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ABSTRACT: The fractional calculus approach in the constitutive relationship
model of viscoelastic fluid is introduced. The flow near a wall suddenly set in mo-
tion is studied for a non-Newtonian viscoelastic fluid with the fractional Maxwell
model. Exact solutions of velocity and stress are obtained by using the discrete in-
verse Laplace transform of the sequential fractional derivatives. It is found that the
effect of the fractional orders in the constitutive relationship on the flow field is signif-
icant. The results show that for small times there are appreciable viscoelastic effects
on the shear stress at the plate, for large times the viscoelastic effects become weak.
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1 INTRODUCTION

There are very few cases in which the exact analytic solutions of Navier-Stokes equa-
tions can be obtained. These are even rare if the constitutive equations for the viscoelastic
fluid are considered. Although there are many models used to describe viscoelastic behavior
of the fluid, the fluid of differential type have received special attention('~8l. Recently the
fractional calculus has achieved a great success in the description of complex dynamics. In
particular it has proved to be a valuable tool to handle viscoelastic behavior. The starting
point of the fractional derivative model of viscoelastic fluid is usually a classical differential
equation which is modified by replacing the time derivative of an integer order by the so
called Riemann-Liouville fractional calculus operators. This generalization allows one to
define precisely non-integer order integrals or derivatives. Li Jian, Song Daoyun and Jian
Tiqgian used the fractional model to analyze the characteristics of sesbania gum and xanthan
gum in their experiment and obtained satisfactory results("~®!. Fractional derivatives have
been found to be quite flexible in describing viscoelastic behavior[10~13]
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This paper will study the flow near a wall suddenly set in motion for a non-Newtonian
viscoelastic fluid with the fractional Maxwell model. Firstly, the fractional calculus approach
in the constitutive relationship model of viscoelastic fluid is introduced. The fractional
Maxwell model of viscoelastic fluid is developed. Then, by using the discrete inverse Laplace
transform of the sequential fractional derivatives to the governing equations, we obtain the
exact solutions of the velocity and stress. It is found that the effect of the fractional orders
in the constitutive relationship on the flow field is significant and for small times there are
appreciable viscoelastic effects on the shear stress at the plate, for large times the viscoelastic
effects become weak.

2 THE FRACTIONAL MAXWELL MODEL AND BASIC EQUATIONS

First, we begin by recalling the definition of a fractional integral of order —p of a
function f(t). This is given by the Riemann-Liouville integral operator(12

D;Pf(t) = / (8 = 7P~ f(r)dr p>0 1)

1
L(p)

where I'(-) is the Gamma function. Next, the fractional derivative of order p is defined as

DPf(t) = dt" (DP "f(t)) 0<n-p<l1 (2)
Now, following Palade et al.[*?], we shall use the shorthand notation
def
DIf(t) = 57 (3)

for the fractional integral or differential operation of order ¢ on any function f(t). Using the
notation, we observe from [12] that the composition rule for integration and differentiation
obeys the simple form
dr d¢ dete
dte dts ~ dirte )
for all numbers p and ¢, whether they are positive or negative.
The fluid considered in this paper is a viscoelastic fluid with the fractional derivative
Maxwell modell and its constitutive equation is given by
a+)\°‘ia—G/\ﬁd€ (5)
where o is the shear stress, ¢ is the shear strain, A = /G is a relaxation time, where G is
a shear modulus, p is viscosity. Also, a and 3 are fractional calculus parameters such that
0 < a < B <1 For a> [ the relaxation function is increasing, which is in general not
reasonablel'¥, and one has to require that & < 8. When a = 8 = 1, it may be simplified
as the ordinary Maxwell model; when a = 0, 8 = 1, it may be simplified as the classical
Newtonian fluid. _
We shall interpret the derivative on the right hand side of (5) as a fractional integral
of order 3 — 1 of the ordinary derivative of ¢, i.e.

dPe _ dP-1 [de _ df-1¢ 6
dtF T dtF-t \dt )~ dF-1 ©)
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where € is the shear rate. Thus, we can write (5) as follows

od% pdP1¢
We are interested in the flow of a viscoelastic fluid modeled by (7) over an infinite flat
plate, which is driven by the impulsive motion of the flat plate with a constant velocity U.
We select the direction of motion of the wall as the = axis and the direction perpendicular
to the wall as the y axis and assume that the side effects of the wall are neglected, namely,
the wall is infinitely long. After that, we seek a solution for the velocity field of the form

o = u(y,t)i (8)

where u is the velocity in the & coordinate direction and % is its unit vector. The fluid is set
into motion through the action of the stress at the plate. For this problem the constitutive
relationship becomes

%a, Pt (du :
st A E =GN | — 9
%zt X e 8071 \ By ©)
The momentum equation is
Ou 0oy,
== = 10
"5t = By (10)
where p is the density of the fluid. From (9) and (10), we can obtain the basic equation
Ou 9%ty 91 (%
bt o =GN [ ——
Por TP Gt = OV g (ay2) (1)
For this problem the initial and boundary conditions are
u(y,0) =0 for y>0 (12)
u(0,t)=U for t>0 (13)
u—0 for y— o (14)

3 SOLUTION OF BASIC EQUATIONS

3.1 The Velocity Field

Let us introduce dimensionless variables: u* = u/U, y* = (yUp)/u, t* = (tU%p)/u, n =
(U?p)/G, in which U and p/(U?p) denote characteristic velocity and time, respectively, 7 is
a dimensionless parameter. Using the first mean value theorem of the integral, it can easily
be proved that the operator D¢ has the fractional time dimensions [/(U2p)]”*. Thus, the
dimensionless equation and its boundary and initial conditions are obtained as follows (for
simplicity, the dimensionless mark “+” will be omitted hereinafter)

Ou 0%ty 881 (9%
s a” 81 [
5t T G =T g1 (3y2> (15)
u(y,0) =0 for y>0 (18)

u(0,t) =1 for t>0 17)
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u—0 for y— o0 (18)

Let us suppose that @(y, s) = L{u(y,t),s} = f0°° e **u(y,t)dt is the image function of
u(y,t), where s is a transform parameter. The type of the initial condition (16) suggests
that the fractional derivative in Eq.(15) must be interpreted as a properly chosen sequential
fractional derivativel'®). Using the Laplace transform properties for sequential fractional
derivatives we can obtain

d?a 14 nposot!

dy?  pf-isP-1 u=0 (19)
4(0,8) =1/s (20)
a—0 for y— oo (21)

Solving the above equations yields
i B 14 s\ 12
’U,(y, S) = -;exp I:"'Sy (W) (22)

In order to avoid the burdensome calculations of residues and contour integrals, we
will apply the discrete inverse Laplace transform method to obtain the velocity distribution.
Firstly, we can rewrite {22) in a series form by using Taylor theorem.

o0 n{(l+a-p0 00

a(y,s)=_i.+z(—y)"nn! s i!?{:/;i)l‘:';)sn—f’—;ﬂn-ma_l (23)

n=1 m=0

Here, we have used the well-known property of the Gamma function

1

5 O k=0,1,2,3,-- (24)

Applying the inverse Laplace transform to (23), we obtain
B

n!
n
~20)

in which HJ%"(z) denotes H function(!!]. To obtain (25), we used the property of H function

u(y,t):l-l—z(

Hl’l __??-ozta

13 (25)

s (—Z)"Jlilll“ (aj + Ajn)

(1 —a1,A1), - (1~ ap, Ap) ] (26)

—_ Hlvp [z ‘
q p,q+1 -_ e e —
n=0 n! H T (bJ + B}n) (Oa 1), (1 b1, Bl) » (1 bq, Bq)
i=1 .

3.2 The Stress Field
Since the fluid is set into motion through the action of the stress at the plate,
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the calculation of the stress field is needed. From (9) the dimensionless stress can be repre-
sented by

9%l (du
oL p-1
F+n* ata nP- 5T (8y> (27)
where F(y,t) = (0ys) / (pU?). The Laplace transform of (27) is
F(y,s) +1*s*F(y,s) = 7'~ 1du((f;’ d (28)

Substituting (22) into (28), we have

1 nﬂ_lsﬁ 1/2 14 n%s® 1/2
F(y,s) = (W eXp |~y \ T (29)

Applying the discrete inverse Laplace transform method again, we obtain

k—1)(1— k— -
X (k=)(1=p)  (h1)(p-0)

Flyt=-Y 01—
k=0 ’

1 k
32"
Hij | -0~
, 1 k (k—1)(8 - a)
Oalv —_—’—1 ’ - T o
©.1) (2 2 ) (k 2 *
In order to obtain the value of the shear stress at the plate, taking y = 0 in (29), we

obtain the following expression
1 nP1sP 1/2
(S) (]_ + nasa (31)

(30)

Similarly, we obtain the formula to calculate the shear stress at the plate.

1
1 ey (5’ 1)
Fp(t) = —T L Hl 1 n_ata

(0,1), (-'-3—_2—3-01) s
4 DISCUSSION AND RESULTS
4.1 The Relationship between Stress Field and Velocity Field
Substituting (22) into (29), we obtain
_ nP-1sB 1/2 _
F(y,s)=— (m) u(y, s) (33)

In the same way, we can easily obtain the Laplace inversion of the first term of the
right hand side of Eq.(33)

T N i R G g B e
o=t {(1+n€s"> ’t}_ﬁ%—z Wl [no— (B —a) /2 (34)

n=0
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Using the convolution theorem of the Laplace transform to (33), we have

F(y,t>=—%n’“+;j(;[/fj_”) e [t @)

Using the definition of the fractional calculus, (35) can be rewritten as

Flt) = -5 3 TUEEMETI ety )

n=0
The physical meaning of (35) and (36) is that the stress at a given point at any time
in the viscoelastic fluid depends on the time history of the velocity profile at that point, and
this time history can be depicted by the fractional calculus.

4.2 The Case a =0, 3=1
In the case of @ = 0, 8 = 1, Eq.(15) may be simplified as

Ou 18%
"é't' = 53—3]2 (37)
It is obvious that the fluid may be simplified as a viscous Newtonian fluid.

Substituting a = 0, 8 =1 into (25), we have

- (_‘/iyt—l/z)n _ -172) _ Yy
u(y, t) = HZZO W(l-——n/2_) = W—1/2,1 (—\/iyt / ) = erfc (“ﬁ) (38)

n

in which W, ,.(2) = z € C, is Wright function['®l. This is the classical

z
n=o ! T'(pn + p)
Rayleigh’s similarity solution of (37). It is obvious that the result of this paper includes the
classical Newtonian fluid as a special case.

Similarly, substituting a = 0, § = 1 into (36), we have

F(yt) = —%D}/Zuw, t) (39)

Here we used a useful particular value of Gamma function: I'(1/2) = /7 and the

x (-1)"(1/2
equivalent formula: 1/v/2 =1+ Y ( )1“ ( 1(/2/)n‘+ n) . The formula (39) just is the result
n=1 ;

of Bagley and Torvik[!"), which is obtained for Newtonian fluid. Therefore the result of this
paper is a generalization of the results given by Bagley and Torvik[17].

4.3 Computing Results

The dimensionless velocity can be evaluated by (25). Figure 1 and Fig.2 are the velocity
distributions for several selected parameters o and 3, respectively. The curves in Fig.1 and
Fig.2 are plotted at the fixed time t = 4 and 7 = 10. The effect of the fractional orders «
and f in the constitutive relationship on the flow field is significant. The greater the a, the
more slowly the velocity changes near the plate. The effect of 3 on the velocity is opposite to
that of a. But it seems that in a critical point their effect on velocity will change direction.

Figure 3 is the velocity distribution for several selected parameters 7 at the fixed time.
It represents the relationship between parameter n and velocity.
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The shear stress at the plate can be calculated by (32). Figure 4 shows the variation of
the shear stress at the plate for various values of time. For small times, there are appreciable
viscoelastic effects. For large times the viscoelastic effects become weak. It is clearly seen
from Fig.4 that for the values of (tU2p)/p > 6 the fluid behaves as if it was a Newtonian
fluid.
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Fig.1 Velocity distribution for three Fig.2 Velocity distribution for three
selected parameters a. t = 4, selected parameters 8. t = 4,
£=08,n1n=10 a=057=10
1.0 0.0
0.9 £ _ p=20 ~02 |
08F W\ - n=10 —04 f
0.7 ;- \\\\\ —mmm = 5 —-0.6 3
0.6 F SN\ —-0.8
305 F ‘Q$. e —10
04 F N -12 f
03 E \\' l\\ —14 & ———— n=30,a=0.4,6=0.8
02 f ~16F  —— Newtonisn fhid
01 f ANANY -18 f
SR ~2.0 ' ' '
0 1 2 3 4 5 6 0 5 10 15
v , ¢
Fig.3 Velocity distribution for three Fig.4 The variation of the shear stress
selected parameters n. t = 4, at the plate with respect to time

a=04,8=08

5 CONCLUSIONS

We have presented here results for the flow field of a non-Newtonian viscoelastic fluid
with fractional Maxwell model near a wall suddenly set in motion. Exact solutions of velocity
and stress are obtained by using the discrete inverse Laplace transform of the sequential

fractional derivatives. The results show that for large times the viscoelastic effects become
weak.
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The fractional calculus approach in the constitutive relationship model of viscoelastic
fluid is introduced. The effect of the fractional orders in constitutive relationship on the
flow field is significant. The fractional constitutive relationship model is more useful than
the classical Maxwell model for describing the properties of viscoelastic fluid.

The model and the analytical method employed in this paper may be useful in theo-
retical and engineering analyses.
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