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Summary

Let C(S) be the zonal polynomial of the symmetric mxm matrix
S=(s;;), corresponding to the partition x of the non-negative integer k.
If 9/3S is the m Xm matrix of differential operators with (¢, 7)th entry
((1+0,5)0/0s,;)/2, 6 being Kronecker’s delta, we show that C.(3/0S)C(S)
=k!15,C(I), where 2 is a partition of k. This is used to obtain new
orthogonality relations for the zonal polynomials, and to derive expres-
sions for the coefficients in the zonal polynomial expansion of homo-
geneous symmetric polynomials.

1. Introduction

Let « be a partition of the non-negative integer k (for brevity,
we write this as k&), and C(S) be the zonal polynomial, correspond-
ing to k, of the mxm symmetric matrix S=(s,,). In Part I of this
series [7], I defined a differential operator corresponding to C(S), which
was then used to solve certain problems appearing in the theory of
zonal polynomials. As I pointed out, the key to the definition of the
operators was the orthogonality relations (James [5]) for the coefficients
appearing in the power sum expansion of the zonal polynomials.

Here, the reasoning is reversed. Starting with the differential
operators C/(3/dS), 9/0S being the matrix of differential operators hav-
ing (¢, J)th entry ((1+4,,)9/0s,;)/2, we proceed to show that the coef-
ficients appearing in the expansion of C.(S) in terms of the elements of
S also satisfy orthogonality properties. The results are applied to show
how we can obtain new expressions for various coefficients which have
been previously studied in [1]-[4], [6], [7].
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2. Notation and main results

We shall need some multi-index notation. If S=(s;;) is as before
and e=(e;;) is an mXxXm symmetric matrix of non-negative integers, we

m m
define s*=TT 8,4, |a{=§_‘. a;;, lef'= Zai], al= T[a,j' For -k, we de-
igj L=

fine coefficients ¢., by the expansion

(2.1) C(S)= | %k C..S° .
We now have

THEOREM 1. Let kk, 21. Then,
0, <k

(2.2) C.(3/28)C(S) =1 CLD) 'k

76 0% T ) N N

(- k)' w2 T C(I)
where the b}, coefficients are defined ([4], [6], [7]) by the expansion
(2.3) C‘(S)C,(S):zzl b:.C(S), kk, t-l—k.

Proor. The first part of (2.2) really has nothing to do with zonal
polynomial theory; it follows from C.(S) being of higher degree then
C(S). However, all three parts of (2.2) can be given a unified proof,
if we use an idea of Bingham [1]. Let T be another m Xm symmetric
matrix. Then, a generating function for C.(38/0S)C(S) can be taken
to be

(2.4) 33 57 {CL2S)CASN CUTIUCAT) =C2[aS)F (S, T)

l=01 12

where
(2.5) JF(S,T)= 2 S CASYCATHAIC( D)= SO( )exp (tr SHTH'YdH ,

dH being the invariant (normalized) Haar measure on O(m), the com-
pact group of orthogonal m Xm matrices. Since

(2.6) C.(28/38S) exp (tr SHTH")=C/(T) exp (tr SHTH') ,

it follows via (2.4) and (2.5) that our generating function equals

2.7 CAT) 2 3 CASICATYFICAT) -
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Multiplying C(T)C(T) in (2.7) using (2.3) and comparing coefficients
of C(T) with those in (2.4) establishes (2.2).

COROLLARY 1. Let x-k, At-k. Then,
(2.8) ST ale.c./2 =k18,.,CI) .

lel=%k
Proor. Let 9'“//os* denote 9-utent[dsfudsgz-... Then by (2.2),

(2.9) k!5..C(I)=CL3/oS)CiS)
== 2 2‘!“]'0,,,8"/33“[; C;ﬁsﬂ
il=k

lal=k

= al27%¢, cr -
la|=F

3. Applications

We now derive expressions for the b}, coefficients in terms of the

b

Cea’ S.
THEOREM 2. If the coefficients bl . are as defined in (2.3), then
(3.1 b .= 31 31 alec,se., /2N CT) .

a=f+r

ProOF. This is easily established on applying the operator C,(9/0S)
to both sides of (2.3) and using (2.1).

Again using the operator C(9/3S), we can proceed exactly as in
[7] to obtain results analogous to (3.1) for the generalised binomial
coefficients studied by Constantine [2] and Bingham [1]. Since the
method and results are by now transparent, we skip the details.
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