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Summary

The conventional procedures for a common odds ratio in multiple
2x 2 tables are explored and eritiqued. Three types of linear approxi-
mation to the likelihood equations under some models of common meas-
ures of association are used to derive the popular conventional estimators
and test statistics. Some of them are derived using the model of the
common standardized difference which is an unacceptable measure. The
derivation provides us with some characteristics of the procedures. The
advantages of procedures based on the conditional and unconditional
likelihoods are discussed.

1. Introduction

Several estimators and test procedures in multiple 2x 2 tables have
been devised when the possibility of a common odds ratio is assumed.
Woolf [27] presented an estimator and a test procedure and Mantel-
Haenszel [21] introduced a well known estimator and test procedure.
Birch [3] defined another estimator and test statistic, which are close
to an estimator by Yates [29] and a test statistic by Cochran [6]. These
estimators and test statistics are usually referred to by the author’s
name. Other estimators were defined, such as the unconditional maxi-
mum likelihood (UML) estimator, after adding a constant to an entry
in each cell. Gart [12] recommended a half integer 0.5 as the constant
and Hitchcock [19] suggested a quarter-integer 0.25. In this decade
the UML and the conditional maximum likelihood (CML) procedures
have attracted the researcher’s attention in the analysis of the contin-
gency table.

Fleiss [11] presented a fine overview on this confusing problem.

Key words and phrases: Common odds ratio, conditional likelihood, half integer correction,
Mantel-Haenszel estimator, quarter integer correction.
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He recommended, in the earlier edition of his monograph, the Yates
estimator and the extensive use of the Cochran test. But Halperin et
al. [15] criticized the extensive use of the Cochran test for the homo-
geneity under some conditions, and he agreed with the criticism.

Many simulation studies were conducted to compare the estimators.
Studies by Mckinlay [23], Farewell and Prentice [9], Lubin [20], Hauck
et al. [18] and Breslow [5] compared the bias of the estimators and
suggested that the CML estimator, Mantel-Haenszel and the quarter
integer correction are less biased.

The main result of this paper is to show that the Yates, Mantel-
Haenszel and Woolf estimators can be regarded as the root of linear
equations which approximate the likelihood equation and their test sta-
tistics can be regarded as approximations of those of the conditional
and unconditional likelihood procedures. This derivation follows some
fundamental properties of them. We show that the Birch estimator
as well as the Yates can be regarded as an estimator of the common
standardized difference (Fleiss [10]) rather than that of the common
log-odds ratio. This corresponds to the criticism by Halperin et al. [15].
Similar criticisms extend to the Cochran and Mantel-Haenszel test sta-
tistics.

The half- and quarter-integer correction of the UML estimator is
examined in relation to the CML estimator. The quarter-integer cor-
rection provides the better approximation to the CML than the half
integer. TFollowing the above approximations, the test procedures are
also discussed.

2. Models and likelihood equation

Consider a 2K set of two binomial variates X, and Y3, k=1,---, K
with their incidence probabilities p, and ¢, respectively. Let =, and
m, be sample sizes from X, and Y,, respectively, and «, and y; be the
numbers of individuals with positive occurence, respectively. We will
write x4y, as s, and n.+m, as i. FollowinO‘ the usual notion the

subscript ‘.’ denotes the summation, thus z. _2 -

Consider a measure of association, E,, between X, and Y,. We are
often interested in a model with common R,’s, R, for k=1,---, K, while
p. and q, depend on k. The problem of combining the common associ-
ation of multiple 22 tables is to estimate a common measure of asso-
ciation R and to test for R=0 against R#0, where R=0 means p,=g¢;.
Interest has been largely focused on the log-odds ratio, that is,

Br=log (p,(1—qi)/a(1—Ds) »

or, equivalently, on the odds ratio
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1=l — @)@l — D) .

Write p,=exp (a;+B:)/(1+exp (e +5)), then g.=exp (ax)/(1+exp (@))-
The models used in the conventional problem of combining the common
effect of multiple 2x2 tables are

M,: B.=0  for any %

M;: B.=8 for any k&
and Ms: B,’s are arbitrary.
Many procedures were proposed to estimate .a common measure 8 injthe
model M., to test for the null hypothesis M, against the alternative
M, and to test for M, against M.

The UML estimator under the model M, is given as the root of
the equations, if they have a root,

2.1) >3 =331, eXP (ax+B)/(L+exp (e +B))=0

(2.2) s,—m, exp (a4 B)/(L+exp (a4 B)) —m, exp (e) /(L +exp (ay))=0
for k=1,--., K.

Since the equation (2.2) has a unique root, if it has a root, we denote
it by a.(8). Put

ULy (8) =%, —n;, exp, (@(8)+B)/(1 +exp (ax(B)+ ) -

Then the UML estimator of 8 is the root of the equation 33 UL, (8)=0.
It is easy to show that UL,(8) is strictly decreasing in 8. Following
Yanagimoto-Kamakura the power expansion of UL, (8) up to the second
order is expressed as

UL, (8) =2, —[nese/ti+ {8e(ti—s)mm, [t} B
Parallel derivation is available for other measures of association.

The UML estimator of the common odds ratio is the root of the equa-
tion, > U0, (y)=0 with each term

UO, (r) =u/r — N €xD (a(7))/(1 47 exp (a:(7))

where a,(y) is again the root of the equation (2.2) by replacing exp (8)
by 7.

Next we consider the standardized difference 8., which is expressed
by

8= (Ds— @)/ (7D +M1Q) (b — WD — M) | te) -
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The standardized difference depends on the sample size in the kth stra-
tum, as well as the incidence probabilities, p, and ¢,. Thus it may be
a measure to be avoided, but as shown later it is a key measure for
deriving the conventional estimators and test statistics. The UML
estimator of the common measure, J, is given by the root of the fol-
lowing equation, if a root exists:

w3 (-2

where p,(3: ¢:) is a root of

0= (Du(0%, @) — @) /[ {108 1s Q)+ 102}
- {1 (1—D:(3%s )+ Ml —q:)} /8]

and ¢,(3) is a root of

(_w_..n_—_av_> 9 Yo _M—Ye g

Dot
P 1-p./ 3¢ = @ 1—g

It is shown that the roots of the above equations are unique, if they
exist.

3. Linear approximation

We will show that linear approximations to the three log-likelihood
functions result in the conventional estimators. For convenience we
denote any one of the three functions, UL (x), UO(x) and UD(x) by
U(x), and write U(x)=3] Udx).

The iteration procedure is required to obtain the root of the equa-
tion U(x)=0, since the function U(zx) is nonlinear. A linear approxi-
mation permits us to get an approximated root, though the simple
approximation may follow serious bias. We discuss three types of linear
approximations U(x), which can be used to derive the conventional
estimators and test statistics.

Recall that the values of the functions and their derivatives are
easily obtained. In fact it follows that

UL, (0)=UO0, (1)=UD, (0)=2,—;8:/t: -

Suppose that §. is a (unique) root of the equation, UL, (8)=0, if it ex-
ists. The values of the derivatives of UL,(8) at 8=0 and B, are:
UL; (0)=—su(ti—su)nmams/t; and UL (B) = — {@u(ne—me)yu(ma— o)1} |
{Z(n—x )+ Y(m—y,)m:}, if B exists.

Using these easily available values three types of linear approxi-
mations to a function U(x) are introduced.
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DerFINITION 1. For a function U(x) three types of the linear ap-
proximation are defined.

1) (Tangent line at a null point; NL) Let z, be a null point. U(x) is
approximated by No U(x)=U(xy)+ U’ (2,)(x — ).

2) (Tangent line at a root; RL) Let «, be a unique root of U(x)=0.
U(x) is approximated by RoU(x)=U"(x,)(x—x,), if =, exists.

3) (Connection line between a null point and a root; CL) Let z, and
%, be defined in 1) and 2). An approximation function C.U(x) is
defined as follows;

i) If x, exists and x, %2y, CoU@)=[(U(x,)—U(x))/(x,—xs)](x—2,)
=[— Ulao)/(ex, — )] (x —2,) \
i) If x, exists and x,==y, C-U(x)=U'(z,)(x—2,)
iii) If x, does not exist, CoU(x)=U(xy).

Remark 1. Though the definitions of RoU(x) and C-U(x) are in-
complete, they are good enough for our purposes.

The conventional estimators in study are:
1) (Mantel-Haenszel estimator). The estimator is for the odds ratio 7,
which is given by

Tua =23 {T(me—y) [t} 2 {Y(me— )t} -

This estimator is usually not defined, when 3 yu(n,—x.)/t:=0. Log (Fuzn)
is regarded as an estimator of the log-odds ratio 8.
2) (Woolf estimator). The estimator is for 8, which is given by

ﬁw=z {wy log wo(m—Y)/Yu(1— %)} [T Wy

where w,=[(n,—T)Yu( M —Y) ][ 1 — T 10+ Y — Yi) ]
This estimator is usually not defined, when it holds that wx.(m,—v.)¥:-
(n,—x,)=0 for some k.

3) (Birch estimator). The estimator is given by

5 — mkxlc—nkyk/ M St —Si)
N oy

4) (Yates estimator). The estimator was originally for the standard-
jzed difference. But it is quite close to the Birch estimator, which is
given by

by=3 Ml — MY /Z M Si(E— Si) .
te t

Among the above four, the Birch and Yates estimators have been
given less attention. But they are closely related to the commonly
used test statistics by Cochran [6] and Mantel-Haenszel [21]. The above
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estimators except for the Birch estimator are derived through linear
approximation functions to UL, (8), UO,(y) and UD,(8), which are stated
explicitly in the following propositions.

PROPOSITION 1. Let CoUO,(y) be the CL approximation to UO,(r).
Then the root of the eguation CoUL(y)=C-UO,(y)=0 is the Mantel-
Haenszel estimator.

PROPOSITION 2. Let RoUL,(8) be the RL approximation to UL, (B).
Then the root of the equation RoUL (8)=R-UL,(B)=0 is the Woolf esti-
mator.

ProposiTiON 3. (i) Let C-UD,(3) be the CL approximation to
UD,(3). Then the root of the equation C-UD(3)=0 s the Yates esti-
mator.

(ii) Let NoUL,(B) be the NL approximation to UL.(8). Then the root
of the equation NoUL(8)=0 is again the Yates estimator.

We remark that the Yates estimator can be derived in two differ-
ent ways. It is not a consistent estimator of the common log-odds
ratio but that of the common standardized difference, even when =,
and m, of each stratum tend to infinity with a fixed ratio of =, to m,
and a fixed K. The inconsistency comes from the fact that NoUL(8,)
is in general not equal to UL(B,) for a true 8, which is an important
point for consistency. The CL approximation is preferable to the NL,
since the approximated function by the CL approximation is quite close
around both the points 4=0 and 3,. The fine behavior of the Mantel-
Haenszel estimator is supported partly by a characterization in Proposi-
tion 1. The Yates estimator is regarded as an estimator of 3 rather
than A. This, together with the sample size dependency of 4, results
in the limited use of the Yates estimator. The above criticism to the
Yates estimator can be extended to that to the Birch estimator and
the Cochran test statistic, which will be discussed later.

4. Conditional likelihood

Consider the CML estimator, 3., under the model M,, which is the
root of the equation, if it exists,

S = <Z"> < s'ﬁ@_’ﬁu)u exp (Bu) o
3 (3) (o2, ) exo o)

u

Denote the left-hand side by CL(8)=31CL.(8). The conditional likeli-
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hood ratio test statistic for M, against M, is given by 2 S:C CL, (8)d3.
Andersen [1] proves that under certain regularity conditions B, is a
consistent estimator of 8 in M, when K tends to infinity. Harkness
[16] shows that (CL.(8)—UL,(8)R<0 unless either =0 or s(t,—s,)=0
holds. Coupling these two results, we suspect that the UML estimator
of B, By, is upwardly biased and is inconsistent when K tends to infinity.
The fact of upward bias is observed in existing simulation results.
Thus, the CML estimator is considered to be preferable to the UML.
But computation difficulties are much more serious for the CML esti-
mator. )

The Taylor expansion of CL,(8) follows from (5.10) in Cox [7], which
is expressed as

(4.1) CL.(B)=2,—[nsufte+ {8:(f—smem,[ti(t,—1)} 8
+1/2{su(te—8u) (te— 28 )mmu(me— ) (6t — 1) (B —2)} 87] .

The difference between the UML and CML estimators is partly inter-
preted by the coefficients of the second order in the power expansion
of UL, (8) and CL,(B), mmsi(t,—sy)/ti and nmemsy(t,—su)/ti(ti—1). The
ratio of the former to the latter is ({.—1)/ti=a;. The difference re-
flects that between the Yates and Birch estimators.

PROPOSITION 4. (Birch [3]). The Birch estimator is the root of the
equation N-CL (8)=0.

Proposition 4 derives the inconsistency of the Birch estimator when
K tends to infinity.

We consider two adjustments of UL,(8) to CL,(8). A simple ad-
justment is obtained by introducing a function AL, (8)=UL,(8/a.).
AL, (8) well approximates CL,(8) (Breslow [4] and Yanagimoto-Kama-
kura [28]). We can obtain the approximated estimate, B4, by replacing
UL, (8) by AL,(8). Consider a specific condition that ¢,=t for any k.
Then the estimator g, is (¢—1)8y/t.

Another adjustment is derived by replacing entries in cells. In
place of n,, %y, m, and y, we use M,/a;, Tit+NSftti—1), mila, and
Yt m8e[t(t,—1), respectively. The formal application of the UML
method to data after this replacement leads to another adjusted esti-
mator. The Taylor expansion of the function corresponding to UL (8)
is given by

M8 Sulbi—s)mymy ﬂ——-}— 8ty —8p) (b — 28 )nm (M — 1) ﬂz} )
tk tl‘i(tk— 1) 2 ti(tk" 1)

Z{xk

The idea of changing entries for bias reduction of the estimator of
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B were proposed by Gart [12] and Hitcheock [19]. Gart recommended
adding to each entry the half integer 0.5, which had been proposed by
Haldane {14] and Anscombe [2] get a less biased estimator of the logit
of a binomial distribution. Hitchcock suggested the use of the quarter-
integer 0.25 rather than 0.5 based on her numerical experiments in
some situations. Her suggestion was supported by Hauck et al. [18]
from their simulation study. It should be remarked that our correc-
tion terms are close to Hitcheock’s 0.25. In fact the total sum of the
correction terms of entries in the kth 2x2 table is ¢,/({,—1), which
locates between 1 and 2 but is close to 1 for a large number ¢,. Espe-
cially when it holds that n,=m,=s,, the correction terms to entries in
the kth table become to be a common constant ¢,/4(t,—1), which is
close to 0.25.

5. Diagnosis of the linear approximation

To obtain some characteristics of the conventional estimator com-
pared with the UML and CML estimators, we explore the behavior of
the function UL(8). We assume s,(t,—s,)#0 in this section. Then each
term of UL (B), UL,(B), has the following properties.

PROPOSITION 5.
i) lim UL(8)=x.—Min (1, s.),
B—oo
lim UL, (8)=x,—Max (0, s,—m,).

Brmco

ii) ULJP) has a unique point of reflexion.

PROOF. Statement i) is obvious. For simplicity we will omit the
subscript k. The condition UL” (8)=0 is expressed by

(5.1) (@' +1)(1—e+?)+a"(1+e+)=0,
where « is given by (2.2), and o' and o are defined by
(5.2) ne (o’ +1)/(1+e+¥)+ mea’[(14e7)=0
(5.3) a*(1—e)+a"(1+e)=0.

Eliminating &’ and «” from (5.1)-(5.3), we get (1—2p)/n*p(1—p)=1—
2¢9)/m*¢*(1—q)*. Reecall that (2.2) can be written by s=np+mq. Since
(1—2p)/n*p*(1—p)* is strictly decreasing in p, the roots p and ¢ are
unique, if they exist. It is easy to show UL”(8)=0 has a root.

As Proposition 5 shows, the behavior of UL(B) is quite different
from that of a straight line. The approximated lines do not satisfy
condition (i). The linear approximation can not be expected to be well
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fitted for a wide range of the parameter. The lack of fit of the linear
approximation is extended to that of the approximation by the poly-
nomial function. Goodman [13] introduced an estimator based on a
second order polynomial, but it is unsatisfactory as seen in Mckinlay
[24].

The behavior of UL” (8) explains partly characteristics of the con-
ventional estimators. Since ULY (0)= —n,m.8:(t.— si) (£ —28,) (M —n)[t5,
the point of reflexion is positive if C,>0 and negative if C,<0, where
C.=(t,—2s,)(n,—m,;). Suppose for simplicity that C.=0, that is, t,=2s,
or n,=m, for k=1,..., K. Then UL,(8) is concave for 8<0 and con-
vex for §>0. This implies that B(N-UL,(8)— UL, (8))<0 unless §=0.
Summing up over k it follows that A(N-UL(8)—UL(8))<0. This im-
plies that sgn (3,)=sgn (8,) and |5,|<|By|, where the equality holds only
when f,=0.

Next we assume in addition that zy.(%.—z.)(m,—vy,)#0 and .=
niSyft, for any k. It follows that R.UL,(8)<UL,(8) for >0 and B+
B., which derives that 0< S»<j, unless B,=0 or B,=j, for any k. The
behavior of ﬁW is not clear when we delete the additional latter assump-
tion on «,. The assumption n,=m, is of practical importance and is
usualy employed in existing simulation studies.

6. Test statistic

The unconditional likelihood ratio test statisties for M, against M,
is derived from
2
]

rr=2 g‘” UL (8)d3=2 S” VO (1)dy .

Using linear approximation funetions in place of UL(8) or UO(y), we
obtain a series of test statistics. The use of R-UL(8) leads to

2 _3 P, _ 2w, log m(mi—y) [y — 2}’
%iv =By RoUL(0) ST, .

The use of NoUL(B) and C-UD(3) leads to the same test statistics
because of Proposition 8 and (3.1), which is expressed by

3 ML — il )2/< 1M Sil b — Si) )
Xco (E —‘———tk P '—'—“'———tg

which was introduced by Cochran [6]. The above derivation of 4%, by
the use of NoUL(8) is equivalent to that of the logit score test by
Day and Byar [8]. The statistic 3%, has a simple form and is intui-
tively appealing. Radhakrishna [26] showed that %, is a locally most
powerful test statistic for M, against M,. However recall that No
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UL (8) may be ill-approximated to UL (8), while CoUD (3) is considered
to approximate UD (3) comparatively better. This suggests that y%, is
closer to the likelihood ratio test statistic for M, against the common
standardized difference model, than to »}.

The use of NoCL(B) or equivalently NoAL (8) leads to

(s m o (smate).

Mantel and Haenszel [21] recommended the test statistic,

_0_5)2 /2 MMl ~8i)

Ml — MY
= [ Ty ti(t,—1)

Xﬁm = <

This statistic is apparently close to 4%,. The term (¢,—1) in place of
t, is interpreted as adjusting to the conditional from the unconditional
likelihood ratio test statistic. Thus % is close to the likelihood ratio
test statistic for M, against the common standardized difference.

Next we move to the test statistic for M, against M. Summing
up each chi square statistic over all strata, two statistics are derived;

1rs =20 wi(log T My — Y)Y — )

LM, — nkylc)2

and ch 0s =21 .
1M Si(te—S1)

The test statistics for M, against M are reasonably defined by xhs—
v and yhos—xro. Unfortunately the latter statistic is unacceptable
under some conditions which Mantel et al. [22] presented explicitly.
They assert that y%o,s—x%o is based on the standardized difference
which is an unacceptable measure because of its dependence on the
sample sizes, n, and m,. Their assertation agrees with ours that %,
can be regarded rather as a test statistic for M, against the common
standardized difference model.

Example. We emphasize the 3%, is close to the likelihood ratio
test statistic for M, against the common standardized difference. Con-
sider the two 2x2 tables in Table 1. It follows that y%o and yGos—
1% are 3.766 and .200, respectively. On the other hand we get yi=

Table 1. Working example

Stratum 1 Stratum 2
With Without With Without
factor factor factor factor
Diseased 5 50 50 5
Not diseased 50 980 500 98




SIMPLE LINEAR APPROXIMATIONS TO THE LIKELIHOOD EQUATION 47

3.905, and the likelihood ratio test statistic for the homogeneity of odds
ratios is 0 since the common odds ratio of both tables is 1.96=exp
(.673). Numerical calculation of the likelihood ratio test statistics for
M, against the common standardized difference and for the homogeneity
of standardized differences results in 3.748 and .157, respectively. These
are close to yho and yhos—y%o-

The good approximation of %, to the likelihood ratio test statistic
for M, against the common odds ratio is observed when the estimated
common standardized difference is small. In the above example the
estimated value is .594. When the estimated common standardized
difference is large, say 2, and the total sample size is moderately large,
the test based on any test statistic should be highly significant.

7. Discussion

Common features of the conventional procedures are the under-
standability and the ease of the computation. Though the former ad-
vantage is important indeed, we should keep in mind the fact that the
intuitive reasoning in the analysis of multiple 2x2 tables is often mis-
leading as seen in Fleiss [11]. The latter advantage is becoming less
important, since the cost-performance of computation is dropping rapidly
while the expense of obtaining data is still rising. The computation to
derive the UML estimator and the likelihood ratio test statistic in the
multiple 2x2 tables contain no special difficulties. The desk-top cal-
culator performs the computation and no special device in programming
is required, since the functions appearing in the likelihood equation have
favorable properties for maximization. In the case of the conditional
likelihood, the computation is possibly troublesome, especially when all
the numbers, n,, m;, s, and t,~—s,, are moderately large. But in such
a case we can expect that the approximation of AL(8) to CL(B) is satis-
factory.

Secondly, the model assumed in the analysis is not clear in the
Cochran and Mantel-Haenszel procedures. The Yates estimator 3, and
test statistic x%, are appropriate when the commen standardized differ-
ence is assumed. The Mantel-Haenszel estimator 7., and the test sta-
tistic y%x are more confusing. We can not find any criterion to derive
both the statistics simultaneously. As shown in Section 5, 74x and ¥z
are derived as approximations of the UML estimator and the likelihood
ratio test under the different models. Using the recent works by Hauck
[17] and Breslow and Liang [5] on the variance of the Mantel-Haenszel
estimator, we may provide an alternative test statistic. But it seems
that further work on this topic is needed.

The third defect of the conventional methods, which is most serious
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in practice, pertains to difficulties in extending the models to be fitted.
Though our attention focuses on three models, other candidates for rea-
sonable models to be fitted exist. As Nelder and Wedderburn [25], for
example, emphasized, it is worthwhile to consult the goodness of fit of
various candidate models. Consider a model between M, and M, such
that 8.=p,4+ 82, where z, is a covariate to the stratum k. Then we
can proceed straightforwardly with the analysis based on the UML and
CML methods. But the use of the conventional procedure requires
additional sophisticated devices to estimate parameters in this model.

We wish to express grateful thanks to a referee for a number of
valuable comments.
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