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Abstract: Weak formulation of mixed state equations including boundary

conditions are presented in a cylindrical coordinate system by introducing Hellinger-

Reissner variational principle . Analytical solutions are obtained for laminated

cylindrical shell by means of state space method. The present study extends and

unifies the solution of laminated shells .
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Introduction

Based on three-dimensional elasticity theory, exact solution of homogeneous isotropic,
orthotropic, and laminated plates and shells has been studied!!1~ (61| respectively. But all of
above papers adopted rigorous equilibrium and boundary conditions, and their solution can be
relied only on special technique. Thus those methods would be difficult to be popularized. Ref.
[7] clarified the importance of mixed state equation of elasticity, and first gave Hamilton
canonical equation by modifying Hellinger-Reissner variational principle. At the same time
Tangm pointed out that the study of solution of mixed state equation has still not been well
developed though it has a wide spread application prospect. This is because Hamilton equation
must be satisfied complex boundary condition in continuous medium mechanics. This is its
characteristic and difficult point, too. In this paper, however, by introducing Hellinger-Reissner
variational principle, universal weak formulation of mixed state equation and boundary condition
are presented. Shells with different boundary condition can be dealt with by uniform formulas.
Furthermore, for applying state space method, and analytical solutions are obtained of
homogeneous and laminated shells. The present study extends and unifies the solution of

laminated shells.
1 Hellinger-Reissner Variational Principle and Hamilton Canonical
Equation

In the light of three-dimensional elasticity Hellinger-Reissner variational principle, three-
dimensional composite function based on independent variable ¢, ,05, 0, Ty s T s Tags UV, W
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can be shown to be of the form:
[ (w lav) dw (311 _1__3_2)
U = f” %: 3, +0’g +—5E| Yo T v Tal\5, t 7 g) t

co( 129,30 )y (22, 20 Lioyriertiatfav -

@

j S[’\z(pz ‘}—7:;)“ + /\8(?8 —ﬁﬁ)v + Ar(pr _pr)w + ((1 - Az)ﬁ - u)pz +

((1=24)% = v)py + ((1 = 2,)% - w)p,1dS. (1)
Collecting all formulae with 3( )/2r, one has
a 2

U = J’” { St gt + T g - H}rdrdﬁdx +T, (2)

where

H - du (w lav) (311 lé_li) (_l_a_w_ 1)
- —dza + 0g +raa+l',gax+rae+f,grae—r+

eV el M o). &)
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It is the quadratic form of the Hamilton function. Where [ ¢ ] is elastic stiffness matrix
[€u €z €13 Cu €15 Ci6)
Cz €23 €y Ca2s Cx

€z €3 Cis C3

[C] = ’
Cu Cgs Cas
sym Css Csg
L Cs6 -

here ¢;; is the elastic constant,

r= ”s“’("’ - BJu + Ag(ps - Podv + A (p, = 5w + (1 - A0 - w)p, +

((1=2)3 - v)pg + ((1 = A,)@ - w)p,1dS, (4)
in which coefficients A, , A4, A‘, can be determined,
S € S, (stress boundary) , A, = Ag =4, =1,
S € S, (displacement boundary) , A, =g = A, =0,

S € §,_, (mixed boundary) , for example A, = 1, when x direction is stress boundary,
orelse A, = 0.

It can be easily proved that true solution state corresponds to U =0 in elastic body.
Using 8U = 0 the following relations can be obtained,

J” (37_ )B"dV"“J (P: - p.)dudS =
”.J (%-“ )8“”/*_[ (Pa - pg)dvdS =0, } (5a)
ij ( )SWdV"'Jf (P, - p,)8wdS = 0; J
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j”. (?’—lri %)SrudV.p”' (@ - w)n, + (& - u)n, )8r,dS =0, ‘

”J ('g‘;i éa-%)&r,odl’+” [((@ - w)ng + (5 - v)n,18cedS =0, } (5b)
j” (%1; EE;TH)S" dV*’J (w - w)n,dq,dS = 0; |

”J (gﬂ ;’Ji)sa dV+f (2 - u)n,80,dS = 0,

”f (%ﬁ 562)8"0‘“/*” (7 - v)nydoydS = 0,

_”J (%Ea2 g_v z_M)’O‘z',,,adV+J-J.s [(3 -v)n, + (7@ - u)nygldredS =0_J
We denoted:; (5¢)
q = (u,0,w)7, p = (2n,74,0)7, p1 = (0,,05,79)". (6)

Eq. (5) can be written in the form as follows:
j” (a" aH aqu+ r, =0,

(13- 3o o, | @

JJJV(D(I gpl)apldV“" ry =0,

[, . - p2suds = 0]

where

r = js(ﬁo—Pe)avdS=0 ,

”s (, - p,)dwdS = 0]
F”.s [(® - w)n, + (& - u)n,]87,dS = 0

r, = Hs.[(w ~w)ng + (5 - v)n, 1874dS = 0|,

f S (% - w)n,d0,dS = 0

J

f , (8- u)n,d0,dS =0

ry = ”s (% - v)ngdoedS = 0

jfs{[(ﬁ ~v)n, + (& - u)ny 1974dS = 0J
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a
- 3% 0 0
1 9 1
b=l 0 -7 -7
1 3 3
~v26 ~ax O
Eq. (7) can also be written in a simplified form,
o _ _2H 2q _0H ®
ar__aq’ar-ap'

This is a classical Hamilton canonical equation.
2 Weak Formulation of Mixed State Equation and Boundary Condition and
Its Solution

Selecting F = (p,¢)T constitute state vector, Eq. (7) can be expressed as follows:

J” G, aiFdV - j” G, HFdV + ” G,D,p,dV + ” G,S,ds, (9)
v r 14 14 M

H VGzDdeV+H VazBpldVJ,Hstszds = 0. (10)

Eqgs. (9) and (10) are weak formulation of mixed state equation and boundary condition.

where

[du T r Px - D:
&y (o] Pe — Pg
’ 6W p, "p-r
G, = ot » S = (w=w)n, + (u~-a)n,|
(o] 874 (w-w)ng + (v ~79)n,
L o, L (w-w)n, _
[ 1 ]
- 0 0 0 o 0 - 3 L a-
5 “ax " -7
3 13 1 0 o 0 roe Ix
H=| 9x ~rae8 " r Dy =| o 1 0 )
a r
S - =
55 Ss4 Ss 0 0 Ix Sq Ss2 Sss
Se  Su  Se 0 L 12 Sa Sa Ss6
roor L Sy Sa Si
. Sis Say S 0 O 0 |
S Su S 2 0 0
8s. 0 0 N O I
G,=| 0 o 0 |,D; =85 Su Sz —‘}:a-aa? —% )

Ses Se Se -
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Su S S (u - a)n,
B=|S53 Sp Sx|,8; = (v -79)ny
Ssi Sez  Ses (u~a)ng + (v - ¥)n,
In order to solve Egs. (9) and (10), we assume function
F = F(r)N,(%,8), p, = p(r)N,(%,8). (11)

Substituting Eq. (11) into Egs. (9) and (10), respectively. After finishing dual integral in «,
@ plane, the following formula can be obtained:

d_dr.pm = AF(r) + S(r). (12)

The solution to Eq. (12) is
F(r) = e"F(0) + J:e“"’)S(t)dr. (13)

Solution of composite laminated shell can easy be obtained by means of Eq. (13) and the
continuity of state vector F at the two interfaces and state transfer matrix method.

3 Numerical Examples

Example1l A thick three-plied laminated shell is loaded by a liquid pressure g at the
interior surface: A ’
q = - rb(cosf - cosp), when § < ¢,
g =0, when ¢ > ¢,
where ¥ is the density of the liquid, ¢ = 2n/3. The shell has the following geometrical
parameters: hy = hy = 0.1h,h, = 0.8k,l = 2nR,, ! is the length of the shell, R, is radius
of middle surface. For each ply, the material properties are orthotropic

(6,7 [¢u €z ¢ O 0 015 & 7
P €2 €y ¢y O 0 0 &
o, €13 €3 €3 0 0 0 £,
Tel |0 0 0 cu O O 7el’
T 0 0 0 0 c¢ss O Y

Lred LO 0 0 0 0 cellyg,d

where

cp/cy = 0.543 103, ¢p/¢cpy = 0.246 269 ,

cy3/cy = 0.115017, ¢y3/¢y;; = 0.083 172,

c33/cyy = 0.530 172, cyy/cy; = 0.266 810,

css/cyy = 0.159 914, ¢i/cyy = 0.262 931 .

Introducing ¢P and c¥, which denote ¢y corresponding to the outer and middle ply,
respectively, and p = c{1'/c(® .

Let state vector function of Eq. (11) to be expressed as
Z,; Zum(r)cos mlﬂxcos(nﬁ), Tp = Z": Zr,,.m(r)cos mlnxcos(nﬁ) ,

E Evm(r)sin m;rxsin(nﬁ), T = 2 Zf,g'm<r)5in mlnxsin(n@) ,

u

i}

<
1]
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w = Z Ewm(i’)sin ml’txcos(nﬁ), o, = z Ea,'m(r)sin mlnxcos(nﬁ) ,

mnx

6, = Z...) Za,_,,,,,(r)sin mlnxcos(nﬁ), op = ZZag,m(r)sin 7 cos(nd) ,

Ty = 2 zr,g'm,,(r)cos m;msin(nﬁ) .
The boundary conditions for this problem, v = w = ¢, = 0, onx = 0, !; are satisfied.

The numerical results are given in Table 1 with m = 1,3,-,29;n = 0,1,---,15.

Table 1 Deflection and stresses of shell (h/R, =1.0)"

x=1/2,0=0 p=] Pz

weyy A(¥bh) o,/(b) 0s/(rb) | welP/7(ybh) a,/(¥b) 09/ (7b)

1+ 14.136 6.569 8 14.410 7.466 2 18.126 38.670
1- 13.847 0.754 0 0.738 8 7.39717 2.8360 2.695 4
Present study 2+ 13.847 0.754 0 0.738 8 7.3977 0.468 4 0.402 4
2~ 12.897 2.290 8 0.481 4 6.698 8 1.0132 0.1328
3+ 12.897 2.290 8 0.481 4 6.698 8 5.1405 0.767 4
3~ 12.848 2.6314 0.7275 6.6759 6.154 5 1.695 8
Ref. [5] © 3 12.830 2.6290 0.7270 6.668 9 6.1490 1.6950

* 1+ : internal ply at internal surface, 1 — : internal ply at outer surface; 2: middle ply; 3: outer
ply

Table 2 Stresses of a homogeneoﬁs and three-ply shell”

2 =1(h/Ry = 0.4) o = 5(h/Ry = 0.6)
o /7h  as/7b  SO/yb Tt /Yb | o /b ag/Vh /b . /7b
1+ 1.468  1.701 45.44  0.000 | 2.623  4.570 54.34  0.000
1- 1.947  1.951 6.044 2.654 | 3.570  4.859 -24.11  2.047
Present study | 2+ 1.947  1.951 6.044 2.654 | 0.589  0.798  -4.822 2.047
2- 4953  3.444 -12.58 2.284 | 1.297  0.817 1.112  1.180
3+ 4.953 3.444 -12.58 2.284 | 6.620  4.270 5.562 1.180
3- 5.396 3.636 -45.13 0.000 | 7.468  4.514 -45.64  0.000
1+ 1.442 1.279 9.499 4.002 | 2.752  5.162 9.432 6.798
_ - 2.009  1.811 5.307 3.876 | 3.454  5.260 -0.518 6.650
SAP5 2+ 2.009  1.811 5.307 3.876 | 0.593  0.974  -0.104 1.330
2- 5.668 4.616 -13.17 3.692 | 1.302 0.878  -1.914 1.037
3+ 5.668  4.616 -13.17 3.692 | 6.837 4.657 -9.571 5.185
3- 6.116  4.895 -17.16 3.746 | 7.526 4.798 -~18.16 5.252

* g, ,05atx = 1/2,8 = 0. G;(,o),r,, atx = 0,8 =0.
1+ : internal ply at internal surface, 1 - : intemmal ply at outer surface; 2: middle ply; 3: outer ply
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Example 2 Consider three-ply shell with two clamped edges( = = 0,[). Geometrical
parameters, elastic constants and loaded g are identical to Example 1. Selecting state vector
functions are the same as those of Example 1. Partial boundary conditions can not be satisfied.
Change the clamped edges into simply supported ones, and add the reactions of the original

clamped edges. The remaining boundary conditions can be satisfied by means of j J (u -
5

Z)n,dS = Oonx = 0, /. The numerical results are given in Table 2.

4 Conclusion

Weak solution for mixed state equation is efficient in this paper, and analytical solution is
given by combining it with state space method. The principle and method suggested here have
clear physical concepts, and extends and unifies solution of laminated shells. The present method
can also be employed to study vibration problem of laminated shells.
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