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Summary

Wilks [26] introduced two integral equations in connection with
distribution problems in statistics. He called them Type A and Type B
equations. Tretter and Walster ([22], [24]) solved the Type B equation
and obtained the null and non-null distributions of the likelihood ratio
criterion for testing linear hypotheses in the multinormal case. In
this article we present several types of solutions of these equations
along with new equations called Types C, D, E and F with their solu-
tions. These include the integral equations satisfied by the density of
a random variable which is (a) product of independent real gamma
variates; (b) products of independent real beta variates; (c) ratio of
products of independent beta and gamma variates; (d) arbitrary powers
of products of gamma and beta variates; (e) arbitrary powers of pro-
ducts and ratios of beta and gamma variates, and more general cases.

1. Introduction

In order to give a technique of deriving the distribution of a statis-
tic when its hth moment is available Wilks [26] introduced two integral
equations called Type A and Type B equations. Consider the equation

) Cef@de=B Tl e+ wir@) (Type A)

where h and «,’s are real and positive, B and f(x) are free of h. This
he called Type A equation. Type B is given by (1.2).

@2 | er@ds=CB [T G+IIC+m)  (Type B)

AMS 1980 subject classifications; Primary 62E15; Secondary 44A15.
Key words and phrases: Wilks’ integral equations, general solutions, extensions, distribu-
tions of test statistics.

271



272 A. M. MATHAI

where C=ﬁ{l’(cj)/]"(b,)} and B and f(x) are free of k. The b,’s and
7=1

¢,’s are two sets of positive numbers such that there exists at least
one way of pairing them so that each b; is less than the correspond-
ing ¢,. Without loss of generality we will assume that b,<¢,, =1,
..., p. Type A equation can result from the following situation. Let

X=X,---X, where X, ---, X, are independent real gamma variates
with the densities
.3) flm) = {dl (@)} " aslem=/

x1,>01 a1,>0y d1,>0 y' 'i:l, "'yp

and f.(z)=0 elsewhere. If f(x) is the density of X then the Ath mo-
ment of X is given by (1.1) with B=d,d,---d,. Thus X is structurally
the product of p independent real gamma variates. In (1.2) change X
to X/B then B will disappear from the right side. Hence for conven-
ience we will assume B=1 in the following discussion. Let X=Y,---

Y, where Y,, -+, Y, are independent real beta variables with the den-
sity functions
(1.4 9.(y) = {I'(es+B) (@) (B} (1—z )7,

0<f17,;<l, a1‘,>0y .B;>0: 1,21, e, P

and g,(¥.)=0 elsewhere. Then the Ath moment of X with a;=b;, a,+8,
=¢; 1=1, ---, p gives (1.2) for B=1. Thus f(x) in (1.2) can be looked
upon as the density of X where X is structurally a product of p inde-
pendent real beta variables. X in (1.1) is associated with the deter-
minant of the sample covariance matrix when the sample comes from
a multivariate normal distribution. X in (1.2) is associated with several
test statistics for testing hypotheses on the parameters of one or more
multivariate normal populations. It is also connected with problems in
geometric probability, see for example Mathai [8]. Since Type B is
relatively more important than Type A as far as statistical applications
are concerned we will look into the solution of Type B first. Through-
out this article an empty product is interpreted as unity and the cor-
responding empty sum as zero. All the parameters are assumed to be
real unless otherwise specified.

2. Solutions of Type B integral equation

Wilks [26] gave a multiple integral representation for the solution
of Type B equation. This is obtained by working out the density of
a product of p independent real beta variables by the method of trans-
formation of variables. His solution for B=1 is the following.
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@1 f@=Kerit—ayrsrt | T oo —oye-cicigiesndo)
=1
where

22) &=t ul=v)+ - +ud =) 10 (-0 )} (1~2),
n=Ro,. B=%b,, K=TI TG CE—b).

By induction he showed that 0<¢,<1 for i=1, ..., p—1. By succes-
sive integration of (2.1) Wilks [25], [26] derived the exact densities in
particular cases for the likelihood ratio statistics for testing general
linear hypothesis and independence of subvectors in multinormal popu-
lations. By wusing Wilks’ multiple integral representation Wald and
Brookner [23} derived the null density for the problem of testing in-
dependence. )

Nair [20] showed that f(x) of (1.2) satisfied the differential equation

2.3) x]]i[l<x—&%—c,+2>f(x)=Bﬁ(w%—bl—{—l)f(x) .

He gave a general method of solving such a differential equation with
the help of the method of Frobenius and calculus of residues. We
will show in Section 3 that the differential equation (2.3) is a particular
case of a differential equation coming from a more general moment
structure and the general solutions of such differential equations are
also available. In a series of articles Davis, see for example Davis [4],
worked out the explicit unique solutions of (2.3) for particular cases
and thus obtained the exaect distributions of several test statistics in
particular cases. Mathai [13] used a general expansion of a G-function
and derived an explicit general solution for (1.2) for B=1 in the form
of the following series which is suitable for computational purposes.

(2.4) f(x)=CZX, A, x%(—log x)%, 0<x<l

and f(x)=0 elsewhere, where C, 4,, B, and C; do not depend on z.
Further, C, is a non-negative integer such that 0<C,<p—1. Explicit
forms of A4, B, and C, will be given in Theorem 2 later on. This
author has noticed that (2.4) is the most suitable form for computa-
tional purposes compared to other series forms which will be discussed
in the next paragraphs. Computability of (2.4) is illustrated by com-
puting the exact percentage points for several test statistics, see for
example Mathai and Katiyar [14].

Following the suggestion in Wilks [26], Tretter and Walster [22]
expanded &% for 4=1, ---, p—1 and obtained the density for Wilks’ 4
in the form of a multiple sum. They noted the recursive relationship
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&,=v,+1-v)¢y, 1=1, ---,p—1. When k, is a positive integer & re-
sults in a finite sum when expanded. Thus successive expansions lead
to a finite sum. Then successive integrations give the final solution
to (2.1). But note that k,=b,—¢;,;<0 in Wilks’ representation and

hence &% for 1=1, ---, p~1 give multiple infinite series. They obtained
a series of the form
(2.5) Sfw)=Cu20,(1—u)

where C, a and o, do not contain % and ¢,’s involve multiple sums and
products. By using (2.5) they derived the exact null density of Wilks’
A for testing general linear hypothesis. Later Walster and Tretter [24]
extended their results to the non-null case as well as to other test
criteria. By using the same procedure Gupta [7] worked out the ex-
act null density of the likelihood ratio criterion for testing sphericity.
When p becomes large o¢,’s become unmanageably complicated in this
multiple sum representation which then becomes unsuitable for com-
putational purposes. This is a drawback in any multiple series repre-
sentation. If a multiple sum representation is looked for then we will
give the following new representation which is more compact and valid
for general values of the parameters.

LEMMA 1. If Y, ---, Y, are independent real beta variates with
the densities given in (1.4) and if U=Y,---Y, then the density of U,
denoted by g(u), is given by

(2.6) g(uw)=Cpur'(L—-uys™
% S: .. S: ﬁj: L=t )P Lty ity e -ty (1 —-u))"fp—-idtl} ,
O<u<l

and g(u)=0 elsewhere, where,

i
(27) Cp:;[l; {F(az+ﬁz)lr(az)r(.81)} ’ 6i='.Bl+ t e +ﬂz ’ Ti:az+l+.g1.+1—'ai .
ProoF. Consider two independent real beta variables Y, and Y,
having densities given in (1.4). By transformation of variables it is
trivial to note that the density of U,=Y,Y, is given by
1
hi(u,)=Cug™" S tamee (1 — )Yt —u, )% dt
y

where C, is defined in (2.7). Make the substitution 1—1t,=(f—u,)/(1—u,).
Then,

By = Gy (1 — g )Pr+oat Sl £ (L — ) (L — by (L — )~ e
9



EXTENSIONS OF WILKS’' INTEGRAL EQUATIONS AND DISTRIBUTIONS 275

Now by induction and making the above substitution each time the
result follows.

The form (2.6) is more convenient compared to Wilks’ representa-
tion (2.1) with ¢&; defined in (2.2). It is readily seen that each factor in
(2.6) is expansible since 0<t, ., ,---t,_,1—u)<l for =1, ..., p—1.
In the persuit of obtaining new results in Special Functions by using
statistical techniques and getting a multiple integral representation for
a G-function Mathai and Saxena [19] arrived at the representation in
(2.6).

THEOREM 1. A solution of the Type B integral equation given in
(1.2) with B=1, b,=a,, ¢,=a,+8,;, i=1, ---, p is given by

(2.8) g(u)ch{ifz F(BJ)}qu‘l(l—u)‘sp"i ;2:0 Zp
X () TG RY A= (TGt B}, 0<u<1

and g(u)=0 elsewhere, where C,, 3,’s are defined in (2.7), R,=r+---
+7r,, R=(r, -+, 71, is the partitioning of the integer r such that r;=
07 i::ly ctty p_1! ’rl+ cee kT 1=7.

ProoF. Since
(1—o(l—u) =3 ()87 (L—my/rl,  for |3|<1, 0<u<l
r=0

where (y),=y(r+1)-.-(y+7r—1), by expanding and integrating out ¢,
«++,t,, in (2.6) the result follows. All the steps are valid in this case.

In the case of Wilks’ 4 in the real null case the parameters are
(see for example Mathai [12]) «;=(N—j)/2, B;=¢/2, j=1, -+, D, 7;,=
(g-1)/2, =1, ---,p—1, N>p and N is the sample size. Thus (2.8)
gives a multiple series representation. But in Mathai [12] it is shown
that in the case of Wilks’ A one can get the density as a finite sum
for all cases, where p and ¢ are not both odd, by using calculus of
residues. Also it is shown in Mathai and Rathie [16] that generalized
partial fraction technique is applicable in this case. The general non-
null case for Wilks’ 4 is given in Mathai [9] and Walster and Tretter
[24]. The main advantage of the representation in (2.8) is that it is
a general representation for all parameters in (1.4) and the distribu-
tion function is available in terms of incomplete beta functions by term
by term integration and the steps are all valid in this case.

THEOREM 2. Consider the integral equation

(2.9) S: o f()dz=C, ﬂ (T (o4 1) T e+ Bt h)} =C, d(R)
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where C, is given tn (2.7), a;, B, 1=1, ---, p are complex numbers such
that R(h)>—min R(a;), j=1, ---, p, iR(ﬁi)+1/2>O where R(-) denotes
=1

the real part of (-), f(x) is assumed to be real and defined and single
valued almost everywhere for 0<x<1 such that f(x)=0 and absolutely
tntegrable over the range (0,1). Then f(z) for 0<a<1l is given by a
series of the form

(2.10) f(x)=C, i pai(=logz)yn,  0<z<l

and f(x)=0 elsewhere, where y; f; and g, do not depend on = and 0=
g.=p—1L.

PrOOF. From the conditions stated above f(x) is available as the
inverse Mellin transform of the right side of (2.9) with & replaced by
h—1. That is,

F(@)=Co2ni)" S””_" diyerdh,  i=(—1

where ¢>—min R(a;), j=1,:.--,p. From the theory of G-functions
f(x) is defined for 0<x<1 and it is available as the sum of the re-
sidues at the poles of 4(h). Let h=—a,, t=1, --- be the poles of 4(h)
with orders b, i=1, ---. Evidently 1<b,<p since there are only p
gammas in the numerator of 4(h). The residue for a pole of order b
at h=—a is given by

ab—l
ahb—l

= (/6= 5, ( ”;1 )(—log xyi=e,

(2.11) o= {1/(b—-1)!} lim {(h+a) d(h)x™"}

where
2.12) ¢, =1lim -2 {(h+ay d(h)} .
h—-a ahr
Summing up the residues by using (2.11) one has
oo b;—1 A
F@=C, 26~ Z (T a(~logapt,  0<z<1
where o,, is ¢, of (2.12) with ¢ and b replaced by «a; and b, respective-

ly. Since 0<b,—1—r=<p—1 for all values of b’s and r the result fol-
lows.
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3. Type C and Type D integral equations and their solutions

Consider the equation (3.1) which we will call Type C equation.
(3.1) S: o f(z)do=Ca ﬁ I'(a,+h) T I(8,~k)  (Type O)
=1 7=1

where h is such that the gamma products exist and C ‘lzﬁ I(a)) ﬁ reg,.
J=1 J=1

A sufficient condition for the existence is that m=0, m'=0, m+m'=1,
a real and positive, —min R(e,)<R(h)<min R(8,), R(e,)>0, R(8:)>0, j
=1,.--,m, k=1, ---, m', where R(-) denotes the real part of (-). f(x)
is assumed to be real and defined and single valued almost everywhere
for x=0 and absolutely integrable over the range (0, ). For simpli-
city we will assume that the parameters are all positive and that f(x)
is a density function. Since by changing x to x/a one can remove a
from the right side we will assume a=1 without loss of generality.
The hth moment of,

(3.2) X=X+ X /(Y1 - Y)

can give (3.1) where X, -+, X, and Y}, ---,Y, are mutually inde-
pendent real gamma random variables defined in (1.3). A typical ex-
ample of (8.1) is the ratio of the determinants of two independent
sample covariance matrices when the samples come from multinormal
populations. When m=m'=p such a ratio of the Wilks’ concept of
generalized variances has applications in analysis of variance and other
problems in statistics.

A solution of (3.1) can be found by identifying it with a G-func-
tion of the type G=™(x). Various existence conditions for f(x) of (3.1)
are available from the existence conditions for the G-function, see for
example Mathai and Saxena [18]. A computable series representation
of the type

3.3) f(x)=2 ax%(log x)”

where a,, b, and ¢, do not depend on z and 0=<¢,<m—1 is available
from Mathai [10] along with applications in statistics. Since the case
m=m'=p is closely accociated with the ratio of two independent gen-
eralized variances we will give here another new representation for
the case m=m'=p and ¢=1 in (3.1).

LEMMA 2. Let m=m'=p, a=1, a,, 8, j=1, .-, p be real positive
numbers in Type C equation given in (3.1). Then the density of U, de-
noted by g(w), is determined as follows where U=(1+X)™.
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1
0
X Uty by F(L—w) (A=t - - (L—t,_)) " @1*o0dt,- - -dt,_, ,
O<u<l,

@4 g=Caria—uyt | [ I e gy

where C, is defined in (2.7).

Proor. We will rewrite X of (3.2) in the form X=2Z,..-Z, where
Z,=X,]Y, and it is trivial to note that Z, has a beta type-2 density
given by

Ei(2)= (T e+ BT @) (B} 2 (L 42w,

0<z, <0, ,>0, 8,>0 and K,[(z,)=0 elsewhere, 1=1, ---, p. Thus f(x)
of (3.1) is available as the density of the product of the independent
beta type-2 random variables Z,, ---, Z,. Let U;=Z2,Z,. By transfor-
mation of variables the density of U,, denoted by P,(u,), is given by

Py(uy)=Caui™ S: trm e (L) =t (1 oy ft) a0t
Change ¢ to w;! to get
Py(u)=Cuup™ S: Wit (L) 22 (1 wywy )t Ao daw, .
By induction it is easily seen that the density of X is given by
Pla)=Cyrit |- [T wrrteosnt (o anyesnrones)
X(L4+zw, -« cwp_) 0" 80dw, - - -dw,_, , 0<z<< o0

where C, is defined in (2.7). Put u=Q1+2)", t,:=14+w)™", 1=1, ---, p—1
so that O<u<1, 0<t,<1, i=1, ..., p—1 then the density of U reduces
to (3.4).

THEOREM 3. A solution of Type C equation of (3.1) with a=1, m
=m'=p, a,, B; j=1, -+, p real positive numbers, 1s,

(8.5)  F@)=Cahmi(L+a) e
X g’ {((21‘*'}91)1/7'!}7%0( >(_._ 1)1 i <:1 ) g (l+z)"

r
7y 7420
X T TG+ et )T (@t Bt ri— )]
oy +Bi+ai+ Bt} 0<r<oo
and f(x)=0 elsewhere, where C, is given in (2.7).
ProoF. Since u-+(1—u)=1 and 0<t;---¢,, <1, O<(1—£)---(A—1,_)
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<1 we have 0<0<1 where O=ut,---t,_;+1—u)(1—t)---(1~t,_).
Hence

Q-+ = {1_ (1__@)} —Cay+8pd
=2 {(a+B)./r1} (1 —0)

= et 8 337 )0 3Tty

T9=01\ ’r2

S
where for example, (a),=ala+1)---(a+r—1), (ﬁ):m!/{n!(m—n)!}, 0!

=1. The factors containing ¢, in (3.4) give
Sl tfl+"z+l+"2_1(1——tl)"1+ﬁz+1+11—r2—1dti
0

=r(.31+¢¥z+1+"'2)F(al+.Bi+1+”"1""’”z)/r(oh+.31+f¥i+1+.3z+1+’)”1) .

Changing U back to X the result follows.

For special values of the parameters «,’s, 8,’s, m and m’ of (3.1)
one can write f(x) in terms of elementary functions such as Bessel,
Whittaker, and Struve functions. Several such reduction formulae are
available from Mathai and Saxena [18].

For the Type A equation given in (1.1) one can obtain a multiple
integral representation by using the procedure discussed above by treat-
ing X/B as a product of independent real gamma variables with para-
meters a;, - -+, @,. One such representation is given in Wilks [26]. But
it is easy to note that f(x) of (1.1) is nothing but a G-function of the
type Go)(x). A general series representation of the type (3.3) is avail-
able from Mathai [11]. Wilks [26] remarked that he was unable to
get explicit forms of f(x) for various particular values of p. This is
due to the fact that for general parameter values G§)(x) does not re-
duce to elementary functions except for p=2 which leads to a Bessel
function. For special values of the parameters several reduction for-
mulae are available, see for example Mathai [11]. One such case is
when a,=a+(1—1)/2, =1, ---, p. Combining the gammas by using the
multiplication formula

(3.6  Ima)=Ea)'™rmm e ] +G-Djm), m=1,2, -
one gets from (1.1),
|, BB f@e=T(pat )T we),  s=ph.

Hence p(X/B)"? has a gamma density with the parameter pa. In the



280 A. M. MATHAI

case of Wilks’ generalized variance in the multinormal case the para-
meters «,’s differ by 1/2. Hence by combining the gammas by using
(3.6) for m=2 the number of gammas on the right side of (1.1) can
be reduced. Bagai [1] obtained explicit expressions for the density of
the generalized variance in the multinormal case in terms of multiple
integrals and multiple series for p=2 to 10.

Consider a more general case of integral equation for f(z) where
f(x) will be assumed to be real, single valued and non-negative almost
everywhere for =0 and absolutely integrable over the range (0, co),
which we will call Type D equation.

i

I, +h) ]_T F(l—a,-—h)} /

q

1 r(1—bj—h)j=]j+ 1]"(a,+h)} (Type D)

m+1

3.7) S: 2 f(w)dw = Car

L

where C is a constant such that Sw fw)du=1, the points h=-—v—b,,
0

j=1,---,m, v=0,1, ... and h=1—a,+1, j=1, ---,n, 2=0.1, --- are
separated. a;, j=1,---,p and b, j=1, ..., q are some complex num-
bers. h is such that —min R(b,)<R(h)<1—max R(a.), j=1,---,m, k
=1,.--,n. m+n—p2—g/2>0 or m+n—p/2—qg/2=0 and 0<|z|<1 in
which case it is assumed that f(x)=0 for [x]=1.

Since by changing z to x/a one can get rid of o' we will take a
=1 in the following discussions. A particular case of the gamma pro-
duct is the hth moment of V where V=(X,---X,)/(Y;---Y,) where X|,
.., X., Y, .-+, Y, are mutually independent, some of which are gamma
variates and others are beta variates. But this does not exhaust all
possible cases in (3.7). From the gamma product in (3.7) it is easily
seen that f(x) is a general G-function of the type G (x). Existence
conditions for f(x) and a series representation of the type (3.3) are
available from Mathai and Saxena [18]. Also it should be remarked
that the integral equations of Types A, B and C are special cases of
Type D. For particular values of the parameters one can write the
general G-function in terms of elementary functions. Several such
cases are available in the literature, see for example Mathai and Saxena
[18]. In all such cases f(x) of (3.7) can be written in terms of ele-
mentary functions.

f(®) in (3.7) also satisfies a homogeneous linear differential equa-
tion of the type

(3.8) (—1)p=m=ngg ﬁ (O—a;+1)— ]]T (o._bj)} F@)=0

where 6 is the differential operator ¢ =wé£-. From (3.8) one can easily
x
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write down the differential equations satisfied by f(x) of Types A, B
and C integral equations. For Type B Nair [20] derived the differen-
tial equation directly from the moment expression. It is easy to verify
that Nair’s differential equation is a particular case of (3.8). Also par-
ticular cases of (3.8) are worked out by Davis in connection with vari-
ous test statistics, see for example Davis [4]. Hence one way of solv-
ing for f(x) is to find the unique solutions of (3.8). But this procedure,
in general, is complicated, see for example Nair [20] and it is more so
when n=0 and g#m.

In some cases the hth moment of the density f(r) may not have
the structure given in Types A to D but transformable to one of these
types. As an example consider the hth null moment of U associated
with the likelibood ratio criterion for testing sphericity in the multi-
normal case. Here

(39  E(U)={pTp/2)/Tph+npj2)}
XTTAT (bt (n+ 1= DI (n+ 1= 2}

By expanding I'(ph+np/2) with the help of the multiplication formula
(3.6) one can easily see that (3.9) reduces to a Type B equation.

4. Type E and Type F integral equations

In all the cases discussed in Sections 1 to 3 the integral equations
have gamma products on the right side with A having the coefficient
+1. In this section we will consider two cases, which are applicable
to statistical problems, where the coefficients of h are different from
+1. Consider the following equation which will be called Type E
equation.

@y [ erede=ca T re,+80)/T Me k) (Type B)

where h is such that the gammas exist, «,, j=1, ..., m/, 8;, 7=1, ---,
m and a are positive real numbers and a,’s and b,’s in general could
be complex numbers but we restrict them to be real numbers for the
time being. f(x) is assumed to be real, non-negative and single valued
almost everywhere for =0 and absolutely integrable over the range

(0, ) and C is a normalizing constant such that Sm f(x)der=1. Let
0
4.2) #=318~3e, and pF=TTay ] 5%

Then it is easy to show from the theory of H-functions, see Mathai
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and Saxena [17], that f(x) exists for all x if x>0 and for O0<z<a/p
if #’=0. Thus when p'=0 we define f(z) in (4.1) to be f(x)=0 for
0<x<a/f’ and f(x)=0 elsewhere. A special case of (4.1), the case
when /=0 is the moment expression considered by Box [2]. Hence
we will call this as Type E or Box’s integral equation. Some simplifi-
cations in Box’s procedures may be seen from Gleser and Olkin [5].
A special case of the moment structure in (4.1) can also be obtained
by the Ath moment of the random variable V=X,--.-X, where X, - -,
X, are mutually independent, some of which are powers of real beta
random variables and the others are powers of real gamma or general-
ized gamma variables. Many of the likelihood ratio test ecriteria, in
the null cases, for testing hypotheses such as sphericity, equality of co-
variance matrices, equality of populations, H,., H,.. (in Wilks’ notation),
in multinormal populations fall in the category of Type E. The exact
null densities of many of these test statistics are given in Mathai and
Saxena [18] which give f(x) of (4.1) for various particular values of
the parameters. A series representation in terms of gamma densities
is available from Box [2] for the case p’=0 when e,’s and ;’s can be
made arbitrarily large whereas (a;,—a,), j=1, ---, m’, (b;—8,), 3=1, ---,
m are bounded. The general solution for (4.1) is available as a parti-
cular case of the computable representation of a general H-function
given in Mathai and Saxena [17]. This is a series of the type (3.3).
When «a,’s and B,’s are rational numbers, that is numbers of the type
m//n, where m/ and n} are positive integers, there exists a number
N such that Ng,=m,, j=1,.--,m and Ne,=n,, j=1, .., m’ are all
positive integers. Replace h by Nk in (4.1). This is equivalent to
considering the Ath moment of U where U=X7%. That is,

(4.3) E (U")=C(a")" ﬁ (b, +m,h) / ﬁ Ta,+n,k).

Now expand all the gammas in (4.3) by using the multiplication formula
(3.6). Then the density of U=X" satisfies either Type B equation or
a special case of Type D equation of which the general solutions are
already discussed. The likelihood ratio statistics discussed earlier be-
long to (4.3) which reduce to Type B when the gammas are expanded.
Densities of random r-contents associated with problems in geometric
probabilities which are discussed in Mathai {8] and in the references
therein also belong to the type (4.3) which reduce to Type B. Thus
only when at least one of the a,’s or 8/s in (4.1) is irrational (4.1) can
not be reduced to the Type D equation.

It is pointed out in (3.8) that f(x) in Types A to D satisfies a
homogeneous linear differential equation. But so far nobody has worked
out a differential equation for f(x) in (4.1) when (4.1) can not be re-
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duced to a Type D equation. Hence the method of differential equa-
tion fails in (4.1) for the general case.

Now we will consider the most general case in this category and
call it Type I integral equation.

(4.4) S: o f@)dn=Car T T, +8,) T] T(1~0,~a,b) /

T, FA=b,-80) 1 I, +ah)

F=m+1
4 (Type F)
where the gamma products exist and the points h=—(b,+v)/8;, 7=1,
ceeym, v=0,1,-+- and h=(Q1—a;+A)fe;, j=1,---,m, 2=0,1, --. are

separated. f(x) is assumed to be real single valued almost everywhere
for x=0 and absolutely integrable over (0, o). For simplicity we will
assume that all the parameters are real, «,, j=1,---,p, 8,, 7=1, ---,
q are positive numbers but in general a;, j=1, ---,p and b,, j=1, .- -,
g could be complex numbers. C is a normalizing constant such that

S:f(x)daczl. Let
(4.5) p=318-3a, and p=Tlay (167,

From the theory of H-functions it is easy to show that, see Mathai
and Saxena [17], f(x) is defined for all # when >0 and for 0<z<a/B
when p=0.

A special case of the moment structure in (4.4) could be generated
by the hth moment of W=X,...-X,/(Y;---Y,) where the random wvari-
ables X, ---, X,, Y, ---,Y, are real and mutually independent, some
of them are powers of beta variables and others are powers of gamma
variates or generalized gamma variates. It is easy to note that the
hth moment of W does not exhaust all possible cases in (4.4). If pro-
ducts and ratios of independent likelihood ratio test criteria, such as
the ones for testing sphericity, equality of covariance matrices, eqauli-
ty of populations, in the multinormal case, are considered then the hth
moment of such a quantity also falls into Type F equation.

A general solution of Type F eqaution is available and a comput-
able representation of f(x) in (4.4), whenever f(x) exists, is available
from the computable representation of the H-function given in Mathai
and Saxena [17]. For many special parameter values f(x) is available
in terms of elementary special functions which are obtained from the
many special cases of the H-function.

When ¢,=---=a,=1=8=-..=8, Type F equation reduces to Type
D equation. Also when @y, ---, @, 8, -+, 8, are rational numbers Type
F can be reduced to Type D as discussed earlier. The technique of
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differential equation fails because a differential equation for f(x) of
(4.4) is not available for general values of the parameters. Also it
should be remarked that the general solutions of Types D and F need
not give a non-negative f(x) for all parameters. Hence restrictions on
the parameters become necessary if f(x) is to be kept non-negative
for all =.

5. Type G equation and its solution

In all the equations considered so far the right sides contain gam-
ma products containing the complex variable 2. The only other factors
on the right sides are of the form a* where a is free of h. Here we
will consider the case where a factor of the form (h-+a)***® is present.
The hth null moments of the likelihood ratio criteria for testing the
hypotheses H,: ¥=23,, H,: p=p, ¥=23, where p, and X, are given
quantities, ¢ and X are the parameters in a multinormal N,(g, 5), are
of this type. They are

(6.1) E@Q™)=(2¢/N )”N""”’zh""”"“”zﬁ {I(Nh—1)/2)] (N —1)/2)}
and
(5.2) E (237)=(2¢/N)rra-bip-rin2 T:Tl {I'(Nh—1)/2)[T"((N —1)/2)}

where N is the sample size. Hence we will consider the following in-
tegral equation and call it Type G.

(5.3) S:’ oL f (x)da =~ Rt ﬁ {T'(a,+e,h)/[(a,+e,)}
Xﬁ {I'@j+a)/I(a)+ah)}  (Type G)

where f(x) is assumed to be real, non-negative and single valued almost
everywhere for =0 and absolutely integrable over (0, ), a>0,b, k
do not contain h, R(h)>—min (R(a,/a,), R(aj/al),0), j=1, -+, p, r=1,
<e, 95 a; j=1,---,p and o}, r=1, --., p’ are real and positive num-
bers. E(-) denotes the real part of (-), p=0, p'=0, an empty product
is interpreted as unity and an empty sum as zero. Generalizations of
(5.8) along the lines of Type F equation can be given but there does
not seem to be any test statistic in the current literature having the
hth moment of such a general nature. Hence we will confine to the
solution of Type G.

THEOREM 4. A solution of the Type G equation given in (5.3), when
a;, J=1,--+,p, @}, =1, -+, 9 are bounded, o, j=1,:.--,p, &}, j=1,
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-+, 9 can be made arbitrarily large, éaj—é’ )=k, V=b+(p—2")/2+
7=1

7=1

¥ P
f]aj—z a;>0, 18 given by
=1 j=1

(5.4) fl@)=C" io ¢,{log C—log z}'*7t,  0<x<C

and f(x)=0 elsewhere, where c,’s do not contain zx,

M*{

/
J .

(5.5) C= aﬂa T[a,‘“y ﬁ

1=1

Proor. When a; is bounded and «, — oo one has
(5.6) I'(a;+a,h)=(2r)ah)ytur11
xexp {—a i+ 3} (— 1) Bras(@)r(r+ L e)}
where B,(a) are the Bernoulli polynomials defined by
e )(e" —1)= % 2" B(a)/r! .
Expanding all the gammas in (5.3) by using (5.6) one gets
61 40=TT I e/l a+a)} [T (@ +a)l @ +ap)

.
21 ) (p~p")/2

» v A (i
=< [T a1l Olrale_"> herp =t exp {8},
7=1 =1

where p is defined in (5.5) and

i B8,(—1+h"") and
(5.8) ) !
8=(~1y"{$ B(a)jos— 5 Bru@lay’| [trr+ 1)

Since k=p, substituting (5.7) in (5.3) one gets
S: 2 f(x)de=C"he?

where C is defined in (5.5), 8 in (5.8) and b’=b—|—(10—-10’)/2—1-41{‘1 a;—ﬁla,..
7=1 1=

Expanding ¢* and writing it as a power series in (1/k) one has

Then
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(5.9) "ot flapdm=Crs Syb pmores.

For computational purposes one many require the right side of (5.9)
expressed in ascending powers of (1/¢,) and (1/a)). In this case we
may write

e’ =1+p+F 2+ - - =14 {Bi(1/h)—pi}
+ {(B:+ B8/2)(1/R7) — Bi(1/R) + (— B+ Bi/2)}
e

From the conditions stated in (5.3) f(x) is available as the inverse
Mellin transform of the right side of (5.9). Since a; — 0, a) — oo for
all 7 it is easy to note that the right side of (5.9) goes to zero uni-
formly with respect to arg h as |h|— co. Hence f(x) is available by
term by term inversion. The inverse of A=+ is (—log x)* */~/"(b’'+ 7)
for 0<x<1 and zero elsewhere. Hence from (5.9) we have the den-
sity of U=X/C, denoted by g(u), given by

(5.10) gw)=3e,(=log )+,  0<u<l
7=0

and g(u)=0 elsewhere, where ¢,=b,/I"(b'+7). Thus f(z) is established
as given in (5.4).

Note that if the right side of (5.9) contains the factor (h+4d)~®'*?
for d>0 instead of R~®*” then in (5.10) there will be an additional
factor »¢ on the right side.

Identifying the parameters in (5.1) with the equation (5.3) we
have, k=Np/2, b=—p[2, a=(2¢[N)**?, a,=N|2, a,=—7/2, j=1,---, D,
p'=0. Hence 3} a,=Np/2=k, C=1, b'=p(p+1)/4. The density of 2, is
given by (5.4) with C=1, ¥’=p(p+1)/4. Comparing (5.2) and (5.3) one
has a=(2¢/N)"?2, b=0, k=Np/2, ¢;=N|2, a,=—-j/2, j=1, -+, p, P'=0,
b =p/2+p(p+1)/4, C=1. Then the density of 4, is given by (5.4) with
C=1, b'=p/2+p(p+1)/4.

The hth non-null moments of a large number of test criteria as-
gociated with the multinormal populations have the structure of Type
E or Type G multiplied by a hypergeometric function of one matrix
argument, see for example Mathai [9], Pillai and Jouris [21], or a hy-
pergeometric function of many matrix arguments, see for example
Mathai and Rathie [15]. In a number of other cases the hth non-null
moments are not available in the literature yet. In the cases where
they are available it is seen that the hypergeometric functions are ex-
pansible in terms of zonal polynomials. For a discussion of zonal poly-
nomials, see for example, Constantine [3], James [6]. Once these hy-
pergeometric functions are expanded and the terms rearranged then
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the kernel containing % falls in the category of Type E or Type G
equation, see for example Mathai [9]. By modifying the equations
Types A to G the corresponding non-null cases can be covered. Since
in a large number of cases the non-null moments are not yet available
further discussion of integral equations to cover non-null cases in de-
leted.
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