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ABSTRACT: A two-dimensional linear spring model is established to study the
microbuckling of a plane mounomolecular layer adhering to a substrate. The model
is for the layer subjected to a compressive load having an arbitrary angle with the
chemical bond of the layer. The effects of the load angle, the strength of adhesion
and the bending stiffness and shearing stiffness (the capability of resisting transverse
bending and in-plane shearing) of the layer on the minimal buckling force and the
critical buckling mode are discussed. It is found that the minimal buckling force
increases with increasing load angle and, for a given bending stiffness, increases with
increasing strength of adhesion and decreasing shearing stiffness. Furthermore, a
critical condition under which the buckling of the layer can just occur is obtained,
which is helpful to avoid buckling in an engineering application.
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1 INTRODUCTION

A thin layer can be formed when one material is coated on the surface of another
material for a special purpose, such as, some metal material coated on both sides of silicone
film as electrodes of an electrical actuator!ll, or amorphous diamond-like-carbon as wear-
protective coatings of head-disk interface(?l. If the layer fails, it may cease to function and
the system may fail too. The performance and reliability of thin films are often closely
associated with their mechanical behavior. Therefore, the mechanical behaviors, such as
debonding, buckling, sliding, fracture and so on, of thin layers are widely investigated by
both theoretical and experimental methods~12l,

With the development of science and technology, the size of microstructure tends to
a molecular scale and a new research subject of so called nanotechnology emerges. In-
vestigation on mechanical behavior of molecularly thin layers is one important branch of
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nanotechnology. In this branch, owing to the discrete nature of molecular layers, continuum
mechanics can not be used!’® and some novel methods and new approaches are needed.

One of the most common problem encountered in molecular layers is instability, such
as buckling of a carbon nanotube!'3 or rippling of a collapsing bubble!’¥l. Although a
free element method was developed to deal with the instability problem of micromachined
beams!!5!, as pointed out by Chisks and Parnes!!®!, the more corrugated buckling mode of
an element which is not free but interacts with others is considerably different from that of
the free element. Therefore, Chisks and Parnes!'¢! presented a linear spring model, in which
inextensible chain segments interact with each other by means of spiral springs and with
the substrate by means of usual springs, to simulate the buckling of monomolecular layers
adhering to a substrate. However, this model is limited to a one-dimensional simulation,
that is, it can only consider the effects of the resistance of the layer to transverse bending
but not to in-plane shearing. In fact, the in-plane shearing has a quite significant effect
on the buckling behavior, as can be seen in the following sections. Furthermore, the one-
dimensional model can only deal with the case of the layer subjected to the compressive
load along the chemical bonds. Recently, Chang et al.l!”) extended the one-dimensional
model to a special two-dimensional case when the compressive load has an angle of 7/4 with
the chemical bonds. Still, this two-dimensional model cannot handle the more general case
under a compressive load having an arbitrary angle.

In this paper, a linear spring model is developed to demonstrate the buckling behavior
of a monomolecular layer subjected to a compressive load having an arbitrary angle with
the chemical bonds. The layer is modeled as a lattice network in which each node represents
a molecule or an atom. The resistance of the layer to out-of-plane transverse bending and
to in-plane shearing is simulated by spiral springs and the adhesion stiffness is simulated
by usual springs. The effects of bending stiffness and shearing stiffness of the layer on the
critical buckling force and the buckling mode are analyzed in detail.

2 THE LINEAR SPRING MODEL

We consider a monomolecular layer of molecules or atoms spaced a distance a apart
glued to a substrate, as shown in Fig.1. The layer is modeled as a lattice network. Each
node of the network corresponds to a molecule (or an atom) and the distance between two
nodes keeps unchanged. The layer, assumed to be connected to the substrate by means
of linear springs, is subjected to a compressive load, F, with a line density of f. The
interactions between two molecular bonds are modeled by means of spiral springs. Such
springs represent the angular forces resulting from the adjustment of the electron clouds

T e -

substrate

Fig.1 Spring model of the problem. The linear spring X is used to model the adhesion
between the layer and the substrate, while the spiral springs are used to model the
angular forces of the adjustment of the electron clouds surrounding the molecules
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surrounding the molecules. It can be expected that there need two spiral springs to simulate
the angular forces, one for transverse bending and the other for in-plane shearing, because
the density of the electron clouds is different in the transverse section and in the plane of
the layer.

The potential energy U of a spiral spring with an angular displacement of ¢ can be

shown as
C ,

U= — 1
5% (1)
and the potential energy V of a linear spring with an extention ¢ is
K
V= 7(12 (2)

wherein C and K are the elastic rigidities of the two springs, respectively.
The work of the applied load, F, on a displacement J§, is calculated as

W =Fé¢ (3)
Then, the free energy of the system can be written as
nH=v+v-w (4)

With the conditions of the extremum of the principle of the minimal energy, we can
obtain the relationship between the buckling force and the buckling mode.

3 BASIC EQUATIONS

When the applied compressive load F(or f) has an angel 3 with the chemical bond
(as shown in Fig.2(a)), we can assume that F'(or f) is along the line through nodes ij and
(: + m)(j — n). That is, load angle 8 can be determined by

tan = % (5)

where m, n are relative prime numbers.

(a) (b)

Fig.2 Transverse buckling (a) and in-plane shear deformation (b) of the layer.
The rigidities of the spiral springs modeling the angular forces of the
adjustment of the electron clouds surrounding the molecules are C; and
Cs, and the elastic energies are Cy¢? / 2 and Ca¢?, respectively
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In the transverse direction, spiral spring C; (with elastic rigidities of C;) is used to
simulate the angular forces resulting from the adjustment of the electron clouds surrounding
node %7, and the angular deformations (Fig.3(a}) in two directions (¢ and j) are

Pij1 = (at1)j — 265 + {-1) (6)
wij2 = CG+1) — 265 + Cig-1) (7)

where, (;; is the displacement of node ¢j in transverse direction normalized by a.
Similarly, the in-plane interaction between two chemical bonds can be simulated by
spiral spring Cy (with elastic stiffness of C3) and the angular deformation is (see Fig.3(b))

8
$ij =+ (8)
where Fatmin?
, _ kfa*min
= 2C3(m + n)? )
(14 m)j kfa
~ (.7 + n) «_
— N\ y . z \
! - \ f JJ v ¢” 5:/2\
A\ 1) (a+m)(j = n)
—— \ g
7~
> \"d
]\/
(a) (b)

Fig.3 Applied compressive force has an angel of 3 with the chemical bond of
the layer (a); in-plane shear deformation near node ij (b)

Then the energy U, V and the work W can be written as

1 1 2
Ui = 501 (031 + 0%2) + Cadl; = §C1 (Ctirrys — 2G5 + C—n);)” +

1 2 m2+4n?
501 (Cigg+1) — 2G5 + CGigg—1))~ + —“—C 8" (10)
_K o, 1.,
Vij - %ii = EKG f] (11)
Wij = K«faztsz‘j (12)
where
k=1 (13)

o
5 = /P2 + Q2 —2PQsin g5 (14)
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(16)

in which
P= Z {\[ (Ctitmys — C(i+k—1)j)2} Q= {\/;— (Cigg—tt1) — C(i—k)j)z} (15)
k=1 k=1
For relatively small ¢;;
1 - 2 1 i 2
-3 ;{ CGitk)i = Ctath—1)7) } =n-3 kX::{ Giti—k1) — Ci-k)s) }

bij = [ - (m - (1 + %) 5') i {(C(i+k)j - C(i+k—1)j)2} + n?—

k=1

. 1/2
(n - (1 + %) 5’) > {(Ci(j—k-}-l) - C(i—k)j)2} —2(m+ n)y]

The free energy of node ij can then be expressed as
ILj =Uy+Vij =Wy
Conditions of extremum of the free energy of the system yield

oIl 0
8Cij  9Ci; Z {3+ Vij =W} =0

that is
C1 (D + D) ¢ij + K¢y + kfa?Dis; = 0

in which the operators are defined as

6= 202 = L [ e ) DG 4 0 - m 4 ) DY) »
%7 i
1
JmZ L [(mz - (m+ n)é’) (2)ng (n —(m+ n)ci’) (z)gij]

DY = D§2)C(i+1)j — 2D, + Dgz)C(i—l)J'
DY = DP¢;(;41) — 2075 + DV i
where
DP¢is = Carnys — 2is + Cnys
D¢ = Gigian) — 2is + Cigg-1)

The following buckling mode is sought for the problem

. n AT
Cij = Zcos [(Z—Ej) ﬁ] N=123,.--

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)



Vol.18, No.6 Zhang Tianzhong et al.: Microbuckling for Monomolecular Layers 613

where N is the numbers of molecules in a half-period of buckling shapes. Note that the
buckling modes corresponding to N = 1 and N = 2 are saw-like shapes which are so called
nanobuckling where the neighboring molecules are shifted in the antiphase.

Using buckling mode Eq.(26), the operators can be written as

D¢ij = —m;\/% [(m2 (m + n)d') sin? —ZW + (n? = (m +n)d') sinzﬁ] Gij (27)
D¢ = —4sin® -G (28)
DE4) = 16sin _—Cw (29)
D§-2)Cij =—4 Sin2%§m‘ (30)
D§-4) = 16sin* Cw (31)

Substituting the above expressions of the operators into Eq.(20) leads to

—4 2 2 in2 nm
Kfa?- /mZ + n2 [(m (m +n)d’) sin ﬁ + (0 = (m + n)&) sin W] Gig T

'4L.. ind T .. 2~-:
Cy (16s1n 2NC” + 165sin 2mN<”) + Ka*(;; =0 (32)

The characteristic equation can then be obtained, for nontrival solution (;; # 0, as

2,2

3.2 4 M nw 9 ( 9 nw )
- = 4 __
nfazcz(m_l_n)( N+sm ZmN) k% fa? (m?sin 2N+n sin® o N +
Cy (16sin4§7]rv + 16sin* an) +Ka®>=0 (33)
Let
k3m2n?S T nw
A = 2 " 22
L= Smtn) (sm o Tsin 2mN> (34)
Ay = — 2(2-2L 2-2"77)
2 4k* | m*sin 2N+n sin” o (35)
(16507 + 16t T
4g = (165in o= + 16sin 2mN) +R (36)
where
5201/02 R:Ka2/6’1 (37)

Using the above parameters A;, A2 and As, the characteristic equation can-be simpli-
fied as

Iy f
4 (Grm) + g =0 )

and hence the buckling force fi,, normalized by (C;/a?) is given by

—Ay— /AT A4 A
o Ay 5—4A;1 A3 (39)

Cl /CL2 - 2A1
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4 DISCUSSIONS ON THE MINIMAL BUCKLING FORCE AND THE
CRITICAL BUCKLING MODE

It can be seen from Eq.(39) that the buckling force fi, depends on the buckling mode
N, and is affected by the force angle 3 (i.e. m and n) and two parameters S and R.
In an engineering application, the most important is the minimal buckling force (critical
buckling force). To find the critical buckling mode N, to which the minimal buckling force
corresponds, the effects of the parameters m and n, § and R should be discussed firstly.

4.1 Effects of m and n

Figure 4 shows the variation of the normalized buckling force f,/(C; - a=2) versus N
for difference n : m when R = 8 and S = 0.01. The figure shows that the minimal buckling
force fi, increases with the increase of § (or n : m). It is also seen that the critical N, to
which the minimal buckling force corresponds shows a tendency of getting smaller. So the
following relation can be obtained reasonably

N(0:1; R; S) < N.(n:m; R; S) < N(1:1; R; ) (40)
where Ny(n : m; R; S) represents N, as a function of n : m (or 8), R and S. It should be

noticed that NV, is an integer number in real problems, so the actual minimal buckling force
is not the lowest point of the curves shown in Fig.4 but the value corresponding to N..

12 r T

10 -
&
|
s
o m
9/ 8 1 4
L0 .
= :3
5
:10
6 :100 1
— 1 1
1 2 3 4

Fig.4 Effect of n : m(83) on nondimensional f,-N
behavior for S =0.01 and R =38

4.2 Effects of R

Figure 5 shows the buckling force f, as a function of N for a series of R values when
n:m=1:3and S =0.1. It can be seen that the minimal buckling force increases with the
increase of R, while N; shows a tendency towards a smaller one. That is

Nc(n:m; Ry; 8) > Ne(n:m; Ry; S) if Ry < Ry (41)
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25 — T

[1S=0.1
n:m=1:3

Fig.5 Effect of R on nondimensional fi,-N behavior
for S=0landn:m=1:3

4.3 Effects of S

The effect of S on the buckling force f, is shown in Fig.6, where R =8 and n: m =
1: 3. The figure shows that the minimal buckling force increases with increasing S. One is
surprised to see, however, that S only shows little influence on V.. To check if it is only a
special case shown in Fig.6, Fig.7 with R =1 and n: m = 1: 3 is added to re-confirm the
conclusion. Again, S has little effect on N.. This is a very important conclusion because
the procedure of determining the approximate value of N, for arbitrary S can be simplified
with the assumption of § = 0. The specific procedure will be shown in Section 6.

15 3.2
& 12 | &7 28
S S
) )
§ 0 0.01 | <p 24
= 0.1 -
0.3
6 0.5
2.0
4
N
Fig.6 Effect of S on nondimensional Fig.7 Effect of S on nondimensional
fo-N behavior for R = 8 and fo-N behavior for R = 1 and
n:m=1:3 n:m=1:3

5 TYPICAL CASES FOR S=10

S = 0 (i.e. Cy > C1) stands for a very high ability of the monolayer to resist shear
deformation (or there is even no in-plane shear deformation).

51n:m=0:1 (or §=0)

When n : m = 0: 1, that is, the compressive load is applied along the chemical bond
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direction, the expression of the buckling force can be simplified as

Jb R g T
L' — = — 42
Crjaz ~ T g #=SION (42)
This result is the same as the one given by Chisks and Parnes*®! in one-dimensional
model. This shows that the present two-dimensional model degenerates to the one-dimensional
model when 8 = 0. The minimal buckling mode can be determined by the following proce-
dure in this case.

1) If R > 16, N, = 1;

/2
2) When R <16, let N, = ——————, then,
) When R < 16, le arcsin(R1/4/2) en
I in? " sin®——" .= N
f R > 16sin 2[N*]sm AN, 7 1]’ N. = Ng;
.o T .2 m™ _
If R < 16sin 2[N*]sm 2[N*+1]’N°—-N*+l’

where [N,] represents the maximum integer less than N,.
It is easy to obtain from the above equations that the buckling mode will have a
saw shape (N = 1) for R > 8 and a saw shape (N = 2) for 2 < R < 8 (see Fig.8).

Both phenomena in which the neighboring molecules along the ¢ direction are shifted in the
antiphase are called nanobuckling!®l,

16 T T 1 T T I 1 T
S=0 n:m=1:1

12 +
i |
S 3 % n:m=0:1
Y n:m=1:2 ¥
S5 ™~ N=
S
2

4 ~— N=2 |

~— N=3
0 . | 1 —. 1 1 1
0 4 8 12 16 20 24 28 32

R

Fig.8 Minimal buckling forces as function of R showing correspond-
ing buckling modes for different (3) n : m when S =0

52n:m=1:1(or f=17/4)
n:m = 1: 1 means the compressive force is applied along the bisector of the angle
between the chemical bonds perpendicular to each other. The buckling force is given by

i) R L g T
LA ahd = — 43
1/ 8u + m p=sin o (43)

The expression of the buckling force is similar to the case of 8 = 0, so the procedure to
determine N, is similar too:

1) If R> 32, N, = 1;
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/2

9) When R <32 let N, = — /2
) When R < 32, le arcsin(R/32)1/4

then,
T, W
N, =N,
RA A !
.2 T . o 7T
=N, +1,
If R < 32sin [N*]sm LAk N.=N.+
where [N,] represents the maximum integer less than N,.
In this case, nanobuckling occurs when R > 4,4 < R < 16 for N =2 and R > 16 for
N =1 (Fig.8).

If R > 32 sin22

5.3 Arbitrary n:m
For an arbitrary ratio of n : m, the buckling force can be written as

2 2 16 2 )\2 R
fo = (m? + ) [16 (4 + 27) + ] u=s’1n2—7r— A= sin? (44)
Cy/a? 4 (m2pu +n2X) 2N 2mN
It is known from Eq.(40) in Section 4 that
Ne(0:1; R; 0) < Ne(n:m; R; 0) < Ne(1:1; R; 0) (45)

To determine the critical minimal buckling mode N, one need check all of the integers
between N (0 : 1; R; 0) and N.(0 : 1; R; 0) to find to which N the minimal buckling force
corresponds.

Together with the discussion in Sections 3.1 and 3.2, we know that

Ne(n:m; R;0)=1,if R > 16

Ne(n:m; R;0)=1or2,if8<R<16

Nc(n:m; R;0)=2,if4<R<8

N.(n:m;R;0)=20r3,f2<R<4

A typical case of n : m = 1: 2 is also shown in Fig.8. It can be seen that the curve
with n: m = 1: 2 falls between the curves withn: m=1:1andn: m=0:1.

Figure 8 also indicates that when S = 0, the critical buckling force f.1, is a piece-wise
linear incremental function of R.

6 GENERAL CASES

When S # 0 and 8 # 0, the minimal buckling force f.,, and N, can not be determined
directly. It is known, however, from the Section 4.3 that S has little influence on N¢, so
one can choose N.(n : m; R; 0) as an approximate value of N¢(n : m; R; S) (for S # 0)
under the same conditions at first. Then comparing the buckling force fi, corresponding to
N.(n : m; R; 0) and N.(n : m; R; 0) + 1, the minimal one should be the critical buckling
force f., and N, is determined at the same time. The procedure of determining N, is as
follows:

1) Calculate N.(n : m; R; 0);

2) If fblNc(n:m;R;O) < fblNc(n:m;R;O)-{—la N. = Nc(n : m; R; O); If beNc(n:m;R;O) 2
fblNc(n:m; R;0)+1) Ne= Ne(n:m; R; 0) + 1.

Another way to determine NN, is to solve the equation fu|n = fu|n+1 about R for given
n :m and S from N = 1 to a relatively large N. We denote the solution as Ry. Then
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compare R with all of the Ry. If the value of R falls between Ry and Ryy1, V. should be
equal to this N. That is

IRy <R<Ry41, No=N

The typical results for n : m = 1 : 2 is shown in Table 1. It is shown that the maximum
error between R, for different S is less than 7.5% when n: m = 1: 2. It is also found that
this error decreases with increasing N,.

Table 1 The critical R, for different S whenn:m=1:2

Nc 7 6 5 4 3 2 1
S=0 0.03208 0.05649 0.10902 0.23868 0.62683 2.16176 9.93594 cerE
$=0.01 0.03208 0.05649 0.10902 0.23869 0.62685 2.16205 9.95812
§=0.1 0.03208 0.05649 0.10903 0.23871 0.62703 2.16495 10.2046
§=0.2 0.03208 0.05649 0.10903 0.23874 0.62724 2.16868 10.6801
S$=05 0.03208 0.05650 0.10905 0.23882 0.62799 2.18621 .-

* means 0.03208 < R < 0.05649 for $ = 0, N. = 7, the rest may be deduced by analogy,
** means Rc > 9.93594 for S =0, Nc =1

Figure 9 shows the minimal buckling force f., as a function of R for different S when
n:m = 1:2. The figure gives a more credible proof that S has little effect on V..

Fig.9 Minimal buckling forces as function of R showing correspond-
ing buckling modes for different S whenn:m =1:2

7 CRITERION OF NO-BUCKLING-OCCURRENCE

We can see from Fig.9 that the buckling force may not exist under certain S (for
example S = 0.5). This indicates that the buckling can be avoided in a monomolecular
layer by selecting materials with suitable parameters S and R. The criterion of no-buckling-
occurring will be discussed in this section.

From Eq.(39), it can be shown that the condition for no-buckling-occurring is

A2 —4A;43 <0 (46)
that is 5
2(m + n) (m2p + n?X)

S >
m2n2v/m?2 + n2(u + A) (16u2 + 16A2 + R)

(47)
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where

. nw
2 A = sin?

- (48)
2vain 2"nl\rmin

@ =sin

in which N, is the smallest value of N.

8 CONCLUDING REMARKS

A two-dimensional linear spring model is established to analyze the buckling of the

monomolecular layer adhering to a substrate. The conclusions of this paper are:

(1)

(2)

4

The present two-dimensional model can consider both effects of the bending stiffness and
shear stiffness of the monomolecular layer. When the load is along the chemical bond
direction of the layer, this two-dimensional model degenerates to the one-dimensional
model given by Chisks and Parnes.

The minimal buckling force of the monomolecular layer increases with increasing load
angle and, for a given bending stiffness, increases with increasing strength of adhesion
and decreasing shearing stiffness.

The critical buckling mode parameter N, increases with increasing force angle and, for
a given bending stifiness, increases with decreasing strength of adhesion. The shearing
stiffness, however, has little effect on N..

A critical condition under which the buckling of the layer can just occur is obtained,
which is helpful to avoid the buckling in an engineering design.
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