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Summary

The Spearman estimator is designed to be a nonparametric estima-
tor for the expectation of a tolerance distribution. We characterize
the one-parameter families of distributions (the parameter being the
mean of the distribution) for which the Spearman estimator has asymp-
totic efficiency one. In particular, when the parameter indexes the
location, the characterizing distribution is the logistic distribution. In
any other case of efficiency one, the family of distributions is given by
certain transformations of a logistic distribution.

1. Introduction

Let F(x) denote the (unknown) tolerance distribution of a quantal
assay model. The objective is to estimate the expectation of F by
performing an experiment as follows. Specify a d>0 (dose-interval),
an x,€[—d/2,d[2] and let z,=x,+14d for ¢=0, £1,--., £k be the dose
levels. Let m, experimental units be subjected to dose level x; and sup-
pose only R,, the proportion of the =, units responding to dose level z,,
be observed. We assume that the R, are independent and that #».R; is
binomially distributed with parameters n; and F(x;). Quantal assay
models are also used in reliability testing (Weaver [14]) and in indus-
try, for example, in munitions testing (Epstein and Churchman [5]).

In applications it is a common practice to specify a parametric re-
presentation for F and estimate the unknown parameters from the data
(Finney [8] and Berkson [1]). Spearman [13] introduced a nonparametric
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estimator for the expectation g of F, namely
k~1
(1.1) ﬁ’—‘R_k(x_k-—d/Z)Jri:E_k (@ +d/2)(Ripn— R)+ (1 — Ry) (%, +d/2)

=g,+d/2—d ék R, .

The estimator £ has been studied, for example, by Irwin ([10]),
Finney ([6], [7])) and Brown ([2], [3]). In order to study the effect of
the location of z, and the size of the dose interval d, excluding the
possibility of significant misplacement of the range (x_,, x,) relative to
the central part of F, Irwin [10] and Finney [6] introduced an infinite
experiment by letting k—oo. This can be viewed as a formalization
of the assumption that the experiment always covers an appropriate
range of doses. It follows from Brown ([2], [3]) that in the infinite
experiment, g (obtained by letting k— oo in (1.1)) is unbiased when z,
is randomly chosen in (—-d/2, ¢/2). Moreover, he computed the variance
of £ and arrived at the following expression for the asymptotic effi-
ciency of g relative to a parametric family {F,: x € 8}, p being the ex-
pectation of F,,

(1.2) e(y)=[gl F(2) (1— F(x))ds Sl F(fxlgﬂéof)_/;ﬁ();)) dxr.

Finney [6] computed e(x)=0.9813 for a normal location family and e(x)
=1.000 for a logistic location family. Brown ([2], [3]) has extensively
studied e(z) and evaluated it for various families of tolerance distri-
butions. Brown [3] also constructs a class of Student’s distributions
for which e(y) can be made arbitrarily small. Brown [2] enquires
whether there are some symmetric distributions other than the logistic
for which the Spearman estimator has asymptotic efficiency equal to
one. He asserts that there are no other distributions and provides a
proof which is not quite correct. The same proof also appears in Rustagi
([12], Section 8.2).

In this paper we will prove that Brown’s assertion is still true by
giving 2 more general characterization which covers both location and
scale families of distributions. Our main result is that the Spearman
estimator has efficiency equal to one for all g if and only if F,(x)=
G(a(x)—7(g)) where G is the distribution function of a standard logistic
distribution and a(x), 7(x) satisfy certain conditions.

In Sections 2 and 3 we show how definition (1.2) still can be justi-
fied as an asymptotic efficiency when, instead of dealing with the some-
what artificial notion of an infinite experiment, one considers the finite
experiment described at the beginning of this section, taking limits in
appropriate ways. Miller [11] suggests three types of asymptotic ap-
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proaches and in our paper we follow the most practical approach, namely
k— oo, Also, throughout our paper we implicitly assume that d—0 as
k—oo.

2. The finite experiment

We will consider the experiment described in Section 1, assuming
now that d (=d,) and hence also the x, depend on k. The index k will,
however, be mostly suppressed in the following. Furthermore, we shall
assume that (for given k) x, is uniformly distributed on (—d/2, d/2),
independent of the R,.

We shall assume that the expectation g of the tolerance distribu-
tion F exists. Then, as is well-known (see e.g., Chung [4], p. 49),

@.1) p= S: 2dF(z)=— Sm F(x)dz+ S” (1— F(x))de

where both the infinite integrals on the right hand side exist.
Throughout the paper we will assume that the n, are all equal and
fixed, n,=n.

LEMMA 1.

E/}-—#zg—

* Flao)do— S " (1—F())dx

where k'=k+1/2 (here and in the sequel).

PrOOF. By the last equation in (1.1) we have
(2.2) E(g|x)y=x,+k'd—d _Zk F(x)

which, by taking expectation w.r.t. x,, becomes
k d/2
Eji=kd—3 S . Fly+iddy
—k J-d/2

G+1/2)d

k k'd
—kd—3 S F)ydo=kd—| F@ds
-k v —k'd

-1/2)d
— S Flado+ S“ (1—F(z)da .
- 0

So the lemma follows by (2.1).
LMEMA 2.
k'd

Var =(d/n) S | F(@)(1— F)ds+0(d) .

Proor. We have
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Var fi=E[Var (4|2)]+Var [E(2| )] -
Now, by the last equality of (1.1) we have
Var (#la)=(@n) 3} F@) (1~ F())
so that
E{Var 2leg]=(@m) 3 | Fly-+id)(1—Fy+id)dy
=(d/n) Sk.:d F(o)(1—F@))dz .
Next, note that
Var [E(#|%)]=E[E(#|2)— EAT
where, by (2.2),
|B(i o) ~E(@)|=|m—d 3] Fw)+3) | Fly+iddy|

a4/

w31 |7 (Fy+id)~ Flan+iddy|

g%w 33 [F((+1/2d) - F(—1/2)d)]

= _g_ +A[F(e'd)— F(—k'd)] <3d/2

where we have used the fact that F is non-increasing. Hence, com-
bining the above results, we get the lemma.

LemMMa 3.
k'd

E(@—pr=@m | F@)—F@)ds+od

provided there exists a non-negative and mnon-decreasing function ¢ on
[0, 0] with ¢(x)— o0 as x— oo, satisfying

S"_w () F@do<co  and S: #() (1— F(2))dw < 0o

and kd— oo as k—oco in such a way that
p(kd)d"*— oo .

Remark 8.1. The condition on F is seen to be equivalent to the
condition that

E[S:ﬂ ¢(x)dx] <oo
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where X is a r.v. with d.f. F. Thus if F, for example, has a second
moment, then ¢(x)=« will do in the lemma and the condition on d is
that kd**— oo ag k- oo.

Proor. We have E(gz—p)=Var g+ (Eg—p)?, so by Lemma 2 we

need only prove that (Eg—p)*=o0(d) as k—co. By the assumptions we
have

oo>a1_=_Sj-qb(w)(l—-F(x»dng; #(z) (1 — F(2))do
zo(ed) | (1—F@)da
so that

|0 A-FE)dssapid)
"
Similarly we can show that for a,zzgo #(x)F(x)de we have

S::d F(a)dz < ay/¢(k'd) .
Thus, by Lemma 1,
Ep—p)=001/¢kd)) as k—oo,
which is o(d) provided 1/g(kd)d'?=0(1).

3. Efficiency of the Spearman estimator for a parametric family

Let {F,: £ €8} be a family of distribution functions on RE. In the
rest of the paper we will make the following assumptions.

(Al) 6 is an open (finite or infinite) interval on RE.
(A2) SwdF,,(x):: g for all pe@ (so S]x]dF,,(x)<oo>.

(A3) «—F,(x) is continuous on R for all x ¢ 6.

The following assumption is needed in order that the Fisher-informa-
tion (see below) has meaning:

(Ad) TFor each fixed v <R, ?ﬁa:_(”_) exists on all of .
yZ
(So #g—F(x) is, in particular, continuous on 8).

Let H={(x, z):z € R}, £€8, 0<F(x)<1, A()={z: (%, p) e H), pe
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6, Bx)={p:(x, ) H,xc R}. By (A3), A(g) is an open interval on R.
By (A4), B(z) is an open subset of @ for each x ¢ B. We shall make
the following additional assumptions.

(A5) For each x€8, x—F,(x) is strictly increasing on A(g)
(so A(g) is the support of F).

(A6) For each x ¢ R, B(x) is either empty or is an open interval.

(AT) x__)a_];lx_) is continuous on A(z) for each u€#8.
©

(A8) ”—)?“%—(’@” is continuous on B(x) for each x¢ R with
7
B(x)#9.

(A9) For each ;€@ there is an @ € A(y) With a_zgf(_x)_io‘
2

(A10) For each p' €@ there is a function K, integrable on R
and an ¢>0 such that |0F,(x)/dp|< K, (x) for all pe (4 —
e, p'+¢) and all z ¢ R.

The log-likelihood, given x,, of the experiment is

logl(z|m)= 31 {r.log F(@)+(n—r)log (1~ F,x)

T, € d(a)

and the conditional Fisher-information is easily computed to be

o 2st)

k

w)=n 3 (B iR @) a-Fen

Thus the Fisher-information of the randomized experiment is

L(x)=E [(31;’7"5)] =n31a|" (—a%ﬂ)/ [F.(2)(1—F(x)]

—d/2

=) |7 (2] 7@ 0~ Fids

This motivates the following definition of asymptotic efficiency of
the Spearman estimator:

E(w)=lim [Var 4] L] =V@I@1",  #e6

where

V=, F@Q-F@ds,
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=\ {(?%Eﬁ)z/[ﬂ(x)a—m(x»]} de, pc@.

Note that V(x)>0 by (A3) and V(g)<oco by (A2). Moreover, (A7) and
(A9) imply that I(x)>0.

If there is a function ¢ satisfying the requirements of Lemma 3
for all F,, x €8, then provided ¢(kd)d"/*— oo as k—co we have

e(p) =lm [B(fe— )T [L(m]™" -

4. The main results
In the following, let R-=(~o0, 0), R*=(0, c0).

THEOREM 1. If {F,: px € 0} satisfies (A1)-(A9) and in addition e(y)
=1 for all pe®, then there is an open interval A=(a,b) (—ooZa<d
<), a real function a on A satisfying

(@0) a ts continuous and strictly increasing on A.

(el) a(x)——co as x| a, a(®)~>+oco as x15b.

(a2) S (1+e )t dr < oo, S (I+e@)tdr<oo and a real
RTNA Rtna

Junction v on O satisfying
(r) 7 1s continuously differentiable on © with y'(¢)>0 for all p €.
such that

(4.1) F@)=1+e@v®) "t gecA pned.

Proor. Put F=F, in (2.1) and differentiate both sides with re-
spect to p. This gives, using Assumption (Al0) and the dominated
convergence theorem

(4.2) SM (BF(x)fop)dz=—1 .

From Cauchy-Schwarz’s inequality we get for each p €8,

M[dm]zg—g OF®) gy

4.3)  e(w) =V(I(x)= H 2 4G Op

A0

Thus, as we assume e(ux)=1, equality holds at both inequality signs of
(4.3). From the first of them we conclude that there is a g(g) (not
depending on ) such that

10F(2)[0p|

4 F(2)(1—F,(2)

=pB(p) for all ze A(p), neb

(“for all” is equivalent to “a.e.” because of (A3) and (A7)). From
the second, we conclude that



356 Z. GOVINDARAJULU AND BO H. LINDQVIST

?.%ﬂgo for all we A(y), pe.
£
Moreover, from (A8) and (A9) we conclude that p(-) is continuous on

O and that B(¢)>0 for all xc@.
Now by (4.4) we have, for any fixed z with B(z)#0

oF(@)fop __ _
(4.5) F@(—F@) B(p) for all pu ¢ B(x)

which implies by integration that for some a €6 and a constant «(x)
independent of x we have

(4.6) F(z)= (1+exp (—a(x)—i— S ﬂ(t)dt))" . ueB@).

Now fix p€6. Then (4.6) and Assumptions (A3) and (A5) imply
that « is continuous and strictly increasing on A(y), so («0) is satisfied.
Also, (A3) implies that (¢l) must hold with a=inf A(x), b=sup A(p).
But then A(zx) must be independent of z. To see that (¢2) holds, note

that SO F (x)dx<oo and gw (1—F (z))dr<oo (see Section 2). Now (a2)
—co 0

follows from this by putting g=a in (4.6). If we finally put r(x)=

SF B(t)dt it is seen that (y) holds and we are done.

The theorem below implies the sufficiency of the conditions in The-
orem 1. In fact we obtain a slightly more general result.

THEOREM 2. Let A be an open interval on R and let o be a real
Sfunction on A satisfying (a0), (a1) and (¢2). Then there is an open inter-
val ® and a real function y on O satisfying (y) such that:

(i) The family {F,: p € 0} given by (4.1) satisfies (A1)-(A9) and e(y)
=1 for all £€@.

() If G(x)=Q+e @), xec A, pe@ and S wvdG (x)=p for all
ped, then <O and 3=y on 0.

ProoF. (i) It is clear that (Al) and (A3)-(A9) are satisfied. Let
a be given as in the theorem and consider first the family {F.: ¢ R}
where Fyz)=(1+e @), x¢ A, 2¢R. Then (a2) clearly implies that

S _ Fa)dz<o, S . (1—F(x)dx < oo
RTN4 RTNA4

for all 1¢ R, so we have S]xldﬁﬁ(w)<oo and can write
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(4.7) gb(l)ES sd (o) = -SR_M lf:'i(x)dac—}-gﬁm (1— Fya)de .

Now we have

oF () e~ el el
4.8 ‘ z = < <
( ) 22 (1+e—a(x)+1)2 = (1+ea(a:)) (1+e—a(z)) = 1+e—a(x)

so that in a neighborhood of each 2 ¢ R we have |3F,(x)/22] bounded on
R~ N A by the integrable function, const (1+e¢*®)~t, This implies, using
the dominated convergence theorem, that

0

2l = D,

R—n4 0R

By a similar argument on R*NA we obtain from (4.7) that ¢ is dif-
ferentiable with

(4.9) ¢'(z)=~gAa_%ﬂdx>o for all 1¢R.

Moreover, using (4.8) and the dominated convergence theorem once more
we get that ¢’ is continuous on R. Let @ be the range of ¢, which
is an open interval since ¢ is continuous and strictly increasing. Now

reparametrize the family {F,:2¢ R} by putting F,=F,-,,, #€@ and
let y(x)=¢~(x). Then gxdpﬂ(x)=gxdﬁ;-l(ﬂ)= 4 (s0 (A2) holds) and y

clearly satisfies (). Moreover, (4.8) implies that (A10) holds. To see
that e(z)=1 for all ze€@, note first that 9F,(x)/ox<0 which follows
by differentiating (4.1). Then substitute (4.1) into the left hand side
of (4.4), to get an expression independent of x. Thus equality holds
at both inequality signs in (4.3), and thus e(y)=1.

_ For part (ii) of the theorem, suppose p<c@. Then we have G,=
Fio=Fyauy so that

(4.10) u=| 2d6,@) = 2dFyan=00() .

Hence p €@ and application of ¢~ to (4.10) yields a(p)=¢ () =7(p).

5. Special cases

5.1 The translation case

Let F, be a continuous distribution function on R, strictly increas-
ing on A(0)={x:0<Fy(x)<1} and with SxdFo(x)=0. Suppose further
that F, is differentiable everywhere on R with fi(x)=F/(x) and suppose
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that f, is continuous on A(0). Let @ be an open interval on R and let
{F,: 1 €O} be the family given by

(6.1 F(x)=Fy(zx—p), xeR, peb.

Then Assumptions (A1l)-(Al0) are satisfied with A(yx)=A(0)+p, 9F (x)/
du=—fi(x—p). Furthermore, e(x) is independent of ux €6, given by

— _ fi(®) !
(5.2) e_[gm) Fy@)(1— Fy(z))ds SA«» s dm] .

COROLLARY 1. For a tmnslatioﬁ family given by (5.1) we have
e=1 if and only if A(Q)=R and for some >0, Fi(x)=(1+e "), x ¢ R.

Proor. Sufficiency is well-known (Section 1), so we need to prove
necessity. By Theorem 1 we have A(y) independent of p. Since A(p)
=A(0)+ ¢ this implies that A(0)=R. Next, since # is open we have
for any ¢ €6, x ¢ R and |h| sufficiently small,

Fo@)=Fe—p—h)=Fx—h),

so substitution into (4.1) yields —ea(x)+7r(pg+h)=—ca(x—h)+7r(x). Reor-
dering, dividing by k and letting h—0 we get o'(z)=7'(») for all = and
# €6 and hence they must be equal to a constant which is positive by
(r). Thus for some >0, —a(x)+r(g)=—p(x—p)+3d where J is a con-
stant. This gives Fy@)=(1+e#*)! from which it follows that =0

since S xd Fy(x)=0.

As remarked in Section 1, Brown [2] stated a weaker result than
Corollary 1, namely that the logistic family is the only location family
of symmetric distributions for which e=1. Corollary 1 implies that
Brown’s assertion holds with “symmetric” deleted from the statement.

The asymptotic efficiency e given by (5.2) has meaning whenever
(A4) is satisfied, i.e. when we assume that fy(x)=7F/(x) exists for all
x € R, without assuming continuity of f, on A(0). We see that a direct
proof of Corollary 1 can be given in this case, using (5.2). In fact.
applying Cauchy-Schwarz’ inequality to (5.2) we get

'z [S fo(x)dx]z.—:l
with equality if and only if there is a constant >0 with

fo(z) -
Fy(z)(1— Fy(x)) =p for a.e. xecA(0).

By integration and by the continuity of Fj this implies that for some «,
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Fy(x)
In—8~/ f 11 xe A0
n T—Fya) Bxr+e or all ¢ A(0)
or Fyx)=(1+e )1, x e A(0). As F, is required to be continuous on
R we must have A(0)=FE and finally SxdF0=0 implies a=0. Finally,
we remark that the condition of Lemma 3 is satisfied here with, for
example, ¢(x)=2" for any r>0.
5.2 The scale case
Let F), be a continuous distribution function strictly increasing on
A()={z: 0< F,(z)<1}, with SxdFl(x)zl. Suppose that F, is differenti-

able everywhere on R, with f(z)=F7(x) continuous on A(l). Let & be
an open interval contained in R* and let {F,: px<c®} be the family
(“scale family ”) given by

(5.3) F(x)=F(z/s), ®¢cR, pcb.

The Assumptions (A1)-(A10) are now satisfied, with A(x)=pA(0), 0F, (x)/
du=—xp (x/y), and e(n)=e is given by

(5.4) o= [g F@)(1-Fe)ds | F(x;”({_(x; =5 da,-]“‘ .

Brown [2] has computed ¢ for Fi(x)=e¢*, x>0 to be 0.8319. The fol-
lowing result follows from our Theorems 1 and 2.

COROLLARY 2. For a scale family given by (5.3) we have e<1 when-
ever AQ)ER*. We have e=1 if and only if AQ)=R* and for some
g>1,

Fi@)=(1+C@)z™)", xeck*

where C(B) is a positive constant determined by
(5.5) o | arutyrdy=1.

Proor. We have

SA(;‘)

so that (4.2) implies that e<1 with equality only when Slml Six)dx=1,

i.e. when A(1)SR*. This proves the first part of the theorem. For
the rest, sufficiency follows from Theorem 2 with A=R*, a(x)=81Inz.
To prove necessity, note first that we must have A(1)SR* and so since

88 | g | 2] £ w100 = | ol f@doz | o fi@da=1
ou ¢
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A(p)=pA(1) by Theorem 1 is independent of ¢ we must have A(p)=
R*. Next, for each fixed x ¢ R*, p € @ and |h| sufficiently small we have
F(x)=F\(x]p)=Fuzny(x+h) which by (4.1) gives —a(x)+r(p)=—alx+
h)+r(p(x+h)/x) so that

a(@+h)—a(@) _ r(pz+h)/2)—r(s)
h h

Letting h—0 and using (y) we obtain

a’(x): PT’(#) ,
z -

for all x in R* and x€®. As observed in the proof of Corollary 1,
#r'(#)=p>0 is independent of x and so a(x)=BInz+3, r(g)=41In pg+p.
That is, if we put g¢=1 in (4.1), we get

F(x)=(1+Cz%", azecR*

for some C>0. We require Sm xdF’l(x)zgw Fi(x)de=1. So in order that
0 0

the last integral converge, we must have f>1 and in order that it
equals 1, a suitable substitution shows that C=C(8) must satisfy (5.5).

As in the translation case, a direct proof using (5.4) will show that
Corollary 2 holds true if the continuity assumption of f; on (Al) is
dropped.

It can be shown that C(2)=(2/z)%, C@B)=(38v 3 /=) (see Gradshteyn
and Ryzhik [9], formulae 2.211 and 2.235).

The condition of Lemma 3 is seen to be satisfied here with, for
example, ¢(x)=2" for 0<r<1—35.
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