y) in terms
of a product of X* probabilities. Since (4.4) depends on X only via its
latent roots, we can regard £ as being diagonal i.e. Y=diag (1, 4, - - -,
An). From (4.4) the distribution function of z,=n'*1/3,—1) can be
written as

(4.5) P <x1<x>=% det B*F\(n; nt+m; —R),

where R=diag(r, 1y, -*-, 7n) with r,=(n+n"*x)z;, z;=2J2, (t=1,2,---,
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m). Starting with the system of p.d.e.’s (2.12) satisfied by the i
function it can be readily verified that P=P (z,<x) satisfies each of
the m p.d.e.’s

2 2
@) (142 DI [oy L ya-ap+L-4) 28
Voo on/ oxt v
ER 1< 1 ﬂ P
_ v LA o
:c%é{x/n n A 1—z, Zkﬁzk
i 1 x P 122 P
SR
2\ v + axazk+nic§=:21=’zkzj 02,02,
and
um PP 1 <1 _>£
(4.7) naz%+l —z\vYn  n/ox
m ’)P
+[zt 1—l——x_—zi <1 }(
x/ T +lez—z ) 02,
11 , 0P 12’;:__2_,-____9!1:0 (=2, -, m),
n 1l—z, k=2 azk n it 2, —%; 0z;

with 4,=311/(z,—1).
J=2

We now look for a solution of these m p.d.e.’s (4.6) and (4.7) of
the form

(4.8) P=0(x)+n"""Q,,

where @(-) denotes the standard normal distribution function and the
@, are functions of z, 2, -+, 2,.

Now that P possesses such an expansion as (4.8) follows from the
asymptotic expansion for the joint density function of [, 1, -+, l.,
given by Li, Pillai and Chang [17], eq. (5.29). Adopting the same
manner as in Muirhead and Chikuse [21] used for the real case, we
can show that if 1, is a simple root then, for large =,l; is asympto-
tically independent of the other sample roots and the limiting distribu-
tion of n'*(1,/a,—1) is standard normal N(0, 1).

Substituting (4.8) into (4.6) and (4.7) and solving the resulting
equations gives the expansion in

THEOREM 4.1. Let I, and A, be the largest roots of A and X respec-
tively, where nA 1s distributed as complex Wishart Wi(n,3) and the
roots of 3 are simple. Then the distribution function of x,=n"*1,/4;—1)
can be expanded for large n as

(4.9) P (2, <2)=0(x) + 7 Q,+n'Q,+0(n*?)

where @(-) denotes the standard mormal distribution function,
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(4.10) le—-;—(p(x)[Hz(x)JrsAlmx)]

and
(4.11)  @Q=-— 316 P(@)[2Hy(x)+ 3(3+4A,) Hy(w)+18(Ai— B Hy(x)] ,
with

Al:§>1/(zj_—l)’ B1:§,1/(zj—1)2, ZJ‘:ZI/ZJ' (_7.:1,2,"',?’}2),

and H(x) the Hermite polynomial of degree j tabulated to j=10 in Ken-
dall and Stuart [12], p. 155.

We now consider the distribution of the smallest root [,,.

(4.12) P(.>v)
=P (S>nyl)
__S 1 etr(—3'S)det S*"dS
Jmyr<8r=s [ (n) det 3®
_ (ny)" etr (—nyZ™) g
- fm(%) det 3~ 0<F'=T

etr (—ny2™'T) def (I+T)y—™dT
(. T=(my)'S=-I)
=§;ﬁ% det (ny21 etr (—nyX Y (m, n+m; nyS") .

m

Here we define another confluent hypergeometric function of a Hermi-
tian argument matrix by

DEFINITION.

4.13) F(a, c; A)y=—1 S  etr(—AT)det T*" det (I+ TY~*"dT,
Fm(a) 0<T’=T

holding for Re A>0 and Rea>m—1.
We need the following

LEMMA 4.2. The functions Fi(a;c; A) and ¥(a,¢; A) both satisfy
the same system of p.d.e.’s (2.12).

ProoF. This is proved by the same argument as for the real case
in Muirhead [19]. We can easily show, using Lemma 4.1, that

lim ,Fy(a, b; ¢; [—cA™)=det AU (b, b—a+m; A),

¢—o0

and then the required result follows from the system of p.d.e.’s for
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the ,F, function given by (2.11).

Put z,.=n"%(l./A,—1). Then using the system of p.d.e.’s (2.12)

satisfied by the ¥ function, with (4.12), we can readily obtain the ex-
pansion for the distribution function of x,. Hence

THEOREM 4.2. Let I, and 2, be the smallest roots of A and X re-

spectively, where mA 1s distributed as complex Wishart Wi(n, Y) and
the roots of I are simple. Then the distribution function of x,=n"4l,/
2,—1) can be expanded for large n as

(4.14) P (2, <) =0(x)+n Q41" Q+0(n "),

where 2.=2nf2n-ir1 T Q@ and Q, given by (4.10) and (4.11) respectively.
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