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An algebra has a solvable word problem if and only if it is
embeddable in a finitely generated simple algebra

Trevor Evans'

Introduction

We consider the word problem for recursively presented algebras in a variety
V, given by a finite number of finitary operations and a finite number of identities.
Kuznecov (see Malcev [6], p. 209) was apparently the first to note that a finitely
generated simple V-algebra which is recursively presented has a solvable word
problem. Hence, so does any recursively generated subalgebra of such an algebra.
We prove a converse of this in the following form. Let V* be the variety of all algebras
of the same similarity type as V (i.e. having the same set of operations but defined by
the empty set of identities).

THEOREM. A V-algebra has a solvable word problem if and only if it can be
embedded in a finitely generated simple V*-algebra which is recursively presented.

Boone and Higman [1] have shown that a finitely generated group has a
solvable word problem if and only if it can be embedded in a simple group which
is in turn embeddable in a finitely presented group. One cannot hope for an exact
analogue of this for other varieties of algebras since a fundamental aspect of the
result for groups is the use of the embedding theorem of Higman [4] that a finitely
generated recursively presented group is embeddable in a finitely presented
group. Using the analogue of this for semigroups (Murskii [7]), Boone and
Higman prove in [1] the theorem for semigroups corresponding to their theorem
for groups. There cannot be a Higman-type embedding theorem for lattices,
non-associative systems such as loops and quasigroups, commutative rings, com-
mutative semigroups, abelian groups, nilpotent groups, and commutative
Moufang loops. The most plausible candidate for such a theorem would seem to
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be rings. However, even without this embedding theorem, K. Mandelberg, M. F.
Neff and the author [2] were able to show for the varieties of (i) rings of
characteristic p, (ii) loops, (iii) groupoids, (iv) lattices, that a finitely generated
V-algebra (V, one of the above varieties) has a solvable word problem if and only
if it can be embedded in a simple V-algebra which is embeddable in a finitely
generated recursively presented V-algebra.

The main point of this paper is in the observation that if we allow embeddings
in recursively related algebras there is a corresponding universal-algebraic result
since an identity may be replaced by a recursive set of defining relations and we
can consider the problem in the context of varieties defined by the empty set of
identities. Of course, it is still of interest to obtain analogues of the Boone-
Higman result in which a V-algebra is embedded in a finitely generated simple
V-algebra (there is such a theorem for loops) or further analogues of the type in
[2].

We remark finally that we will always assume that the varieties V we discuss
contain no nullary operations and do not consist solely of unary operations. A
non-trivial unary algebra cannot in general be embedded in a simple algebra.

Embedding an algebra in a simple algebra

Let V and V™ be as in the introduction. Let A be a V-algebra generated by a
finite or countably infinite set g, g, 83,.... A will be said to be recursively
presented, as a V-algebra, by these generators and a set of defining relations if, in
terms of some effective enumeration w;, w,, ws, ... of the set W of all words in
the generators, the set of defining relations is a recursively enumerable set of
ordered pairs of words. We observe that A is also a V*-algebra and that since
each defining identity of V may be replaced by a recursive set of defining
relations, A is also recursively presented as a V*-algebra.

To construct the simple algebra K containing A, we begin by selecting some
k-ary operation [] of A, for k =2. The generators of K will be the generators of
A and a countably infinite set H = {c,, ¢,, by, b, b3, .. .}. It will be convenient, in
describing the defining relations of K, to use the notation Y({x),y) as an
abbreviation for the word Y(x, x, ..., x, y) where ¥ is any operation of V* and
x, y are any words in the generators of K. The defining relations of K are four

types.

(1) The defining relations of A as a V*-algebra.
(2) For i,j=1,2,3,...
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[T¢w), ey =co [T (w), )= cn,

: ¢ if w=w, iIn A
Wi}, b = { . ' ! ?
[T, &) c; if w#w, in A,

T €ew, wy =i, TT «ew) e) = ws,
[1«ew, ey =1, T] er), B = w,
[T e wy=w, IT b c) = e,
[T «e2), e2)= b1, [1 €e2), b) = bias,
[T«oy, w)=ci, I1 B, ey =cu,

¢ if i=j,
bi)C =C? biab'={ .
e cd=culwonby=1 0 5
(3) For any words uy, U,, . .., ux € WU H such that at least one is an element
of H and uy, u,, . .., u_, are neither (i) the same generator from H nor (ii) words

in W which are equal in A, we take as a defining relation of K

H(ub Uz, ..oy W) =Cy.

(4) For any n-ary operation Y, of V* other than [| and any words
Ui, Us, - . ., Un € WU H such that at least one u; is a generator from H, we take as
a defining relation of K

Z(uh uZ’--"un)zcl-

We remark that if [| is a binary operation then the set of relations (3) above is
vacuous. Of course, we can always regard V as having a binary operation by
treating the derived operation [] ((x), y) as one of the fundamental operations of
A but in V* it will no longer be a derived operation. The effect of the relations
(1) is to guarantee that A or some homomorphic image of A is contained in K
and the relations (4) make every operation, other than [], constant outside A. In
fact, relative to the presentation of A, the defining relations above are the
complete operation tables for K.

LEMMA 1 K is generated by c,. If A has a solvable word problem, then K is
recursively presented.
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Proof. K is generated by c¢; since []((c1),c)=wi, [[{wi),c)=cy
[1(ca), c2)= by and [] ((c2), bi) = bisq, [ (o), b)) =w;, for i=1,2,3,.... We as-
sume that in the enumeration w,, w,, ws, ..., we know in particular which are the
generators g, g2, 83, - - - and thus have an effective way of writing every generator
of A as a word in ¢;. Now, if A has a solvable word problem, so that we have a
procedure for deciding if w; =w; in A, then the defining relations we have given
for K form a recursive set. Substituting the corresponding words in ¢; for the
generators of K gives a recursive presentation for K in terms of the generator c;.

The length of a word in the generators g;, g2, g3, -, C1, C2, b1, b2, b3, ... i
defined by (i) each generator has length one (ii) if the words u,, u,, ..., u, have
length Aq, Az, . .., A, respectively and ¥ is an n-ary operation in V, then the word
Y (uy, Uz, - . ., U) has length 1+A;+A,+...+ A, The subwords uy, us, . .., u, of
the word Y, (u,, us, ..., U,) are called its principal subwords.

LEMMA 2. K is simple.

Proof. We first show that any word u in K is equal to some w; in W or one of
C1, C2, by, ba, bs, ... in H. This is certainly true for words of length one. Let u be
Y (uy, Uy, - . ., Uy), of length A, and assume the lemma true for words of length less
than A. The induction hypothesis applied to the principal subwords of u gives
Y (uy, gy o ooy Un) =Y (1, 8z,...,0,) wWhere Gi=1 in K and e WUH, i=
1,2,...,n The defining relations (2), (3), (4) imply that ¥ (&, &a,..., &) is
equal to a word in WU H. Induction completes the proof.

It follows from this result that in considering a non-trivial congruence on K,
we may restrict ourselves to congruences which contain a pair (i, v) of words in
W U H. Furthermore, since K may be generated by c; using only the operation [],
all we need for the simplicity of K is that [] ({c.), ¢1)=c1(8) for any non-trivial
congruence 6. All possibilities are covered by the following eight cases.

w; = w;(0) for some w;# w; in A. @)

Then [T {w:), b) =[] ({w;), b:)(6). By the defining relations (2), ¢;=c,(8). Hence,
[T (ew), cr) =11 (c2), c1)(8)=c1(8), again by (2).

w; = ¢,(0) for some w;. (ii)
Then [] ({¢1), c) =1 ({c1), wi) = c1(6).

w; = c(0). (i)
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Then [T ({w;), w) =[] (W), ¢;)(8). That is, w, =c,(#) for some w,. Case 2 now
applies.

wi = b;(6), (iv)
Then [T (w:), wi)=[1 ({b;), wi). That is, w, =c,(6) for some w,. Case 2 applies.

¢1=c,(0). This is covered by the argument for case 1. W)

¢1 = b;(9), for some i. (vi)
Then [T ({¢1), c) =I1 ((b:), e1)=c1(6).

¢, = b;(9), for some i. (vii)

Then [ ({(c2), wi)=[1 (b)), w1)(8). i.e. wy=c,(8). Case 2 now applies.
b; = b;(9), for some i# j. (viii)

Then [] ((b;), b)) =[1 ((b:), b;}(0). i.e. ¢;=c»(0) and case 5 applies.

This concludes the proof that K is simple. It remains only to show that K
contains A isomorphically. The next four lemmas are devoted to this and
constitute a refinement of the result of the first paragraph in the proof of Lemma
2. We show that for any word u in K the word & in WU H equal to u is unique
(to within equality in A). )

Let « be a word in K. By a reduction of u of type (2), (3), (4), we mean replacing
a subword of u which is the left-hand side of a defining relation of K of type (2),
(3), (4) by the corresponding right-hand side of the relation. By a reduction of
type (5) we mean a similar use of the following relations which are consequences
of the first three defining relations of type (2) and the defining relations (1) of A.

(5) For any w;, wy, ..., w;_, € W such that w;, =w,=---=w,_ in A,

H (wip es ey wik_p C1) = Ca, H (wi19 ] wik_p CZ) =Cy,

Tw w l'!)’{c1 if w,=w; in A,
By o v - Wi s Uj o if w; # w; in A.

A word in K is reduced if no reductions of it are possible. A reduced word @ is
a reduced form of u if it can be obtained from u by a finite sequence of
reductions.
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LEMMA 3. If u is a word in K and u~> u’, u— u" are two reductions of u
with u', u” different words, then either u’ or u” can be reduced to the other or there is
a word u" obtainable from both u', u" by reductions.

Proof. We use induction on the length of u. The statement is vacuously true
for u of length one. Assume it true for words of length less than A and let u be of
length A. Now u has the form ¥ (uy, u,,...,u,) where uy, u,, ..., u, are its
principal subwords and ), is an operation of V. There are three cases to consider.

() The reductions take place in different principal subwords of u, say u — u’
reduces u; to u! and u->u" reduces w; to uj, i<j We may take u" as
Y (Ury ooy Ul ey Uy ey Un)e

(ii) Both reductions take place in the same principal subword of u, say u,
reducing & to u} and u;. The lemma follows by the induction hypothesis applied
to u; since u!, u: can be reduced to a word u;.

(iii) One of the reductions, say u — u’ involves the whole of u and the other
takes place in the principal subword u, reducing it to u!. By consideration of each
type of reduction, we see that ¥ (uy,..., ul,..., u,) can also be reduced to u’.

This completes the proof of the lemma. Note that it is impossible for both
reductions u — u’, u — u” to involve the whole of u.

LEMMA 4. Every word in K has a unique reduced form, either some w; or one
of ¢4, €2, by, b, b3, ..

Proof. We again use induction on length. If u is a word in K, we have to show
that any two sequences of reductions u > u’'— ..., u— u”"— ... end in the same
reduced form & The lemma is true for words of length one. Assume true for
words of length less than A and let u be of length A. If u’, u” are the same word, the
statement follows by the induction hypothesissince &’ is the unique reduced formof u’.
If u', u” are different words, then by the induction hypothesis, they have unique
reduced forms &', &#”. By Lemma 3, either a sequence of reductions of one of them
contains the other in which case by induction @', &@” are the same, or else there is a word
u" obtainable from u’, u” by reductions and then once again by induction &', #" are the
same.

This concludes the proof of the lemma. We remark that the techniques used in
Lemmas 3,4 are similar to those in Theorem 2.1 in [3].

LEMMA 5. Let u, v be words in K such that u=v in K. Then, either
(i) i, 0eWand i=7 in A, or
(ii) @, © are identical and belong to H.
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Proof. The proof is by induction on the number n of applications of the
defining relations (1), (2), (3), (4), (5) needed to transform u into v. The induction
step is trivial and the only case requiring a detailed proof is n = 1. In this case, if
the defining relation used is of type (2), (3), (4), (5), then one of u, v is obtained
from the other by a reduction and the result follows from Lemma 4. If n =1 and
the transformation uses a relation of type (1), i.e. an application of the defining
relations of A, we use induction on the length of u, as follows.

Let u be ¥ (uy, Uy, ..., u,) where ¥ is an n-ary operation and u,, u,, ...,
are the principal subwords of u. If the application of the defining relation of A
involves the whole of i, then both u and v are words in W and there is nothing to
prove. Otherwise, the application of the defining relation takes place inside one of

the principal subwords u, transforming it to v, so that vis Y. (43, ..., Uy ..., Un).
Consider the words Y. (&1, ..., &,..., 4,) and Y (dy,..., B, ..., i,). By Lemma
4, each of @, @1z,..., Oy, 0; is either a w; or one of ¢y, ¢,, b1, by, b3, .... By our

induction hypothesis either &;, ;€ W and & = §; in A or else &, 7; are identical
and belong to H. At most one further reduction is possible for each of
Y (s, ..., %,...,0,) and Y, (&,...,Dy..., i,) and consideration of cases shows
that the reduced forms &, © obtained satisfy the conclusion of the lemma.

LEMMA 6. A is embedded isomorphically in K.

Proof. By Lemma 5, if w;, w; € W, then w; = w, in K if and only if w; = w; in A.
This concludes the proof of one half of our main result.

THEOREM. A recursively presented V-algebra has a solvable word problem if

and only if it can be embedded in a one-generator recursively presented simple
V*-algebra.

The other half of the proof is essentially due to Kuznecov (see Malcev [6], p.
209). Let K be a one-generator recursively related simple V*-algebra. Let A be a
subalgebra of K given by its generators wy, w,, ws, . .. as words in the generator ¢
of K. Let u, v be two words in A. An enumeration of the consequences of the
defining relations of K will eventually yield u = v, if this equation holds in A. On
the other hand, since K is simple, if u# v in A, then an enumeration of the
consequences of the defining relations of A and the added relation u = v will yield
the equations }, (¢, ¢, ..., ¢)=c for every Y of K. Combining these enumerations,
we have a procedure for solving the word problem for A.

Since this paper was submitted my attention has been drawn to an announce-
ment by Kuznecov [5] in which he states that a finitely presented algebra A has a
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solvable word problem if and only if A can be embedded in a finitely presented
simple algebra B where “embedded’ here means that the sets of elements of A, B
are the same but the set of operations of A is a subset of the set of operations of
B. Both A and B lie in finitely presented varieties. No details of the proof are
given.
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