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ABSTRACT 
This study focuses on the natural frequency determination of a cracked reinforced concrete beam. In a first step, the influence of the 

steel rebars inside the concrete beam is studied and an analytical approach is proposed for the modelling of a cracked beam with composite 
strengthening. An experimental validation is carried out on small-scale reinforced concrete beam. In a second step, a prevision of the 
cracking pattern is implemented in the modelling so as to predict the natural frequencies of a beam as a function of the maximal moment 
which was applied to the beam. This is experimentally validated with small-scale models and it is shown how that may be used to assess the 
damage of a beam. 
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RI~SUMI~ 
Cette dtude s 'int&resse ~ la d~termination des frdquences propres d'une poutre en b&ton armd, renforc&e ou non par un mat~riau composite. 

Dans un premier temps, l'influence des armatures en acier est &tudi&e et une moddlisation d'une poutre BA renforc&e par composite est 
propos~e. Une validation exp&rimentale est effectu&e sur des modules r&duits. Cette mod&lisation, associ~e ~ une prediction r&glementaire du 
schdma de fissuration, est utilis&e pour pr&dire /e moment maximal qui a ~td appliqud au syst~me. Cette prddiction est bas~e sur la 
d&termination du d&calage des fr&quences propres : en eJ~et, ce ddcalage est caractdristique de l 'endommagement de la structure. 

1. INTRODUCTION 

Civil engineers often encounter structural problems due to 
physio-chemical damages (alkali-reaction, carbonation) and 
mechanical damages due to overloads or accidental loadings 
[4]: so, it is of  the utmost importance to be able to assess the 
structure damage, so as to strengthen the structures if  it is 
necessary. For the past two decades, external strengthening 
involving composite material strengthening has appeared as an 
innovative technique to solve these problems. The wide range 
of  composite materials and their high specific mechanical 
properties make them very attractive for this purpose [1, 2, 9, 
13]. 

The measurement and the prediction of  the modal scheme 
components (natural frequencies and mode shapes) o f  a 
structural member can be used for its damage assessment and 
its long time survey. So, the modal analysis can be considered 
as a tool for a structural fault diagnosis and then, can be useful 
to plan reinforcement. Although numerous studies have 
already been carried out on the static behaviour of  structures 
with composite reinforcement, the influence of  the composite 
on the dynamic characteristics of  reinforced structures had yet 

to be explored. That is why an analytical model of  a cracked 
beam with composite strengthening has been developed in 
[10]. This model has enabled the study of  the force transfer in 
the vicinity of  cracks to quantify the influence of  the shearing 
of  the resin joint on the natural frequencies of  a cracked beam 
with composite strengthening [11]. 

Vibration of  cracked reinforced concrete beams was subject 
o f  various studies in the past decades [7, 8, 17] and cracking 
was considered as a reduction of the inertia: an equivalent 
inertia Ieq or  a bending stiffness EIeq was derived. Such an 
approach does not take into account the degrees of  freedom 
associated with the lips of  the cracks. As a consequence, a 
crack-bridging effect due to the tension reinforcement or the 
composite external strengthening cannot be taken into account. 
As a consequence, a specific analytical model integrating the 
local effects o f  the lips has been developed in [10]. The present 
paper is based on the improvement of  this model. This latter is 
used as an analytical tool in order to see in what extends the 
rebars influence the natural frequencies of  a cracked beam. 
This model is eventually used as a prediction tool of  the 
natural frequencies of  a beam experiencing cracking caused by 
a static loading. 
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First, the experimental and analytical means are presented. 
Afterwards, a modelling of a cracked reinforced concrete beam 
with a composite strengthening is proposed and is 
experimentally validated on a small-scale model; a prediction 
of the cracking pattern as a function of a static loading is then 
implemented as an input of the model so as to provide a 
prediction of the evolution of the frequencies. This prediction 
is compared to experiments carried out on small-scale models. 

2. E X P E R I M E N T A L  

2.1 Smal l  scale m o d e l  o f  R C  b e a m  

The specimens used for this study are small-scale models 
of a reference beam (scale 1:1), which has been designed 
according the French code BAEL [3]. This beam has to resist 
a four-point 50 kN service load. Furthermore, it is designed 
in order to fail by tension (yielding of the tension 
reinforcement). Such a failure mode justifies its external 
strengthening by the mean of a composite plate bonded on 
the tensile face. This reference beam was tested in the 
laboratory in order to carry out static tests for the study of 
composite strengthening [16]. 

Whereas the size of  this beam is well adapted to static 
experimental means to our own Fig. 1, the measurement of the 
natural frequencies according to the experimental procedure 
used in this study and described below, is further complicated: 
�9 static loading-unloading cycles coupled with the 

handling to set the samples in a free-free boundary 
conditions, 

�9 dynamic characterization of the beam: the equipment 
required to test the actual beam is more difficult to use 
and more expensive. 

Then, for practical reasons, small-scale models of the 
reference beam are used Fig. 2. A set of  scale factors is derived 

from a dimensional analysis of  the various terms encountered 
in the study of both static and dynamic bending of RC beams. 
The scale factors are used to experimental data conversions 
from one scale to another. 

2.2 C o m p o s i t e  external  s t rengthen ing  

The composite material used to strengthen the beam is 
made of two layers of  a unidirectional carbon fiber wrap 
impregnated with epoxy resin (Gresin = 1200 MPa). The 
carbon wrap characteristics are the following: toughness 
3400 MPa, Young modulus 230000 MPa, weight: 200 g/m 2. 
The longitudinal Young modulus of  the resulting composite 
is Ecompo = 70000MPa. The composite strengthening is 
bonded on the tensile face of  the beam. 

2.3 Static  m e a s u r e m e n t s  

First, the static behaviour of  the small-scale model is 
checked within the elastic field. A four point bending test is 
carried out on the reference beam [16] and on the small-scale 
models. Strain gauges are placed on the tension rebars and on 
the compressed fiber at the midspan section. At this section, 
the strain for various depths is measured edgewise so as to 
determine the curvature and the neutral axis position. The 
experimental data obtained from small-scale models (1:3) were 
converted to 1:1 scale and compared to the reference ones. 

Regarding the curvature and the neutral axis position, the 
results from the small-scale model satisfactorily agree with the 
results form the full-scale model: a 10% concordance is 
observed which is commonly encountered when working with 
small-scale RC models. These two parameters are 
representative of the static equilibrium resulting from the 
rebars tension and the concrete compression. Hence, this test 
provides the assurance that the static phenomena encountered 
in the reference case are correctly represented at 1:3 scale. 

Reference beam: 1 : 1 scale 

690 mm 60 mm ~b 6 mm 

zuoumm > 150x250mm 
2300 mm 

Fig. 1 - Dimensions of the reference beam. 

1:3 scale model 

230 mm 20 mm ~b 2 mm 

070 mm < > 
< 770 mm > 

50 x 85 mm 

Fig. 2 - Dimensions of the small-scale model. 

2.4 D y n a m i c  m e a s u r e m e n t s  

The natural frequencies of  the beam are measured with 
free-free boundary conditions: that consists in hanging the 
beam on elastic bonds whose stiffness is much less than the 
value of  the beam stiffness. Then a modal analysis is 
performed by analyzing the transfer function between 
different excitation and measuring points. An impact 
hammer (Bruel and Kj~er 8202 with a force transducer 
B&K 8200) is used for supplying a large frequency 
bandwidth impulse (0-10 kHz) on the beam (several 
positions). The excitation is perpendicular to the beam. An 
accelerometer (Metravib 103M) fixed at several positions 
on the beam, is used to record its response. A Siglab 
analyzer that allows the frequency content to be explored, 
analyzes the excitation and the response, and provides the 
magnitude and phase of the transfer function. 

So, the experiments performed in this article are a 
succession of static increasing loads and of dynamic 
measurements: at each step, first, the beam is statically 
loaded up to a given level, and then it is unloaded and hung 
to carry out the dynamic experiments. 
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3. B A C K G R O U N D  

3.1 Analyt ica l  mode l  o f  a cracked  b e a m  with  
external  s trengthening  

An analytical model of a homogeneous beam which 
features open cracks is based on the assembly of beam 
elements k, connected by elastic hinges, Fig. 3 [6, 10]. 

The crack between the beam elements k-1 and k is 

described by the two vectors qrightk-1 and q__j.kef t ; both of 

them include two displacements (the vertical translation v 
and the rotation 0 ) and two efforts (the shear force P and 
the bending moment M): 

qk k 
right = q lefi = (1) 

k M Jright k M Jlefi 

k - 1  
The vectors qright 

are connected by the transfer matrix of the crack: 

k 
and ql ~'eJt are not independent: they 

ii 0 0 ~ = 1 0 C22 (2) 
0 -1  0 

LMJright 0 0 -1 LMJleft 

The stiffness k~ =1/C220f the hinges is derived 

according to the stress concentration around the crack tips [6, 
12]. 

This previous modelling has been improved to take into 
account an external strengthening [10]. It appeared that the 
crack-bridging force transfer mechanism (due to the shearing 
of the resin joint between the beam and the composite) is quite 

? 

a) Real case 
Resin joint 

i Xk 

Composite 

,(Elastic 

/ L  
Longitudinal stiffness < co,,p~ 

hinge 

b) Modelling 

Fig. 3 - External s trengthening o f  a cracked section. 

influent on the stiffness of the strengthening and then on the 
natural frequencies. It is shown that the composite 
strengthening is only active in the crack vicinity along an 
active length quoted Lcomm. An analytical approach, based on a 
modal extension of T~iljsten's model [14, 15], makes possible 
the determination of L~vmpo by determining shear stress mode 
shapes of the resin joint [11]. So, to account for the composite 

o 
strengthening, the stiffness krepair must be added to the hinge 

stiffness: 

k ~ = h  2 Eeompo Scompo 
repair (3) 

Lcompo 

where h is the beam height, and Ecompo, Seompo, Lcompo are 
respectively the Young's modulus, the area, the active 
length of the composite strengthening. 

Thus, the cracked section with external strengthening is 

modelled by an elastic hinge whose stiffness k 0 is given hinge 
by: 

khOinge 0 ..~ kOrepair : kcrac k (4) 

Then, the flexibility C22 in the transfer matrix must be 
replaced by the following flexibility: 

- -  1 
C22 - 0 

khinge 
(5) 

3.2 Determination of the natural modes 

The natural vibration modes of the entire beam are 
calculated from the assembly of all the beam elements, the 
strengthened crack modelling. The beam elements are 
described by the Timoshenko theory where the transverse 
displacement v(x,t) and the section rotation 0 (x,t) are used. 
To find the natural modes, v(x,O and O(x,t) are supposed to 
be a standing wave: the space and time variables are 
separated. This provides the following expressions: 

V (X, l) : V (X) e ic~ (6) 

O(x, t )  = O(x)e  i~ (7) 

where (o is a natural angular frequency. 
According to the governing equations of the beam 

element, the displacement magnitudes can be written as: 

4 

v(x) = Z A~ epjx (8) 
j=l 

O(x)= pj + A~e pjx 
P J kAbeam Gbeam (9)  

wherepj (/=1 to 4) are the four wave numbers derived from the 
characteristic polynomial associated with the fourth degree 
equation of motion of a Timoshenko beam (mass per unit 
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length m, cross section Abeam, inertia L Young's modulus E, 

shear modulus Gbeam, shear factor k); A k j are constants that 

can be determined considering the boundary conditions. 
The shear force P and bending moment M magnitudes 

can then be expressed as: 

4 moo= 
P ( x ) :  Z A~e p/x (10) 

j:l P j  4c / 
M ( x )  = ~ E1 p~ ~ A~e p'x (11) 

j=l k kmbeam Gbeam 

This formulation is presented in further details and has 
been confronted to a finite element simulation in [10]. 
Moreover, this approach has been confronted to 
experiments in the case of  steel notched beams with a 
composite external strengthening [ 11 ]. 

4. M O D E L L I N G  O F  A C R A C K E D  R C  

B E A M  W I T H  C O M P O S I T E  
S T R E N G T H E N I N G  

Table 1 - Natural frequencies (Hz) of an intact RC 
beam. Experience and modelling 

M o d e  Experiment Model l ing Difference 
number (Hz) (Hz) (%) 
1 530 530 0.0 

2 1340 1370 2.2 

3 2460 2470 0.4 

4 3750 3730 0.5 

5 5100 4820 5.5 

Table 2 - Natural frequencies (Hz) of a cracked RC 
beam (10 kN) without composite 

Mode 
number 

Experiment 
(Hz) 

Model with 
rebars (Hz) 

Model 
without 
rebars (Hz) 

1 407 415 107 

1129 1070 345 
3 2083 2174 774 

4 3079 3233 1187 

5 4245 4593 2120 

The models previously described have been validated on 
systems with 'clean' and controlled cracks. Our aim is now 
to extend it to an actual cracked reinforced-concrete beam; 
so the crack pattern includes swaying and non-vertical 
cracks which are bridged by the steels rebars. 

4.1 Steel  rebars  crack  bridging:  e x p e r i m e n t a l  
approach  and mode l l ing  

The natural frequencies of a small-scale model are 
measured for the intact configuration and for the cracked one 
(the beam is designed according to the French code BAEL, to 
resist a 5.6 kN load; it is statically loaded up to 10 kN then 
unloaded and finally placed in free-free boundary conditions to 
be dynamically tested). The experimental results are then 
compared to the analytical ones (Timoshenko homogeneous 
beam with Ebeam = 3.3 101~ Pa and pbeam = 2350 kg/m 3) in order 
to see in what extend the steel rebars influence the frequencies 
of a cracked RC beam (Tables 1 and 2). 

The results show that the steel rebars have no significant 
influence on the natural frequencies of an intact beam. Their 
mass and bending stiffness are not high enough to significantly 
modify the natural frequencies. Then, an intact RC beam can 
be modelled as a homogeneous concrete beam. On the 
contrary, when the beam features cracks, the steel rebars 
influence is significant and the modelling must take them into 
account in order to ensure good concordance with experiments 
(Table 2). The rebars are placed in order to reduce crack 
opening. As a consequence, they play the role of crack 
bridging elements inside the beam. Then, they are modelled in 
a similar manner as described in (w 3.1) for the composite. The 
effect of the steel rebars strengthening is superimposed to the 
one of the composite (Fig. 4). 

Yet, whereas the active length of the composite can be 
evaluated from shear stress mode shapes inside the resin joint 

Fig. 4 - Modelling of a cracked RC beam with composite 
strengthening. 

[11], the evaluation of the steel rebars active length is further 
more complicated. Indeed, when a crack occurs, the concrete 
envelope is damaged (yielding and failure) in the crack vicinity 
and the steel rebars are involved. As a consequence, the steel 
rebars active length depends on the elastic force transfer along 
the rebars and of the concrete envelope damaging in the 
vicinity of cracks. It is worth noting that the excitation level is 
low enough to prevent a steel-concrete slipping that can be 
considered as damage. Such an assumption is in agreement 
with the purpose of a non-destructive assessment of  the 
dynamic characteristics of the beam. The steel rebars active 
length L~teel is evaluated from experimental results when the 
beam features a 10 kN cracking pattern (Table 2): this 
parameter is determined by inverse analysis equalling the first 
natural frequency obtained from the modelling, with the 
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measured value. A 20 mm long steel rebars active length L~teet 
is then identified. Table 2 clearly shows that the strengthening 
of the cracked section due to the rebars must be ta__ken into 
account in the modelling. 

The longitudinal stiffness ksteet of  the rebars (Young's 
modulus E~te~l, cross section S~.te~l) along their active length 
Lst~el is given by: 

k ~,~e I - E steel S steel (12) 

Zsteel 

Then the rotation stiffness associated with the rebars 

k s~ is: 

ks~ = h 2 kstee l ( 1 3 )  

The cracked RC section with an external strengthening is 
o 

modelled by an elastic hinge whose stiffness khing e is given 

by: 

khO.nge o o o = kcrac ~ + kstee I + krepair (14) 

The resulting stiffness of the elastic hinge is used in 
Equation (5) and then in Equation (2) to compute the 
frequencies. Note that Lstee l in Equation (12) is the 
governing parameter. 

4.2 Exper imenta l  val idation 

The five first bending frequencies of a small scale model 
with a 10 kN cracking pattern are measured with free-free 
boundary conditions when the beam is unloaded (Table 2). 
Then, the composite strengthening is applied on the tensile 
face of the beam and its first natural frequencies are 
measured (Table 3). Experimental data are compared to the 
analytical ones. 

The error is lower than 6% on all the five first modes. 
Then, such a modelling is considered for the prediction of 
the first bending frequencies of a cracked RC beam with 
composite reinforcement. 

Table 3 - Natural frequencies (Hz) of a cracked RC 
beam (10 kN) with composite 

Mode 
number 

Experiment 
(Hz) 

Modelling 
(az) 

Difference 
(%) 

1 455 466 2.4 
2 1189 1239 4.2 
3 2179 2316 6.3 
4 3274 3459 5.6 
5 4588 4840 5.5 

5. D A M A G E  A S S E S S M E N T  O F  A 

C R A C K E D  R C  B E A M  

The natural frequencies of a structure vary when this latter 
is damaged. So, if the relation between the damage level and 
the natural frequencies variation is known, it is possible to 

assess the damage of a structure by measuring the natural 
frequencies. Obviously, the difficulty is to determine this 
relation a priori. Indeed, this involves knowing the location, 
the length and the number of the cracks for a given load Q, to 
evaluate the parameters of the model described above. 
Thanks to the standard codes (such as BAEL, Eurocode), a 
cracking pattern prevision may be proposed and then, it is 
implemented as an input of the analytical modelling to 
compute the evolution of the natural frequencies of a beam 
which was submitted to a static loading. 

5.1 A s s u m p t i o n s  

The prevision of  the natural frequencies of the beam 
considers the following assumptions: 
�9 The cracks are in a permanent open state caused by a 

static loading. 
�9 The assessment of  the structural data is non- 

destructive. The excitation level provided is low 
enough so as to prevent non-linear effects such as 
crack breathing and concrete-rebars interface slipping. 

5.2 Cracking  pattern previs ion 

5.2.1 The crack location 

The cracking pattern prevision is based on the evaluation 
of the curvature and of  the neutral axis position at the 
sections where a crack can occur. This prediction is done 
with respect to the assumptions of the BAEL code 
concerning the elastic field of a cracked beam [5]. First, for 
a given load Q, a bending moment diagram is calculated 
and the cracked zone is defined (Fig. 5). It corresponds to 
the zone where the value of the bending moment exceeds 
the cracking moment Mc~. 

The cracked zone starts at an axial coordinate Xcr given 
by: 

2Mcr (15) 
X c  r - -  Q 

M~ is the cracking moment: 

Me,. _ I0 L (16) 
0.5h 

where: 
�9 ~ is the concrete tension strength, 
�9 h is the beam height, 
�9 Io is the inertia of an uncracked section. 

The maximum value of  the bending moment is reached 
inside the pure flexion zone. Inside this zone, the cracks 
start out vertically with a spacing quoted AL in Fig. 5. AL is 
evaluated from the minimal crack spacing ALmi n that 
depends on the rebar-to-concrete bond strength rd. 

ALmi, is given by: 

eL 
z~kLmi n - -  - -  ( 1 7 )  

r d r c d  s 
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X cr 

I 

MmOX 

AL 

C r a c k e d  zone  
< > 

Fig. 5 - Bending moment diagram and crack locations. 

where: 
�9 B is the intact beam cross section, 
�9 ds is the steel rebars diameter, 
�9 the bond strength rd is given by: 

va = ~ z f j  (18) 

and ~r= 1.5 and 1 for ribbed and smooth rebars respectively. 
Considering the tension transfer along the rebars, the 

cracks can either be spaced by ALmz, or 2ALmi,. Then, 
BAEL code defines crack spacing AL as: 

A L  = 1 . 8 A L m i  n (19) 

For the reference beam, Equations (18) and (19) lead to 
approximately 300mm crack spacing, which is in 
concordance with experiments. Empiric factors are only 
available for real size concrete beams. However, crack 
spacing can be computed for the small-scale model using 
the geometric scale factor (1/3). Applying this factor to the 
1:1 scale crack spacing gives an approximately 100 mm 
crack spacing on the scale models which is comparable to 
the experimentally observed one (85 mm). 

5.2.2 Crack length 

The curvature along the span is deduced from the 
bending moment diagram (Fig. 6). From one tip to the limit 
of the cracked zone, the curvature increases linearly from 0 
up to @0. Then, from the beginning of the cracked zone up 
to the pure flexural zone, the curvature increases linearly 
from ~0 to (Z)ma x .  The extreme value of the curvature is 
given by: 

I "4 
I 
I 
I 
I 
I 
l 
I 
I 
~< 

Yo 

gzz....., 
Cracked  zone  

Fig. 6 - Curvature diagram and neutral axis posi t ion diagram. 

O-CS max 
(I) max --  (20)  

d - Ymax 

where Yrnax is the extreme position of  the neutral axis. Cs and 
Es m a x  are respectively the strain and the extreme strain of the 
tension rebars (Fig. 7). ~ max is given by: 

mmax 
~'smax (21)  

Estee t S stee l ( d --  Y max ) 

The neutral axis position is also deduced from the 
bending moment diagram (Fig. 6). In the uncracked zone 
(X<Xcr), the neutral axis position (Y0) is given by the centroid 
of  the homogenized section. In the pure flexural zone, the 
neutral axis position is fixed to y . . . .  which is given by: 

Ymax = 0 . 3 d  (22)  

From the beginning of the cracked zone up to the pure 
flexural zone, the neutral axis increases linearly. 

Once the curvature and the neutral axis diagrams are 
calculated, a strain diagram is established (Fig. 7). The 
crack length a is calculated considering that the crack tip 
corresponds to the point of the diagram where the tension 
strength of  the concrete is matched. The strain at this point 
is elim and is given by: 

L 
OCli m --  _ _  

Econc•ete 

Then the crack length a is given by: 

(23) 

_ ~'lim (24) 
h - y  - a  
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~ y ~ d '  

d 

-I 
Fig. 7 - Strain diagram at a cracked section. 

e, 

5.3 The natural frequencies evolution and the 
damage structure l eve l  

A four-point bending test is carried out on a small-scale 
model. For various values of the bending moment M, the 
cracking pattern is measured (crack location and crack 
length) and the beam is unloaded and placed in free-free 
boundary conditions so as to measure its natural 
frequencies associated with the five first bending modes 
f(M). Then, for each static loading level, the relative 
variations Af(M) are calculated: 

A ~ ( M ) = , 0 0  I , ( 0 ) -  f~(M) (25) 

These experimental data are compared to the analytical 
ones obtained for both following cases: 
1. The measured cracking pattern is used as an input of  

the model. 

~.m.. Experimental d a t a ~  . . . . . . . .  ] 
" ~ '  Experimental cracking pattem+ analytical modelling i 

l ~ Pre~dic!e_d cracking pattem + analytical m0del l i j  

2 5  , �9 , 

t �9 o . . . . . . . . . . . ~  
�9 �9 ..e..~""'""2;JoZ:---t__ 

. �9 �9 

. ~  

0 ' ' 0 ' 6 .  ' ' 0.2 0.4 0.8 1 

25[ I I.I �9 �9 �9 1 �9 

20 �9 �9 .~ ,, .,,...o, ....... ,H..,,..oo. 

]5 ~ III~II~I ill I fill 

10 ?"""  < ~  

1 
- -  , i ! B 

0 0 ' . 2 '  014 0.6 0.8 ] 

M (kN.m) 

1.2 

1.2 

2. The predicted cracking pattern described above is used 
as an input of the model. 

The results clearly show that the natural frequencies 
decrease when the bending moment increases (Figs. 8 and 
9). Two plateaus are observed. The first one appears when 
the cracking moment is reached. Then, three cracks start out 
in the flexural zone. When the bending moment increases 
and matches 0.3 kNm, the cracking pattern is extended to 
the flexural-shear zone where new cracks start out, resulting 
in the second plateau. The curves for the five first 
experimental natural frequencies are similar to the 
analytical curves obtained when the experimental cracking 
pattern is taken into account (Figs. 8 and 9): more 
particularly, the two plateaus are clearly observed as well as 
the abrupt transition between them. The difference does not 
exceed 20% for the two first modes. When the prediction is 
used, the results are in agreement with those obtained when 
the crack length is measured. 

For the higher frequencies, the difference between 
experiments and modelling increases with the number of  
the mode, even if the two plateaus are correctly described. 
These differences can be explained by: 
�9 The use of beam element for the modelling despite 

, 4 -  Experimental data 
i ~  Experimental cracking pattern + analytical modelling ] 

-e.. Predicted cracking pattetrt + analytical modelling i 

20 

15 
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15 ~L 
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15 
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I 

v v ~ � 9  
I I I I I -  | ts~ f l  I I~%% I 

I , 4 r , , P  ` i "  
; �9 _ . . e .  . . . . .  ..e 

B ~  

�9 " ~  S I 
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Fig. 8 - Relative variation of frequencies for the two first bending Fig. 9 - Relative variation of frequencies for the third, fourth and 
modes, fifth bending modes. 
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small crack spacing: a three-dimensional modelling 
would be better. 

�9 The actual opening modes of the flexural-shear cracks 
are more complex than the predicted cracking pattern 
used: for instance, nonlinearities are probably involved 
and, are not taken into account. 

�9 The cracks are supposed to be vertical, that is not true 
for the flexural-shear ones: that has an influence on the 
crack length. This is why the analytical modeling, 
associated with the experimental cracking pattern 
provides some better results. 

These points are to be taken into account for more 
accuracy of the modelling concerning the higher modes. 
Nevertheless, it is worth noting that only the very first 
modes are generally taken into account for the dynamic 
response evaluation of civil engineering structures. 

5.4 Discussion 

The aim of this discussion is to explain why two plateaus 
are observed. The first plateau occurs with the flexural 
cracks. The second plateau occurs with flexural-shear 
cracks. During the test, the length of  these cracks increases. 
Then, the plateaus reveal that the frequencies are not 
greatly influenced by the crack growth. This can be 
explained by considering the parameter q~teel." 

rlsteel = lO0 ks~ (26) 
k hO.nge 

This parameter characterizes the relative contribution of 
the rebar stiffness to the stiffness of  a cracked section that is 
modelled by its equivalent elastic hinge Equation (14). 

The contribution qstee~ is plotted as a function of the ratio 
of  the crack length under the beam height Fig. 10. It clearly 
shows that q~teel increases with crack length. When the 
crack length is half the beam height, steel reinforcement 
accounts for 80% of the entire stiffness of  the cracked 
section: when crack length increases the stiffness of  the 
cracked section stabilizes with the predominant rebars 
stiffness. As a consequence, in a first approximation, the 
cracked sections can be modelled by considering entirely 
cracked sections. Only the number and the location of the 
cracks can be considered. 

6. C O N C L U S I O N  A N D  O U T L O O K S  

This work should be viewed as a first-order attempt at a 
damage assessment of  a RC-beam (with or without 
strengthening) by a natural frequency measurement. 

This is based on an analytical model developed in [10] 
and modified to be applied to a crack reinforced concrete 
beam. 

In a first step, the influence of the steel reinforcement on 
the natural frequencies of  a cracked beam has been studied. 
It appeared that the steel reinforcement is characterized by: 

�9 A non-significant influence when the beam is not 
cracked. The beam can then be modelled as a 
homogeneous one. 

100 

,'2" 80 

50 / 
J 

Fig. 10 - Steel rebars contribution to the stiffness of a cracked 
section. 

�9 A significant influence when the beam is cracked. 
The rebars act as crack bridging elements. 

As a first conclusion, the rebars can be modelled in the 
same manner as a composite external strengthening. So, the 
cracked beam is modelled by an assembly of  beam 
elements with elastic hinges. The stiffness of  the hinges 
takes into account the flexibilities associated with the 
cracks and the stiffness of  the bridging effects of  both the 
composite and the rebars strengthening. The stiffness 
induced by the rebars depends on the active length of the 
rebars: this parameter is obtained so as the first modelling 
natural frequency corresponds to the first experimental one. 
The model of  a cracked RC beam with a composite 
strengthening is experimentally validated on a small-scale 
model. 

In a second step, the analytical model is used as a 
damage assessment tool. A prevision of a simplified 
cracking pattern with vertical cracks is needed. It is based 
on the determination of the curvature and of the neutral axis 
position at the sections where a crack can appear. This 
prevision is implemented as an input of  the analytical 
model so as to provide the frequencies as a function of  the 
static loading. A small-scale model has been used for the 
validation of  this approach. The two plateaus that can be 
observed by plotting the evolution of the frequencies with 
respect to the bending moment are due to the important 
contribution of steel rebars to the stiffness of  the cracked 
sections. 

The natural frequencies measurements presented in this 
paper are carried out with free-free boundary conditions. 
Hence no variations between two distinct measurements are 
introduced, which is less true with some other boundary 
conditions. The experimental data base obtained is then 
more adequate for model validation. However the approach 
is general and can be apply with any boundary conditions. 
Therefore it can be implemented on a real structure with 
clamped or simply supported boundary conditions. So, with 
the modelling, it is possible to determine a priori some 
curves such as the ones represented in Figs. 8 and 9. Then, 
to assess the structure damage, the following procedure 
may be followed: 
1. A frequency measurement of  the first natural 

frequencies of the intact structure. 

0.25 0.5 0.8 

a/h 
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2. A frequency measurement of  the first natural 
frequencies of  the structure when a damage assessment 
is required. 

3. With the curves such as the ones represented in Figs. 8 
and 9, we can read the maximal moment  applied to the 
structure: this is the abscissa of  the point o f  which the 
ordinate is the natural frequency shift. 

The knowledge of  this moment allows then to deduce a 
damage assessment by comparison with the cracking moment. 

The accuracy for the prediction of  the frequencies for 
higher modes can be ameliorated. This will be undertaken by: 
�9 Using short beam element models. 
�9 Describing better the complex flexural-shear cracks. 

Furthermore, higher excitation levels may be considered to 
identify the non-linear effects that can be activated (crack 
breathing, slipping of  the concrete-rebars interface). Such an 
analytical approach would be useful for the determination of  
the dynamic response of  structures consisting of  a cracked 
concrete substructure assembly. This structure could either be 
subject to a composite external strengthening or not. The 
application field would no longer be a structure monitoring but 
would be dedicated to the seismic behaviour prediction. 
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