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Abstract: Weak formulation of mixed state equations including boundary 

conditions are presented ill a cylindrical coordinate system by introducing Hellinger- 

Reissner variational principle. Analytical solutio~ are obtained for laminated 

cylindrical shell by means of state space method. The present study extends and 

unifies the solution of laminated shells. 
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Introduction 

Based on three-dimensional elasticity theory, exact solution of homogeneous isotropic, 

orthotropic, and laminated plates and shells has been studied [~]'C~J , respectively. But all of 

above papers adopted rigorous equilibrium and boundary conditions, and their solution can be 

relied only on special technique. Thus those methods would be difficult to be popularized. Ref. 

[7] clarified the importance of mixed state equation of elasticity, and first gave Hamilton 

canonical equation by modifying Hellinger-Reissner variational principle. At the same time 

Tang rT] pointed out that the study of solution of mixed state equation has still not been well 

developed though it has a wide spread application prospect. This is because Hamilton equation 

must be satisfied complex boundary condition in continuous medium mechanics. This is its 

characteristic and difficult point, too. In this paper, however, by introducing Hellinger-Reissner 

variational principle, universal weak formulation of mixed state equation and boundary condition 

are presented. Shells with different boundary condition can be dealt with by uniform formulas. 

Furthermore, for applying state space method, and analytical solutions are obtained of 

homogeneous and laminated shells. The present study extends and unifies the solution of 

laminated shells. 

1 H e l l i n g e r - R e i s s n e r  V a r i a t i o n a l  P r i n c i p l e  a n d  H a m i l t o n  C a n o n i c a l  

E q u a t i o n  

In the light of three-dimensional elasticity HeUinger-Reissner variational principle, three- 

dimensional composite function based on independent variable a , ,  ao, r  r,0, r = ,  r ~ ,  u,  v, w 
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can be shown to be of the form: 

f f f  [ 3u (w 1 3 v )  3w (3v 1 ~u)  
U = v a ,  ~ x  + ao --r + --r ~ + (~r -~g + r~o "~x + --r-frO + 

- + r,~ § - ~ - { a } r { c  - 
r,o T -a-5 + Or r ~rr 

+ 
3 3  s 

((1 - ~0)~ - v)po + ( (1  - ~r)~) -- W ) p r ] d S .  (1) 

Collecting all formulae with 3( ) / 3 r ,  one has 

U = at Tr + v,~ ~r + r~,-~r - H rdrdOdx + F ,  (2) 
v 

where 

- H =  a,  ~-; + ~0 + - -  + ~ , o  r ~ Y ~  r ~ ~ + -  + ~  - + 

~w 1 
~'r, ~-X - ~{~}~[~]-~ {~}" ( 3 )  

It is the quadratic form of the Hamilton function. Where [ c ] is elastic stiffness matrix 

[ e l  = 

here c# is the elastic constant. 

" CI 1 C12 C13 C14 

C22 C23 C24 

C33 C34 

C44 

sym 

C 15 C 16 

C25 (:26 

C35 C36 

(:45 C46 

C55 C56 

C66 

/ ' p  

F 
dd $ 

( (1  - A0)~ - v)po + ((1 - 2,)ffJ - w ) p , ] d S ,  (4) 

in which coefficients A,, A0, i ,  can be determined, 

S E S,(stress boundary) ,  A, = A0 = 2, = 1 ,  

S E S~ (displacement boundary) , A, = Xo = A, = 0 , 

S 6 Sr (mixed boundary) ,for example A. = 1 , when x direction is stress boundary, 

or else 2, = 0. 

It can be easily proved that true solution state corresponds to 3U = 0 in elastic body. 

Using 3U = 0 the following relations can be obtained, 

fff ,.) ff v ~ + ~  ~ u d V +  (p,  - p , ) ~ u d S  = O, 
$, 

+ ~ ~vdV + (Po - po)~vdS = O, 
v s 

v -~r +-~w ~ w d V +  s (Pr - P , ) ~ w d S  = 0; 

(5a) 
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v 3r  

fff ( r 

v r 30  

s. 

3 r a  8 r ~ d V  + [ ( ~  - w ) n  e + (fi - v ) n , ] S r , ~ d S  = O, 
$. 

~r)~ar d 3 H  V+ ff  (~)- w ) n r ~ o * r d 3  = 0 ; 3 

S, 

ff-~aa 8aodV + (f~ - v ) n o S a o d S  = O, $. 

+ 3x  3 r , a l  s [ (~  - v)n.,, ( ~  - ) n 0 ] ~ r ~ d S  = 0. 

We denoted: 

q = ( u , v , w )  r ,  P = ( r = , r z , a , )  r ,  Pl = ( a , , a o , r , a )  r 

Eq. (5)  can be written in the form as follows: 

V ~r  + 8 q d V  + f ' l  = O, 

v ~ r  8 p d V  + ~'2 = O, 

3 H  
f f f , ( n q  - ~-~-7)ap,av + r3 : o ,  

where 

F 1 = 

r" 2 = 

!" 3 = 

ffs 
ffs 
[L. 
fL. 

f;s. 

(p,  - p~)~udS = O" 

(ffa - p a ) ~ v d S  = 0 

(p ,  - p , ) ~ w d S  = 0 

[ ( ~  - ~ ) n ,  + ( ~  - u ) n , ] ~ = d S  = 0" 

[ ( ~  - w ) n o  + (~ - v ) n , ] ~ r a d S  = 0 

f f  ( ~  - w ) n , ~ , d S  = 0 

$. 

[ ( ~  - v ) n .  + (~  - u)no]Sr ,odS = 0 

(5b)  

(5e)  

(6) 

(7) 
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3 
-Ox o o 

D =  0 1 3  1 

1 3 
r 30  

Eq. (7) can also be written in a simplified form, 

3p OH 3q OH 
3"-'~ = - - 3 q '  3r  - 3p " 

This is a classical Hamilton canonical equation. 

r 30 r 

3 
0 

Ox 

(8) 

2 W e a k  F o r m u l a t i o n  of  M i x e d  S t a t e  E q u a t i o n  a n d  B o u n d a r y  C o n d i t i o n  a n d  

I t s  S o l u t i o n  

Selecting F = (p ,  q ) r  constitute state vector, Eq. (7) can be expressed as follows: 

f f fvGx~FaV=fffvG~HFaV+fffvGlDlmav+f]sG, S~aS, 

Eqs. (9) and (10) are weak formulation of mixed state equation and boundary condition. 

where 
"Su 

8v [o] 
�9 6w 

[0] 8~,~ 
6err 

, Sx = G 1 

P .g ~ P X  

Po - Po 

( w  - ~ ) n  x + ( u -  U ) n ,  

( w  - ~ ) n o  + ( v  - ~ ) n ,  

( w - ~ ) n r  

(9) 

(10) 

H = 

G 2 -- 

1 
r 

3 

0 

2 
r 

1 3 
3 x  r O0 r 

Sss S ~  S ~  

S~ S .  S~ 

S~ S~ S~ 

o o I 
O0 6~r~ 0 

0 6r~o 

, D 2 =  

0 0 

0 0 

0 0 

0 0 

1 
0 u 

0 0 

Sis 

Sz5 

S ~  

0 

0 

0 

8 x  

1 
r 80  

0 

Sx4 

S ~  

S64 

, D  1 = 

S13 

Sz3 

S~ 

3 
Ox 

0 

0 

Ss I �9 

S41 

Sst 

3 x  

0 

1 O 
r O0 

0 

1 o 
r O0 

1 
m 

r 

Ssz 

Saz 

Ss2 

0 

1" 3 
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0x 
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1 3 
r oO 

8x 

S56 

$4~ 

S ~  
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B = [ S ~  Sn S ~ [ ,  S2 = ( v - o ) n e  . 

LS61 Sea S~s (u - a )ne  + (v - v)n= 

In order to solve Eqs. (9)  and (10) ,  we assume function 

F = F ( r ) N ~ ( x , e ) ,  Pl = p ( r ) N z ( x , d ) .  (11) 
Substituting Eq. (11) into Eqs. (9) and (10), respectively. After finishing dual integral in x, 
0 plane, the following formula can be obtained: 

---~F(r) = A F ( r )  + S ( r ) .  (12) 

The solution to Eq. (12) is 

F(r) = eA'F(0) + ' - ~ ) S ( r ) d r .  (13) 

Solution of composite laminated shell can easy be obtained by means of Fx t . (13)  and the 

continuity of state vector F at the two interfaces and state transfer matrix method. 

3 N u m e r i c a l  E x a m p l e s  

E x a m p l e  1 A thick three-plied laminated shell is loaded by a liquid pressure q at the 

interior surface: 

q = -  7 b ( e o s 6 -  c o s q ) ,  when 6 < ~o , 

q = 0, when0  ~ ~ ,  

where ), is the density of the liquid, ~o = 27r/3. The shell has the following geometrical 

parameters: h~ = h3 = 0 . 1 h , h 2  = 0 . 8 h , l  = 2~rRo,l is the length of the shell, R0 is radius 

of middle surface. For each ply, the material properties are orthotropie 

"erx 

!orei 
C l l  C12 

C12 C22 
O" r C13 C23 

r~  0 0 

r~  0 0 

- r=s 0 0 

ct~ 0 0 0 

Cz3 0 0 0 

c~ 0 0 0 

0 c44 0 0 

0 0 css 0 

0 0 0 ce. 

where 

" s 

i ee  

s  

C22/Cl l  = 0.543 103, C12/C11 = 0.246 269 , 

c~3/cll = 0.115 017, c13/cu = 0.083 172 , 

c33/cll = 0.530 172, c44/cll = 0.266 810 , 

c55/czz = 0.159 914, Css/C u = 0.262 931 . 

Introducing ~z~(z) and ~t~2) , which denote c~l corresponding to the outer and middle ply, 
( z ) .  (2) respectively, and p = ell /clz �9 

Let state vector function of Eq. (11 ) to be expressed as 

-T-cos~ ha) , 
m �9 m M 

/'/17~X . / t , \  
v = S .  ~ - ~ v - ( r ) s i n ' - T - s m ' n ~  , r ,  = ~ .  ~--~,r,.,(r)sin. ~sm,mnx., nO) , 



Weak Formulation of Mixed State Equation 133 

/'/g ~ X / 7/g "K X / ^ ~  
w = 2 2w"'(i')sin-'-T-c~ a. = ~ 2 a . , . ~ ( r ) s i n - ' - T - c o s t r ~ ) ,  

m ~ m a 

a, 2 ~-~,a, , , , ( r )s in  m~x / __ ,  = . Teos tno : ,  ao = 2 2 a o ,  " ~ ( r ) s i n  --T -c~ / nO) , 
m m m a 

m T ~ x  . / 

r. = 2 2r',m(r)c~ �9 
m n 

T h e  b o u n d a r y  cond i t ions  for  this  p r o b l e m ,  v = w = a ,  = 0 ,  o n  x = 0 ,  l ; are sa t i s f ied .  

T h e  n u m e r i c a l  resul ts  are  g i v e n  in  Tab le  1 w i th  m = 1 , 3 ,  "'" , 2 9 ;  n = 0 , 1 ,  - " ,  15 .  

T a b l e  1 D e f l e c t i o n  a n d  s t r e s s e s  of  s h e l l  ( h / R  e = 1 . 0 )  " 

Present study 

x = l /2,0 = 

ply 

1 +  

1 -  

2 +  

2 -  

3 +  

3 -  

p = l  
0 

wcn/(ybh) a,/() 'b) oo/(Yb) 

14.136 6.569 8 14.410 

13.847 0.754 0 0.738 8 

13.847 0.754 0 0.738 8 

12.897 2.290 8 0.481 4 

12.897 2.290 8 0.481 4 

12.848 2.631 4 0.727 5 

p = 5  

wc~)l(ybh) o : / ( r b )  a e / ( T b )  

7.466 2 18.126 38.670 

7.397 7 2 .836 0 2.695 4 

7.397 7 0 .468 4 0.402 4 

6.698 8 1.013 2 0.132 8 

6.698 8 5 .140 5 0.767 4 

6.675 9 6 .154 5 1.695 8 

Ref. [5]  3 - 12.830 2.629 0 0.727 0 6.668 9 6. 149 0 1.695 0 

* 1 + : internal  p ly  at internal  su r f ace ,  1 - : in ternal  p ly  at ou ter  su r face ;  2 :  midd le  p ly ;  3 :  outer  

T a b l e  2 S t r e s s e s  of  a h o m o g e n e o u s  a n d  t h r e e - p l y  she l l"  

Present study 

SAP5 

1 +  

1 -  

2 +  

2 -  

3 +  

3 -  

1 +  

I -  

2 +  

2 -  

3 +  

3 -  

p = l ( h l R o  = 0.4)  p = 5 ( h / R o  = 0.6)  

o,/7b aa/Yb a(f) /Yb r~/yb a=lyb ao/Yb tttf) /yb r=/yb 

1.468 1.701 45.44 0.000 

1.947 1.951 6.044 2.654 

1.947 1.951 6.044 2.654 

4.953 3.444 - 12.58 2.284 

4.953 3.444 - 12.58 2.284 

5.396 3.636 - 45.13 0.000 

1.442 1.279 9.499 4.002 

2.009 1.811 5.307 3.876 

2.009 1.811 5.307 3.876 

5.668 4.616 - 13.17 3.692 

5.668 4.616 - 13.17 3.692 

6.116 4.895 - 17.16 3.746 

2.623 4.570 54.34 0.000 

3.570 4.859 - 24.11 2.047 

0.589 0.798 - 4.822 2.047 

1.297 0.817 1.112 1.180 

6.620 4 .270 5.562 1.180 

7.468 4.514 - 45.64 0.000 

2.752 5.162 9.432 6.798 

3.454 5.269 - 0.518 6.650 

0.593 0.974 - 0.104 1.330 

1.302 0.878 - 1.914 1.037 

6.837 4.657 - 9.571 5.185 

7.526 4.798 - 18.16 5.252 

* a , , a o a t x  = l / 2 , 0  = O. _(o) o ,  , r ,~  a t x  = 0 , 0  = O. 

1 + : internal  ply  at i n t ema l  su r face ,  1 - : in ternal  p ly  at outer  su r face ;  2 :  m idd l e  p ly ;  3 :  outer  ply  
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Example 2 Consider three-ply shell with two clamped edges ( x = 0, l ) .  Geometrical 

parameters, elastic constants and loaded q are identical to Example 1. Selecting state vector 

functions are the same as those of Example 1. Partial boundary conditions can not be satisfied. 

Change the clamped edges into simply supported ones, and add the reactions of the original 

clamped edges. The remaining boundary conditions can be satisfied by means of f f  ( U 
. 3 J  S 

) n, d S = 0 on x = 0, l .  The numerical results are given in Table 2. 

4 Conclusion 

Weak solution for mixed state equation is efficient in this paper, and analytical solution is 

given by combining it with state space method. The principle and method suggested here have 

clear physical concepts, and extends and unifies solution of laminated shells. The present method 

can also be employed to study vibration problem of laminated shells. 
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