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Abstract. Detailed viscosity measurements have 
been made of barium sulfate mixtures over a wide 
range of viscosities for use in radiography of the 
esophagus, stomach, and duodenum. A new meth- 
odology was developed for more accurate estima- 
tion of viscosity in non-Newtonian fluids in con- 
ventional cylinder-type viscometers. As base cases, 
the variation of viscosity with shear rate was mea- 
SUred for standard commercial mixes of e .z .hd  
(250% w/v) and a diluted mixture of liquid e.z. 
paque (40% w/v). These suspensions are strongly 
shear thinning at low shear rates. Above about 3s -1 
the viscosity is nearly constant, but relatively low. 
To increase the viscosity of  the barium sulfate mix- 
ture, KnoWs strawberry syrup was mixed to differ- 
ent proportions with e .z .hd powder. In this way 
viscosity was systematically increased to values 
130,000 times that of  water. For these mixtures the 
variation of viscosity with temperature, and the 
change in mixture density with powder-syrup ratio 
are documented. From least-square fits through the 
data, simple mathematical formulas are derived for 
approximate calculation of viscosity as a function 
of mixture ratio and temperature. These empirical 
formulas should be useful in the design of"test  kits" 
for systematic study for pharyngeal and esophageal 
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motility, and clinical analysis of motility disorders 
as they relate to bolus consistency. 

Key Words: Viscosity -- Bolus viscosity -- Rhe- 
ology -- Shear rate -- Viscometer -- Viscometry -- 
Deglutition -- Deglutition disorders. 

Abnormal motility during swallowing is commonly 
observed to be associated with the consistency of  
ingested food and drink. As a result, variation of  
bolus consistency is often used as a diagnostic tool 
in clinical trials [1-5]. More recently it has been 
recognized that systematic variation of  both bolus 
volume and bolus viscosity can provide useful in- 
formation for the study of the neuromuscular pro- 
cesses that control the swallowing process, and ab- 
normalities that occur as these controls fail [6]. 

For use in studies of motility variation with 
bolus consistency, however, there exist very few 
quantitative data on systematic variations in the 
rheologic properties of contrast media. Specific dis- 
cussions of  barium sulfate as a contrast medium that 
mention viscosity as an important descriptive pa- 
rameter [e.g., 7] fail to quantify viscosity for. barium 
mixtures. Uses of  adjectives such as "'pasty" [8], 
"liquid," or "creamy" [e.g., 1 ] remain, of necessity, 
vague and unquantified. Indeed, one person's per- 
ception of  pasty, liquid, creamy, and the like, may 
be very different from another person's perception. 
For a discussion of  the relationship between oral 
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sensation and bolus rheology, and some data on the 
viscosity o f  s tandard bar ium sulfate suspensions, 
saliva, and baby food, see [8]. 

Because this paper centers on viscosity as a pri- 
mary  rheologic variable, it is useful to remind  the 
reader o f  the technical definit ion of  viscosity as a 
quanti tat ive measure o f  frictional resistance in a 
fluid to shear. Imagine placing the bar ium sulfate 
mixture  between two large parallel plates with a 
narrow gap, as illustrated in Figure 1; the lower plate 
is held fixed and the upper  plate pulled forward at 
constant  fixed speed, U. The  viscosity o f  the fluid 
is proport ional  to the force required to pull the upper  
plate to the same fixed speed. More  precisely, the 
viscosity (#) is given, in this example,  by 

F /A F x (uh____A) (1) 
" -  U/- - -h  - 

where F is the force required to pull the plate, A is 
the surface area o f  the plate, U is the speed o f  the 
plate, and h is the gap spacing between the plates. 
Thus,  for fixed plate geometry  (A), gap spacing (h), 
and plate speed (U), i f  it takes twice as much  force 
to pull the plate with one liquid as with another  
liquid, the viscosity o f  the first l iquid is twice as high 
as the viscosity o f  the second liquid (where both  
plates are pulled at the same speed). To  t ransport  
these two liquids through the esophagus where fric- 
tional forces tend to dominate,  roughly twice as much 
power  must  be supplied by the musculature to trans- 
port  the bolus that is twice as viscous (all other  
characteristics, such as bolus volume,  geometry,  
wave speed, etc., being the same). 

In the example o f  Figure 1, U /h  is the "shear  
rate":  the rate at which the fluid is being sheared by 
the moving  plate. I f  the fluid viscosity does not  vary 
with shear rate it is called "Newton ian . "  This  is 
generally not  the case with suspensions, since the 
attractive force between suspended particles weak- 
ens as the shear rate increases, leading to a reduct ion 
in effective viscosity with increasing shear rate. Such 
"non -Newton i an"  fluids are called "shear  thin- 
ning." Our  measurements  show that  commercia l  
bar ium sulfate suspensions are shear-thinning at very 
low shear rates: below about  2 -3s -  L At higher shear 
rates the fluid is Newtonian:  its viscosity does not  
vary with shear rate. The effect o f  shear thinning is 
insignificant during pharyngeal t ransport  since shear 
rates are very high there. However ,  shear thinning 
may  play a role in esophageal bar ium bolus trans- 
port  since bolus velocity is rather  low and shear rates 
may  vary  between very small values near  the center 
of  the bolus to values on the order  o f  15s - l  at the 
esophageal wall. The  impor tance  o f  shear thinning 
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Fig. 1. I l lustrat ion o f  an expe r imen t  tha t  quantif ies  "v i scos i ty"  
as the frictional forces wi thin  the fluid resist ing shear.  The  lower 
plate is held fixed and  the  fluid is inser ted  between the two plates. 
The  shear  force, F, is appl ied to the upper  plate to m o v e  it at 
cons tan t  speed, U.  

5 
in esophageal bolus transport,  however, has not  been 
explored. In general, fluid viscosity is also depen- 
dent  on temperature.  Fur ther  discussion o f  bolus 
rheology in swallowing may  be found in [9, 10]. 

In this paper  we describe a series o f  systematic 
viscosity measurements  o f  bar ium sulfate mixtures 
over  a wide range o f  viscosities as a function o f  shear 
rate and temperature.  The  data are fitted with em- 
pirical formulas to allow individual  users to create 
easily their  own radiopaque "'test ki ts"  for  radiologic 
moti l i ty studies and clinical trials. 

A note on units: we use centipoise (cps) as the 
s tandard unit  for viscosity. It is useful to keep in 
mind  that  the viscosity o f  water  at room tempera-  
ture is about  1 cps. 

Measurement Protocols 

Variation of Sample Mixture 

The  viscosities o f  the 10 sample mixtures listed in 
Table  1 were measured in detail. As baseline cases, 
the variat ions in viscosity with shear rate o f  stan- 
dard mixes of  e - z . h d  | and a diluted mixture  o f  
Liquid e. z .paque  | (E.Z.  EM, Inc., Westbury,  NY) 
were measured at room temperature.  These samples 
could be quali tat ively described as " l iquidy,"  and 
at high shear rates have viscosities a round 200 cps. 
To  increase the viscosity to thick, pasty consisten- 
cies in cont inuous increments,  seven mixtures  of  
e- z- hd powder  and Knott ' s  strawberry syrup (Knott 's  
Berry Farm, Buena Park, CA) were formulated with 
different powder- to-syrup ratios. Two containers o f  
e .z .  hd powder  were mixed with different volumes 
o f  syrup as shown in Table 1. The viscosity o f  Knott 's  
strawberry syrup alone was also measured.  Knot t ' s  
strawberry syrup was first used by Dooley  et al. [ 11 ] 
to increase the viscosity o f  bar ium samples, al- 
though systematic measurements  o f  sample viscos- 
ity were not  carried out. Knot t ' s  syrup has the ad- 
vantage o f  being easily obtainable and measurements  
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Name e' z-hd powder weight (g) Liquid volume 

Standard e-z.hd mix 340 
Diluted liquid e.z. paque" Premixed 
Strawberry 0 
Mixture 1 680 b 
Mixture 2 680 
Mixture 3 680 
Mixture 4 680 
Mixture 5 680 
Mixture 6 680 
Mixture 7 680 

65 ml water (250% w/v) 
40% w/v 
KnoWs strawberry syrup 
452 ml KnoWs strawberry syrup 
400 ml KnoWs strawberry syrup 
350 ml Knott's strawberry syrup 
300 ml KnoWs strawberry syrup 
250 ml Knott's strawberry syrup 
200 ml Knott's strawberry syrup 
150 ml KnoWs strawberry syrup 

"Diluted liquid e.z.paque was mixed with one part water to dilute the mixture to 40% w/v. 
b 680 g ofe.z.hd powder is two containers. 

made with five different bottles showed minimal  
variations in properties among  batches. 

The Brookfield Viscometer and Its Use 

The viscosity o f  all samples was measured with a 
Brookfield LVT 115/60 viscometer  using the LV set 
cylindrical spindles, and an ultra low (UL) adapter 
when necessary. The cylindrical spindle was placed 
within an outer cylindrical container with the sam- 
ple in between. The inner spindle was rotated rel- 
ative to the fixed outer cylinder. The torque applied 
to rotate the spindle, measured by a spring, is related 
to sample viscosity, as described below. 

Cylindrical spindle geometry was chosen over  
"cone and plate" geometry due to the significantly 
Wider range o f  shear rates and viscosities that could 
be measured. The U L  adapter  was used for low- 
viscosity measurements.  Shear rate was varied by 
adjusting the rate o f  spindle rotat ion a n d  spindle/ 
container radii. In general, the m a x i m u m  measur-  
able shear rate decreases with sample viscosity (see 
vid. Table 2). We found that very low shear rates 
(roughly 2s-  1 or less) were accurately measurable only 
with the lowest viscosity samples, when the U L  
adapter could be used. Ins t rument  calibration was 
checked using nominal ly  50 and 1000 cps standards 
purchased from Brookfield Engineering. Brookfield 
claims repeatability within 1%; however,  this was 
found to be true only with lower-viscosity Newto-  
nian liquids at the highest spindle rotat ion speeds, 
and only if  the temperature o f  the sample was very 
carefully controlled. For  temperature control, the 
Brookfield EX 200 constant  temperature bath was 
Used. Barium sulfate sample viscosities were mea- 
SUred in the temperature  range 23-27~ with a few 
measurements at body  temperature (37~ 

The Brookfield Viscometer  measures viscosity 
through the torque required to rotate the spindle. 

The spindle is driven by a synchronous  m o t o r  
through a calibrated spring. The deflection o f  the 
spring is visually read by a pointer, giving the per- 
centage o f  the full scale torque. The average surface 
shear stress r (dyne/cm 2) is related to the torque T 
(dyne. cm) by the equation 

T 
r -- - -  (2) 

21rLRs 2 

where R~ and L are radius and effective length (cor- 
rected for the end effects) o f  the cylindrical spindle, 
respectively (cm). The viscosity # (poise) is defined 
as the ratio o f  shear stress r to shear rate S (1/s) at 
the spindle wall*: 

T 
# = - (3) 

S 

For  cylindrical spindles, the Brookfield manual  
claims that the shear rate S depends on the angular 
velocity o f  the spindle (o~, radians/s), and the radii 
o f  the spindle and cylinder (R~, Re) in the following 
way: 

2o: 
S = ( 4 )  

(RffR~) 2 -  1 

* With Newtonian fluids, viscosity is a constant proportionality 
factor between stress and twice the strain rate, both of which are 
represented mathematically by tensors. In the flow between con- 
centric rotating cylinders, strain rate may be described by shear 
rate alone, and viscosity is the ratio of shear stress to shear rate. 
For the non-Newtonian fluids described in this paper, we define 
viscosity, ~t, as the ratio between shear stress and shear rate when 
the fluid is subjected to shear forces. We should point out that 
some non-Newtonian fluids develop normal stresses in addition 
to shear stresses when shear forces are applied. In purely shear 
thinning suspensions, such as those measured in this paper, how- 
ever, normal stresses are generally negligible relative to the shear 
stress in a shearing flow. 
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Table 2. Viscosity variation (#, in cps) with temperature (T, in ~ and shear rate (S, in s ') for different mixtures, represented with 
least-square fitted linear curves in the range 23-27~ 

Measure- 
Shear ment preci- 
rate % Variation sion 

Name (S) Viscosity variation Viscosity a (u) with shear rate (%) 

e-z-hd mix 0.07 See equation (16) and Figure 6 4803 
6.30 358 

12.59 298 Very large 
Liquid e .z.paque 0.12 See equation (17) and Figure 7 2261 

6.37 318 
12.73 227 Very large 

Syrup 0.34 8.1 
0.68 # = 1426.3 - 29.2T 755 ~0  7.8 
1.35 7.3 

Mixture 1 2.52 # = 5627.0 - 85.4T 3663 4.2 
6.30 g = 5854.7 - 103.2T 3481 4.4 

12.59 ~ = 5769.2 - 105.4T 3345 9.5 4.1 
Mixture 2 2.52 # = 8585.9 - 178.2T 4487 6.5 

6.30 # = 8528.0 - 181.2T 4360 4.9 
12.59 ~z = 8125.1 - 169.3T 4231 6.1 3.3 

Mixture 3 2.52 # = 10,893 - 243T 5304 8.5 
6.30 # = 10,862 - 243T 5273 3.3 

12.59 # = 10,766 - 245T 5131 3.4 2.1 
Mixture 4 2.52 ~t = 12,164 - 255T 6299 4.3 

6.30 # = 12,085 - 252T 6289 3.1 
12.59 # = 11,495 - 234T 6113 3.0 3.6 

Mixture 5 1.26 # = 31,220 - 802T 12,774 8.6 
2.52 # = 29,797 - 750T 12,547 6.3 
6.30 ~z = 26,982 - 655T 11,917 7.2 4.0 

Mixture 6 0.63 # = 52,998 - 1187T 25,697 7.1 
1.26 # = 52,679 - I171T 25,746 5.0 
2.52 # = 50,355 - 1098T 25,101 2.3 3.3 

Mixture 7 2.52 # = 224,770 - 4030T 132,080 7.6 

" Measured at room temperature (20 _+ I'C) for e.z.hd and liquid e.z.paque; 23~ for syrup-barium mixtures. 

H o w e v e r ,  e q u a t i o n  (4) is d e r i v e d  a s s u m i n g  a N e w -  

t o n i a n  f l u i d  w i t h  c o n s t a n t  v i s c o s i t y  # i n d e p e n d e n t  

o f  s h e a r  ra te .  S u c h  a f l u id  is c h a r a c t e r i z e d  b y  a s t r a igh t  

l i n e  o n  a p l o t  o f  ~" vs .  S ( l ine  A ,  F ig .  2). I f  f l u id  

v i s c o s i t y  v a r i e s  w i t h  s h e a r  ra te ,  t h e  u s e  o f  t h e  N e w -  

t o n i a n  r e l a t i o n s h i p  (eq.  4)  t o  c a l c u l a t e  v i s c o s i t y  f r o m  

m e a s u r e d  s h e a r  s t ress  c a n  i n t r o d u c e  s i g n i f i c a n t  e r r o r  

[12]. T h i s  is e s p e c i a l l y  t r u e  w h e n  t h e  g a p  b e t w e e n  

t h e  s p i n d l e  a n d  t h e  c o n t a i n e r  is r e l a t i v e l y  la rge .  T o  

o v e r c o m e  th i s  d i f f i cu l ty ,  w e  h a v e  d e v i s e d  a n e w  

m e t h o d o l o g y  t h a t  t a k e s  i n t o  a c c o u n t  v a r i a t i o n s  in  

v i s c o s i t y  w i t h  s h e a r  ra te .  

New Methodology for Measuring Viscosity 
Variations with Shear Rate 

T h e  d e g r e e  o f  e r r o r  i n t r o d u c e d  b y  u s i n g  t h e  N e w -  

t o n i a n  r e l a t i o n s h i p  (eq.  4) to  d e s c r i b e  n o n - N e w t o -  

n i a n  f l u id s  c a n  be  d e r i v e d  a n a l y t i c a l l y  fo r  t h r e e  t y p -  

i ca l  n o n - N e w t o n i a n  f lu ids  s h o w n  in  F i g u r e  2, c u r v e s  

B, C,  a n d  D .  C u r v e  B d e f i n e s  a f l u id  t h a t  r e q u i r e s  a 

y i e l d s  s t ress  tx~ b e f o r e  i t  d e f o r m s .  A b o v e  ~t ,  s h e a r  

s t ress ,  r ,  i n c r e a s e s  l i n e a r l y  w i t h  s h e a r  ra te ,  S w i t h  

s l o p e  #0: 

r = /~0S  + #t ( c u r v e  B) (5) 

C u r v e s  C a n d  D ,  o n  t h e  o t h e r  h a n d ,  d e s c r i b e  " s h e a r  

t h i c k e n i n g "  a n d  " s h e a r  t h i n n i n g "  f lu ids  i n  w h i c h  

v i s c o s i t y  i n c r e a s e s  (C) o r  d e c r e a s e s  (D)  w i t h  s h e a r  

r a t e  a t  l o w  s h e a r  ra tes .  T h e s e  f l u id s  m a y  b e  d e s c r i b e d  

w i t h  a p o w e r  l aw,  

= #=S k ( c u r v e  C ,  k > 1; c u r v e  D ,  k < 1) (6) 

u p  to  s o m e  m a x i m a l  s h e a r  ra te ,  b e y o n d  w h i c h  s h e a r  

s t ress  v a r i e s  l i n e a r l y  w i t h  s h e a r  r a t e  a n d  v i s c o s i t y  

is c o n s t a n t .  N o t e  t h a t  e q u a t i o n s  (5) a n d  (6) d e s c r i b e  

N e w t o n i a n  f lu ids  w h e n  #1 = 0 o r  k = 1, r e s p e c t i v e l y .  

F o r  t h e  n o n - N e w t o n i a n  f lu ids  B,  C,  a n d  D ,  s h e a r  

r a t e  a t  t h e  s p i n d l e  w a l l  is g i v e n  b y  (see  A p p e n d i x )  
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Fig. 2. Characteristics o f  shear stress vs. shear rate for typical 
non-Newtonian fluids. A, Newtonian fluid, r = #oS; B, non-New-  
tonian fluid with yield shear stress, r = #oS + #~; C, shear  thick- 
ening non-Newtonian  fluid, r = p2S k (k > 1); D, shear thinning 
non-Newtonian fluid, r = p2S k (k < 1). 

where 

and 

s - 260 + u ,  [ g ( R .  R 0  - 1] 
(Rs/Rc) 2 -  1 tt o 

(curve B) (7a) 

2 ln(RJR~) 
g(R~, Re) = (7b) 

(R,/R~) 2 -  1 

260 
S = (curves C, D) (8) 

k[(Rs/Rr 2 j k -  1] 

Note that the Newtonian approximation introduces 
significant error in the estimated value for shear rate. 
.Furthermore, at the est imated shear rate error is 
introduced in the viscosity est imated from mea- 
sured shear stress. The relative error associated with 
Using the Newtonian relationship (eq. 4) to calculate 
viscosity o fnon-Newton ian  fluids B, C, and D from 
.measurements of  spindle rotation rate and torque 
is given by (see Appendix): 

/z~ - -  /z~ _ ( # , / # o ) [ g ( R s ,  R e )  - 1] 

U. S + (Ux/Uo) 

(fluid B) (9) 

t z~-  / z ~  [ (R,/Rr 2 -  I ] k _  1 
- 1 ]  J 

2 .' " , . . . .  
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Fig. 3. Errors in viscosity est imated by using the Brookfield- 
suggested Newtonian method  with a non-Newtonian fluid of  form 
r = ~oS + #, (curve B, in Fig. 2). The geometry o f  the conta iner  
and spindle is that  used in the current measurements  (R~ = 0.94 
cm, and R~ = 3.54 era). Measured shear rate is plot ted against 
relative error  in viscosity, (#o - #~)/~, at that  shear rate, according 
to equation (9). pc is the viscosity est imated by the Newtonian  
relationship, and ~a is the actual or correct viscosity. The different 
curves in the figure are for different non-Newton ian  parameters  
#JPo. As P~/~o ~ 0, the fluid becomes  Newtonian.  

where ~t a is the actual viscosity o f  the fluid at the 
est imated shear rate and #e is the viscosity est imated 
by using Newtonian formulas suggested by Brook- 
field. Figures 3 and 4 show relative error variations 
with non-Newtonian parameters #1/#o or k for our 
often used container-spindle combination (Rs = 0.94 
cm, Rc = 3.54 cm). Note that  the farther Pl/#o is 
from 0 or k from 1, the more non-Newtonian  is the 
fluid, and  the greater the error in viscosity. 

We use the following me thod  for estimating the 
variation in viscosity with shear rate using either 
o f  equation (7) or equation (8), depending on which 
relationship provides the best fit to the measure- 
ment  data. What  is measured is torque T, or equiv- 
alently, surface shear stress r (eq. 2), vs. spindle 
rotation rate 60. Substituting equation (7) into (5), 
and (8) into (6) produces the relationship between 
r and o~ for non-Newtonian  forms considered here: 

where 

and 

r = P0'60 + #1' (curve B) (1 1) 

2 
#o' =/~o (RflRc) 2 _ 1 (12) 

2 ln(Rs/Rc) 
P1' = Pj (13) 

( R J R c )  2 -  1 

(fluids C, D) (10) 7" = p2'60 k (curves C, D) (14) 
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Fig. 4. Errors in viscosity est imated by using the Brookfield- 
suggested Newtonian method with a non-Newtonian fluid of  power 
law form, z = ~2S k (curves, C, D in Fig. 2). The geometry of  the 
container  and spindle is that  used in the current  measurements  
(R, = 0.94 cm, and Rc = 3.54 cm). The relative error  in viscosity, 
(#~ - /~a)/#~ is plot ted against non-Newtonian  parameter,  k, ac- 
cording to equation (10). #c is the viscosity est imated by the 
Newtonian  relationships, and ~a is the actual or correct viscosity. 
Note  that in this case, the relative error  is independent  o f  shear 
rate. As k ~ 1, the fluid becomes Newtonian.  

where 
k 

~2' = ~2 Lk [ 1 - 

Note  that the var ia t ion between ~ and co has the 
same form as the variat ion between r and S. Thus,  
measurements  o f  z vs. o: directly provide  the form 
of  the non-Newtonian  character  o f  the fluid. In prac- 
tice, however,  measurements  are made  over  a lim- 
ited range o f  spindle rota t ion rates. One therefore 
uses the form o f  equat ion (1 1) or (14), which pro- 
vides the best fit to the segment o f  measured  data 
in a least-square sense. Having fit the data  to equa- 
t ions (1 1) and (14) and chosen the best fit, (~0',/~t') 
or  (#2', k) is determined.  Equat ions (12), (13), or 
(15) provide  0zo, /z~) or /z2. Shear rate is then cal- 
culated using ei ther equat ion (7) or (8), and the vis- 
cosity corresponding to that  shear rate is found f rom 
equat ion (3). 

Figure 5 provides  a realistic illustration o f  the 
accuracy o f  the me thod  for a shear thinning fluid in 
compar ison with the use of  expressions appropriate  
to Newtonian  fluids. The  Newtonian  expressions 
produce a large error  in this case. Least-square fits 
o f  r against o: data are, in this case, more  precise 
using a power law representation;  the predicted vis- 
cosity matches the actual viscosity. What  is inter- 
esting is that  piece-wide cont inuous fits to equat ion 
(1 1) also work very well in predicting the variat ion 

M. Li et al.: Viscosity Measurements  o f  Barium Sulfate 

900 

8 0 0  i o 

70C 

o 

 ,00 
'~ 400 

300 Oo.ooOo~ 

200 
100 ! 

1 j 2 3 4 5 

Shear rate (l/s) 

Fig. 5. Compar ison  between Brookfield-suggested Newtonian  
me thod  and our  me thod  for est imating the viscosity o f  a non-  
Newtonian fluid. Here, the solid line is the actual viscosity given 
by/~ = 300/S ~ cps and ( R ,  Re) = (0.94, 3.54) cm. ****, Viscosity 
estimated using the power law relationship, equation (14); + + + +,  
viscosity est imated using the "yield stress" relationship, equation 
(11); oooo, viscosity est imated using the Newtonian  relationship, 
equation (4). Note  that  the Newtonian  relat ionship introduces 
significant error due to the variat ion o f  viscosity with shear rate. 
Note  also that when the "yield stress" relat ionship (eq. 11) is 
applied in piecewise segments,  the accuracy is much improved  
over  the Newtonian  method,  even though the fluid obeys a power 
law relationship. 

o f  viscosity with shear rate, which suggests that the 
general methodology  works well overall. Compar i -  
sons between methods  are made  with real data in 
Figures 6 and 7. Grea t  improvements  are gained 
over  the s tandard Brookfield approach.  

We argue that  the m e th o d  we propose for es- 
t imating viscosity variat ions with shear rate should 
replace the s tandard Brookfield method,  which as- 
sumes Newtonian  behavior  at each spindle rota t ion 
rate. We note  that  the accuracy in the new me thod  
improves  as the range o f  spindle rotat ion rates in 
which measurements  are collected is increased. An 
impor tan t  point  is that  the non-Newtonian  char- 
acter of  the fluid can be deduced directly f rom mea- 
surements  o f  wall shear stress against spindle ro- 
tat ion rate (eqs. 1 1 and 14). Consequently,  as data 
are collected, one can deduce to what  extent  a more  
extended range o f  rotat ion rates is required to obtain 
an accurate measurement  o f  viscosity. When vis- 
cosity has a strong dependence  on shear rate, it is 
particularly impor tan t  to measure z against co ade- 
quately over  the range in which the non-Newtonian  
behavior  exists. Another  point  to appreciate is that 
all methods  are more  accurate with smaller gap 
spacings (Appendix), al though the m e th o d  proposed 
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Variation of viscosity with shear rate of the standard 
e'z.hd mixture of one container ofe-z.hd powder (340 g) with 
65 ml water (25% w/v). The empirical curve through the mea- 
surement data (*) is described by equation (16). For comparison, 
the viscosity data estimated by Brookfield suggested method are 
also shown by the open circles. The measurements were carried 
out at 20oc + 1 *C. 
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Fig. 7. Variation of viscosity with shear rate of the premixed 
diluted mixture of liquid e-z-paque (40% w/v). The empirical 
curve through the measurement data (*) is described by equation 
(17). For comparison, the viscosity data estimated by Brookfield 
suggested method are also given by the circles (o). The measure- 
ments were carried out at 20 _+ 2~ 

here will always p rov ide  more  accurate measure-  
ments  o f  shear - ra te-dependent  viscosity. 

Experimental Method 

In our  exper iments ,  eight ro ta t ion  speeds, two sizes 
of  Brookfield LV-set  cylindrical spindles, and  two 
Sizes o f  Griffin beaker  containers  (400 ml  and  600 
ml) were used. For  the lowest  viscosi ty samples,  the 
UL adapter  was used. The  samples  were mixed  uni- 
formly wi thout  introducing air  bubbles  with an elec- 
tric drill and a small  pa in t -mixer  a t tachment .  

The  effective length o f  the spindle, L, was de- 
termined through careful m e a s u r e m e n t  o f  known 
standards (nominal ly  50 and  1000 cps). A different 
value o f  effective length was measured  for each spin- 
die--container combina t ion .  Viscosity and  shear  rate 
Were calculated f rom measu remen t s  o f  torque vs. 
Spindle ro ta t ion  rate using the m e t h o d  described 
above.* 

T o  es t imate  the precision o f  the measu remen t s  
made with the syrup and sy rup /ba r ium mixtures ,  
We repeated these tests several  t imes (typically six 
times) for each combina t ion  o f  spindle, container ,  
Spindle speed, tempera ture ,  and  fluid sample.  The  

* Either the Brookfield calibration for effective spindle length, or 
spring tension vs. torque, must be accepted by the user. We chose 
to accept Brookfield's spring calibration and measure effective 
spindle length ourselves. 

average value and  percentage var ia t ion  for each 
m e a s u r e m e n t  were calculated. The  r ight -hand col- 
u m n  o f  Table  2 lists the m a x i m u m  percentage var i -  
at ion at each measured  shear  rate for each sample .  
We have  found  tha t  the precision o f  the measure -  
ments  decreases with decreasing spindle ro ta t ion  
rate, and the average  m a x i m u m  percentage var ia-  
t ion for all viscosity measuremen t s  o f  syrup mixtures  
is abou t  5.8%. 

Important Observations in Technique 

Experience has taught  us the impor t ance  o f  follow- 
ing certain procedures  in mixing  the samples  and  
measur ing  their  viscosit ies to min imize  uncertainty:  

Mixing the Sample. As will be shown, viscosi ty  
is sensit ive to the rat io o fe -z . l ad  powder  to syrup. 
Thus,  great care was taken to measure  precisely 
the vo lume  o f  syrup for given viscosity.  To  in- 
crease precision,  two containers  o f  e - z - h d  powder  
and  a relat ively nar row graduated  beaker  to mea-  
sure syrup v o l u m e  were used. All syrup was re- 
m o v e d  f rom the beaker  using a rubber  spatula. 
The  mix ture  was well stirred, and  care was taken 
not  to mix  in bubbles  o f  air (since bubbles  can 
alter the apparen t  viscosity). Fo r  this purpose,  we 
used an electric drill with a small  pa in t -mixer  
a t tachment .  

Sample Temperature. I t  was found to be imp o r -  
tant  to measure  the t empera tu re  in the center  o f  
the sample .  Increasing or  decreasing the t emper -  
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ature, especially the tempera ture  o f  high-viscosity 
samples, typically required 1 h or more  wi thout  
stirring (stirring reduces this t ime by about  one- 
half). Great  care was taken in our  measurements  
to ensure that the sample tempera tures  had 
reached steady uni form values. For  this reason, 
the process o f  data collection was very t ime-con-  
suming. 

Cleaning the Wall of the Spindle. It was found to 
be impor tan t  to clean the spindle often to prevent  
bar ium from sticking to the wall and contami-  
nating subsequent  measurements .  

Sample Usage Time. The  viscosity o f  the pre- 
pared high-viscosity sample was observed to 
change significantly after 2 or 3 days. All mea-  
surements  were made  within a few hours after 
creation o f  the sample. 

Measurement Results 

Standard Barium Sulfate Suspensions 

Variation in viscosity with shear rate was measured 
at room tempera ture  (20 + I~ for the two com- 
mercial bar ium sulfate mixtures  listed in Table 1. 
Figures 6 and 7 show the rheologic characteristics 
o f  s tandard mixture  o f  e-z.  hd and diluted mixture  
o f  liquid e. z. paque, respectively. In both  solutions 
viscosity is approximate ly  independent  o f  shear rate 
above  about  3s-~. This  Newtonian behavior  is es- 
pecially apparent  with the e .z .  hd mix. Below 3s-~, 
apparent  viscosity o f  the suspension increases rap- 
idly with decreasing shear rate due to the increas- 
ingly strong interactions among suspended bar ium 
sulfate particles. The  curves through the data in Fig- 
ures 6 and 7 are given by the empirical  formulas,  

e . z . h d  (Fig. 6): # = 145 + 200e -1-sSs~ (cps) (16) 

liquid . e . z .paque  (Fig. 7): 
= 254 + 2530e -1.92s~ (cps) (17) 

At  shear rates above  the rather  low value o f3s  -~, 
viscosity approaches constant  values o f  145 cps for 
e . z ' h d ,  and 254 cps for liquid e . z .paque .  

The  two empirical  formulas in equations (16) 
and (17) are deduced based on the assumption o f  a 
functional form g = #o + c0e c~sk, where #o is the 
viscosity in the high shear rate limit. /~o and k are 
de termined using an opt imizat ion method,  and pa- 
rameters  Co and c~ are decided using extended least- 
square fits through the measurement  data for each 
opt imizat ion step. Other  empirical  formulas in this 
paper  are de te rmined  in a similar way. 

As measures o f  formula  precision, we define the 
average residual and the average percentage differ- 
ence between measured  and fitted viscosity values 
as follows: 

(tZrormuJa -- JZ . . . .  )2 

residual = 
n 

% difference - 
1 0 0  ~ I#formula - -  U . . . .  I 

n . ~meas  

(18) 

The  average residuals o f  equat ions (16) and (17) 
are 37 cps and 83 cps, respectively; the percentage 
differences are 5.0% for equat ion (16) and 6.7% for 
equat ion (17). Large scatter in the data a round equa- 
tion (17) exists due to less precise control  o f  tem- 
perature in the early measurements .  

Viscosity of Knott's Strawberry Syrup 

Because K.nott's s trawberry syrup is to be mixed 
with bar ium sulfate powder  to increase sample vis- 
cosity, its own rheologic characteristics are o f  in- 
terest. KnoWs strawberry syrup is Newtonian:  its 
viscosity is independent  o f  shear rate. There  is a 
dependency on temperature ,  however,  as shown in 
Figure 8. Viscosity decreases with tempera ture  along 
the straight line given by: # = 1430 - 29.2T, where 
T is in ~ and/~ is in cps. In the range 23-270C, 
syrup viscosity varies from 758 cps to 642 cps. Three 
different shear rates are plot ted in Figure 8 to dem- 
onstrate the Newtonian  character  o f  the syrup. 

Viscosities of Barium Sulfate 
Powder~Syrup Mixtures 

A very large number  of  viscosity measurements  were 
made  o f  the seven mixtures  o f  bar ium suflate and 
Knot t ' s  s trawberry syrup listed in Table  1. T o  the 
extent  possible within the constraints o f  the instru- 
mentat ion,  viscosity variat ions with shear rate were 
measured.  At the lower viscosities (mixtures 1, 2, 
3, 4) it was possible to make measurements  at shear 
rates between 2.5s -~ and 12.6s- ' ,  whereas at the 
higher viscosities the range o f  measurable shear rates 
reduced to 1.3-6.3s -~ for mixture 5, and 0.6-2.52s -~ 
for mixture  6. At all shear rates, viscosity was found 
to vary approximate ly  linearly with tempera ture  in 
the range 23-27~ These data are summar ized  in 
the form o f  the empirical  relationships in Table  2. 
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Fig. 8. The variation o f  viscosity with temperature  at different 
shear rates for Knot t ' s  strawberry syrup is approximated  with a 
straight line over  the narrow range o f  measured temperatures.  

To discern better the extent of  viscosity varia- 
tion with shear rate, the right-hand columns in Table 
2 give the viscosities from the empirical formulas 
at 23~ and the percentage difference between the 
minimum and maximum measured shear rates. Note 
that the percentage difference decreases overall as 
sample viscosity increases, as does the minimum 
Shear rate measurable. Within the limited range of 
Shear rates measurable with our viscometer, the 
measurments  indicate that  the more viscous 
mixtures display less variation in viscosity with shear 
rate and begin this roughly Newtonian behavior at 
lower shear rates. Within experimental precision, 
mixtures 2 through 6 are approximately Newtonian 
Over the range of shear rates measured, whereas the 
lowest-viscosity mixture, mixture 1, is slightly shear 
thinning. Because the value of u~/uo is rather smaU 
m these measurements, ranging from 0.01 to 0.1, 
the errors in viscosity estimated by using the Brook- 
field-suggested Newtonian method are, in this case, 
Within the limits of experimental precision (see Fig. 
3). 

It may be of interest to note that, contrary to 
the authors' intuitive expectations, mixtures 1-4, 
Which are several thousand times more viscous than 
Water, appeared surprisingly "liquidy." We had ex- 
Pected something much thicker, perhaps closer to a 
"Paste-like" consistency. However, it is not until 
viscosities on the order of  20,000-100,000 cps are 
reached that distinctly "paste-like" boluses are cre- 
ated. (Boluses in this range were readily swallowed 
by the second author, who is a relatively healthy 
Person.) 

viscosity changes with the volume 0f syrup at different temperature 
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Fig. 9. Variation o f  viscosity with syrup to bar ium ratio at fixed 
temperatures,  for shear rate S = 2,52s -~ over  the entire range o f  
measurements .  The data points  are given by the symbols.  The 
curves are given by equat ions (19a) and (19b), which are found 
by use o f  least-square fits. The mixture  ratio is given as volume 
o f  Knot t ' s  strawberry syrup added  to two containers  (680 g) of  
e -z -hd  powder,  Note  that  the viscosity scale is logarithmic, 

Empirical Relationships 

In an effort to present the large amount of measured 
data in a form more readily usable for the devel- 
opment ofradiopaque "test kits," the data collected 
at 2.52s-' were restructured to display directly the 
dependence of viscosity on the ratio of  Knott 's 
strawberry syrup to e-z.hd barium sulfate powder 
at fixed temperature. Empirical relationships be- 
tween viscosity and syrup-to-barium ratio were then 
derived using least-square fits over modified expo- 
nential functions at fixed temperature, in the range 
23-27"C. The linear dependence of viscosity with 
temperature was incorporated into the formulas to 
provide two simple empin'cal relationships that fit 
all measured data, in the range 755 cps < # < 
135,000 cps. These relationships are given by the 
following equations: 

# = (1430 - 29.2T)e~~176 

Vsyr < 300 ml (19a) 

--- (1430 - 29.2T)e' ' 7/Vsv rO'70 

V~y~ >_ 300 ml (19b) 

where, again, # is in cps and T is in ~ For ease of 
use by the medical community, concentration of 
syrup to barium is given as the volume of  syrup, 
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Fig. 10. Variation of viscosity with syrup to barium ratio at 
fixed temperatures, for shear rate S = 2.52s- ~. The data points are 
given by the symbols. The curves are given by equation (19a), 
which is found using extended least-square fits. The mixture ratio 
is given as volume of Knott's strawberry syrup added to two 
containers (680 g) of e-z,hd powder. 

V s y  r (ml), added to two containers  (680 g) o f e . z . h d  
bar ium sulfate powder.  The  empir ical  relat ionships 
are split into two formulas  to i m p r o v e  precision. 
Note  that  as V~y r becomes  very large the formulas  
yield the viscosities o f  syrup alone. As defined in 
formula  (18), the average residual and average per-  
centage difference between measured  and fitted vis- 
cosity values are 1090 eps and 5.9%, respectively. 

Figure 9 is a compi la t ion  over  the entire range 
o f  measurements ,  plot ted on a semilog scale. Figures 
I0  and 11 show the empir ical  curves plot ted to- 
gether with the data,  respectively corresponding to 
equat ions (I 9a) and (19b). Each curve gives the vari-  
a t ion in viscosity with vo lume  o f  syrup added to 
680 g (two containers)  o f  e .z .  hd at  fixed t empera -  
ture. Constant  tempera ture  curves between 23~ and 
27~ are shown. The  viscosities o f  syrup alone (758-  
642 cps in the t empera tu re  range 23~176 are given 
by the data points  on the r ight -most  edge o f  Figure 
11. Viscosity increases with decreasing syrup to bar-  
ium ratio. However ,  note  that  this increase in vis- 
cosily is more  rapid as the syrup to bar ium ratio 
decreases. When  V~yr is below about  300 ml, vis- 
cosity is especially sensit ive to syrup to ba r ium ratio, 
as is evident  in Figure 9. 

Bolus Density 

As was discussed previously,  viscosity is associated 
with the frictional forces within the bolus fluid that  
resist a t t empts  to propel  the bolus forward, or  keep 
the bolus moving.  However ,  even in the absence o f  

viscosity changes wilh Ule volume of syrup at differcm len]peratu[c 
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Fig. 11. Variation of viscosity with syrup to barium ratio at 
fixed temperatures, for shear rate S = 2.52s- L The data points are 
given by the symbols. The curves are given by equation (19b), 
which is found using extended/east-square fits. The mixture ratio 
is given as volume of Knott's strawberry syrup added to two 
containers (680 g) of e-z.hd powder. The viscosities for pure 
KnoWs strawberry syrup at fixed temperatures (independent of 
shear rate) are given by the points on the right-hand scale. 

friction, force mus t  be applied to initiate bolus mo-  
tion or  to change the bolus velocity. This  appl ied 
force, required to ove rcome  the inertia o f  the fluid, 
is propor t iona l  to fluid density.* Fur thermore ,  the 
gravi ta t ional  force (bolus weight) is propor t ional  to 
the bolus density. Grav i ty  is impor t an t  when the 
subject is in a nearly vertical posi t ion and when 
bolus viscosi ty is sufficiently low that  frictional forc- 
es are small  relative to gravi tat ional  forces. 

Fluid inertia is not high during esophageal  bolus 
t ransport  due to low peristaltic wave  speeds. I f  ra- 
d iography is carried out  with min ima l  effects o f  
gravi ty  (e.g., the subject in a prone  position), changes 
in bolus density are not  expected to affect bolus 
t ranspor t  significantly. Thus,  viscosity is the pri- 
mary  rheologic var iable  for esophageal  study. How-  
ever, during the pharyngeal  phase  o f  bolus t ransport ,  
fluid density can be expected to play a significant 
role. This  is especially true during the infit iafion of  
the swallow, when the bolus is rapidly accelerated 
as it is propelled into the pharynx,  and  during the 
initial period o f  the UES opening, as the bolus makes  
contact  with the upper  esophageal  sphincter  and 
rapidly decelerates [ 13]. 

* Note that "specific gravity" is defined as the ratio of the density 
of the fluid to that of water, 1 g/ml at room temperature. 
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Fig. 12. Variation of density with syrup to barium ratio at room 
temperature. The mixture ratio is given as volume of Knott's 
strawberry syrup added to two containers (680 g) of e.z. hd pow- 
der. 

Unfortunately, it was not possible to differen- 
tiate changes in mixture viscosity from changes in 
mixture density. To begin with, the density of Knott's 
strawberry syrup is 1.41 times that of  water, so the 
density of the standard e.z-hd mixture, 1.8 g/ml, is 
significantly less than the syrup-based higher vis- 
cosity mixtures in Table 1. Density variation as a 
function of syrup to barium ratio is shown in Figure 
! 2, where density is plotted against the volume (ml) 
of Syrup added to two containers of  e. z. hd powder. 
The data are fitted with the following empirical 
equation: 

density (g/ml) = 1.41 e 9-32/x/~-~syr (20) 

A 20% variation in density occurs over the range 
6000-60,000 cps. According to equation (18), the 
average residual and average percentage differences 
between measured and fitted density values are 0.03 
(g/ml) and 1.0%, respectively. 

Suggested Test Kit for Motility Studies 

For the radiographic study of esophageal and pha- 
ryngeal motility and for clinical analysis of motility 
disorders that are bolus-dependent, we suggest the 
systematic use of  a test kit of barium mixtures with 
Well-defined rheologic characteristics. In particular, 
we suggest the use of  at least two, but preferably 
more, bolus viscosities that encompass the range 
"liquid" to "pasty." To cover this range adequately, 
we suggest three boluses that are a factor of 10 dif- 
ferent in viscosity from each other. We propose the 
following standard test kit of  three mixtures for re- 
Peated use in biological trials: 

Low-V i scos i t y  Sample :  # ~ 150  cps 

Mix ture .  Standard e .z .hd  mix (250% w/v): one 
container e-z-hd powder (340 g) to 65 ml water. 

Viscosity. ~t ~ 150 cps at 20 _+ I~ for shear rates, 
S > 3s-k Apparent viscosity increases with de- 
creasing S below approximately 3s- ' .  

Density.  1.8 g/ml (specific gravity = 1.8). 

M i d - V i s c o s i t y  Sample :  ;t ~ 6 5 0 0  cps 

Mix ture .  Knott 's strawberry syrup 300 ml with 
two containers e .z .hd powder (680 g). 

Viscosity. # ~ 6480 cps at 23~ for shear rate S 
= 2.5s -~. Apparent viscosity may decrease slight- 
ly with increasing S above 2s -~. 

Densi ty .  2.4 g/ml (specific gravity = 2.4). 

H i g h -  Viscosi ty Sample :  ~t ~ 63 ,000  cps 

Mix ture .  Knott's strawberry syrup 170 ml with two 
containers e-z.hd powder (680 g). 

Viscosity. ~ ~ 63,000 cps at 23~ for shear rate 
S = 2.5s-'. Apparent viscosity does not change 
significantly above 0.6s-'. 

Densi ty .  2.9 g/ml (specific gravity = 2.9). 

Preparation and Use of Barium Samples 

Great care should be taken to obtain a precise mix 
of syrup and barium powder. Small variations in 
syrup volume can cause large variations in viscosity; 
this is especially true at the highest viscosities (Fig. 
10). Therefore, the volume of  syrup should be mea- 
sured carefully, and the beaker used to measure the 
syrup should be scraped clean with a rubber spatula. 
Although the mid- and high-viscosity samples can 
be obtained by adding half the indicated amount of 
syrup to one container e-z. hd powder, it is suggested 
that the mix be made with two containers of  barium 
to reduce uncertainty in the mixture ratio. 

Samples should be mixed and used at room tem- 
perature (22-24~ The temperature should be 
measured from the center of  the sample, and should 
be noted. I f  necessary, the sample should be allowed 
to come to room temperature. Allowing the sample 
to sit for an hour, and stirring it every now and then, 
is probably sufficient. 

Samples can be mixed ahead of  time for later 
use. However, it is suggested that the samples be 
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used within 24 h after being mixed. Significant 
changes in viscosity were observed after a few days. 

Conc lus ion  

We have provided in this paper data and convenient 
empirical formulas for use in motility studies of  the 
swallowing process. We consider that this first com- 
plete set of data directed at systematic variation in 
bolus viscosity should provide a basis for future 
studies of pharyngeal and esophageal motility in 
which radiography and manometry are used as pri- 
mary analytical tools. 

We have also provided a new methodology for 
measuring the relationship between viscosity and 
shear rate in conventional concentric cylinder-type 
viscometers. Standard methods based on Newto- 
nian relationships are shown to be inaccurate when 
the fluid is significantly non-Newtonian. The new 
method greatly improves the accuracy of viscosity 
measurements when the dominant non-Newtonian 
characteristic is the dependence of viscosity on shear 
rate. 

Mixtures other than those quantified here are 
certainly possible, and, indeed, should be developed 
and quantified. It would be of value in pharyngeal 
studies, for example, if  bolus density and viscosity 
could be varied independently. A test kit of bolus 
substances in which other rheologic characteris- 
tics-elasticity, for example--are included, would 
be of  great clinical value. With this study, we hope 
to encourage the quantification of bolus character- 
istics, the systematic variation of  these character- 
istics in motility studies, and the reporting of rheo- 
logic bolus characteristics as standard practice in the 
study and clinical evaluation of the swallowing pro- 
cess. 
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A p p e n d i x  

Here we derive the expressions for wall shear rate 
with non-Newtonian fluids characterized by r = ~oS 
+ #L (eq. 5) and r = #2S k (eq. 6), and we evaluate 
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the error associated with the Newtonian-based 
Brookfield formulas. 

The momentum equation for steady flow be- 
tween two coaxial concentric cylinders reduces to 
the following form in cylindrical polar coordinates 
(r, 0): 

r~ (rEr) = 0 (A-l) 

with the following boundary conditions: 

r = Rs, uo = Rs~ / 
r = Re, uo (A-2) 

J 

where u0 is the velocity in 0 direction. The relation- 
ship between shear rate and u0 is 

r O (u0~ 
S =  ~ \ r ] "  (A-3) 

Let 

r = # o S  + ~1 - uS 

0(u0~ 
= .or Orr \ r ]  + Ix, (A-4) 

Thus, "viscosity" ~ varies with shear rate S, 

=/Zo + v'--! S (A-5) 

Substituting (A-4) into (A- 1), integrating twice, and 
applying the boundary conditions (A-2) yields 

u0 = RsT~ - ~s2kr - + --/% 

•  r2R~z lOg(R'/r) + r2RC2 lOg(r/Re) + R ~ 2 R r 1 6 2  2 - Rr 

(A-6) 

The shear rate on the spindle wall, equation (7), is 
found by substituting (A-6) into (A-3), taking the 
appropriate derivatives, and evaluating at r = Rs: 

where 

S - 2r + ~* [g(R~, R~) - 1] 
(RJRr 2 -  1 /zo 

(curve B) (7a) 

2 ln(RJRr 
g(R~, Re) - (7b) 

( R d R 0  2 -  1 

Note that the first term in equation (7a) results 
from an assumption that the viscosity ~ does not 
vary with shear rate S (eq. 4). I f  we call S~ the actual, 
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or correct, viscosity and S~ the viscosity es t imated 
assuming a Newtonian  fluid, then 

S. = S~ + E~ (A-7) 

where 

E~ = ~ [g(R,, Rc) - l] (A-S) 
#o 

E~ is the error  made  in calculating the shear rate 
from spindle rotat ion rate if  one ignores the vari-  
ation of  viscosity with shear  rate. Fur thermore ,  at 
the est imated shear rate, S~, an error  is also made  
in the est imated viscosity ~t,. To  evaluate this error,  
note that Brookfield estimates the viscosity #~ f rom 

rm --- u~S~ (A-9) 

Where r~ is the actual measured  shear stress at the 
Spindle wall. The  correct  viscosity #. at S = S~ is 

u, --- uo + #~ - uoSo + g~ (A-10) 
S~ So 

The  actual measured value o f  shear stress r how- 
ever, is related to tz o a m d  #~ through the actual value 
of  shear rate, S~: 

rm = ~toS~ + tit (A- 1 1) 

Equating (A-11) and (A-9) implies that  

#oS. + /z~ /zo(S~ + E~) + p,~ 
(A- 12) 

S~ So 

Thus, the relative error  in viscosity at S = S~, f rom 
(A-10) and (A-12), is given by equat ion (9): 

= #--s - 1 = #o(Se + E~) +/z]  _ 1 

_ E, 
Sr + (~/tzo) 

= (tzl/tzo)[g(R~, Re) - 1] (9) 

S~ + 0*,It*o) 

The error diminishes as the ratio tz~/#0 becomes very 
small: the fluid becomes  Newtonian.  In addition, it 
is easy to show that g(R,, R~) --" 1 as Re ~ R,, so 
that the relative error  may  also be reduced by mak- 
ing the relative gap between the inner and outer  
cylinders very small. In practice, however,  this is 
Only feasible with very-low-viscosity samples (when 
the UL adapter  can be used). 

A similar procedure  to the one described above  
may  be followed to evaluate the characteristics o f  a 
power  law fluid (curve C, D in Fig. 2), given by, 

r = #2 Sk --- #S, # = #2S k-t (A-13) 

The  result is 

2w 
S = [k(R,/Rc)Z/k _ 1] (8) 

The Newtonian expression is given by  k -+ 1. The  
measured shear stress z~, is related to the es t imated 
viscosity tz~ through the est imated shear stress S~ 
using (A-9), while the actual viscosity at S~ is given 
by 

#~ = #2Sk- t (A- 14) 

On the other  hand, the actual measured  shear stress 
rm is related to t*2 through the actual value o f  the 
shear rate, Sa by 

rm = tz2S, k ( -  ~*~S~) (A-I 5) 

Combining (A-9) and (A-15) with (A-14) yields the 
relative error  in viscosity at S = S~: 

~ - # ~ _ [  ( R J R ~ ) 2 -  1 1 k 

u~ Ltk~';-- I]3 - 1 

(fluids C, D) (10) 

As k -, 1 (the Newtonian  fluid), the error  clearly 
diminishes to zero. Similar  to the above,  error  also 
diminishes as Rc -~ Rs. 
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