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1. Introduction

In a recent article [6] the author has defined a class of polynomials
C:(X,Y) in the elements of the mXxXm symmetric complex matrices
X and Y, having the property of invariance under the simultaneous
transformations

(1.1) X—>H'XH, Y—H'YH, HeOm),

where O(m) is the group of m Xm orthogonal matrices. These satisfy
the basic relationship

1.2) go( ) C(AH'XH)C(BH' YH)dH=¢Zl Cy'(A, B)IC3/(X, Y)/C,(I) ,

where C,, C,, C, are zonal polynomials (James [12]), indexed by the
ordered partitions k, 2, ¢ of the nonnegative integers k, [, f=k+I re-
spectively into =m parts. Letting Gi(m, R) denote the group of mxm
real nonsingular matrices, “¢ € k.17 signifies that the irreducible repre-
sentation of Gl(m, R) indexed by 2¢ occurs in the decomposition of the
Kronecker product 2¢® 24 of the irreducible representations indexed by
2¢ and 24. Irreducible representations of Gl(m, R) indexed by ordered
partitions of the form 2« are fundamental to the theory of zonal poly-
nomials. Further properties of the C3%* are summarized in Section 2.
The present paper applies the polynomials to some problems in
multivariate normal distribution theory. The joint distribution of the
latent roots of the noncentral Wishart matrix S~W,(n, 3, 2) was pre-
sented in [6]. In Section 3 expansions are given of multivariate in-
complete gamma and beta functions which are relevant to the cumu-
lative distribution functions (c.d.f.’s) of the noncentral Wishart and
MANOVA matrices (cf. Constantine [2], p. 1270). A further application
is to the noncentral quadratic form (Section 7), since it is shown in
Section 4 that certain polynomials in two matrices defined by Hayakawa
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[8] and Khatri [13] are expressible in terms of the C5*. A complete
orthogonal set of Laguerre polynomials with two matrix arguments is
constructed in Section 5, following the approach of Herz [11] and Con-
stantine [3]. Section 6 presents a number of expansions generally based
on the following corollary to (1.2)

(1.3) S et (AH'XH+ BH'YH)IH
0(m

=3 C5(A, BICYH(X, Y)RUIC,I)
-

where the summation on the right denotes :‘j >} . Results for non-
k,l=0 x2;p€c.2

central F' in the case of unequal covariance matrices (Pillai [14], Pillai
and Sudjana [15]) are obtained in Section 8, and finally the distribution
of doubly noncentral multivariate F' with equal covariance matrices is
derived in Section 9. The latter will be applied in a subsequent paper
to consider the effects of moderate nonnormality on the MANOVA tests,
following the approach of Davis [5]; this objective constituted the orig-
inal stimulus for the present investigation.

2. Basic properties of the invariant polynomials C5(X, V)

Proofs of the following results are indicated in [6]. It should be
noted that a representation 2¢ may occur in (1.2) with multiplicity
greater than one, so that strictly an additional subscript is required,
but we shall omit this for notational convenience, and assume that each
¢ is given the required multiplicity. Furthermore, in such cases the
polynomials C5* are not uniquely defined, but it is sufficient that they
be “orthogonal” in a sense defined in [6] for (1.2) and other basic prop-
erties to hold. This non-uniqueness first occurs for polynomials of
degree 6, when if k, 1=[2, 1], ¢=[3, 2, 1] occurs with multiplicity 3.

(2.1) C:(X, X)=05"Cy(X) , where 05'=C5(I, I)]C,(I)
may be zero.

(2.2) CiX, I)={6;"C,(D)[CAD)}CAX) ,

with a corresponding result for C5%(I, Y).

(23) C(X VECX), X Y)ZC(Y).

(2.4) So( )C;'I(AH’XH, AH'YH)YAH=C3Y(X, Y)C,(A)/C(I) .

If W~W,(n, 3, 0) then
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(2.5) By CS(XW, YW)=2/(n/2),Cs(X3,YS)  (f=k+l),
(2.6) Eu {CXW)C(YW)} =¢Z‘3‘ 2/(n[2),65°Cy (X2, Y2,

where we note that (n/2), is constant for equivalent representations 2¢.
2.7 CiY(aX, pY)=a"B'C5Y(X,Y), (a, B complex constants).
The following are consequences of (1.2):

(28 CXIC(V)=3, 60X, T),
2.9) (trX)trY)= 3 6CH(X, ),
£,2,9€x.2

(2.10)  CLXC(X)= 3 02:Cx(X) gea= 3 (0

€x.2

where > implies that we sum over the inequivalent representations
p*ex. 2

2¢* occurring in 2¢®22, and >, denotes summation over the repre-
p=9*
sentations equivalent to 2¢* in 2k ®21.

2.11) So(m) Cy(A’H'XHA, B)dH=Cy'(A'4, B)CAX)/C.I)

with a corresponding result for Cy*(A, BH'YHB).
Laplace transform . '

@12) | etr(~RW)|RICy(AR, BJR
=TI, &)|W|Cs(AW ™4, B)

where p=(m+1)/2, and I,(t, k) is defined in [2]. Similarly for Cy%(4,
BRB'). From (2.5), |R['"?C;*(XR, YR) has Laplace transform I,.(t, ¢)-
[WICsH(XW -, YW™Y). Setting R=W-HSH'W~'* and integrating
over O(m), it follows directly from [3] equation (10) that |R|~*C5y4(XR™!,
YR™) has Laplace transform [(—1)/I(&)/(—t+Dp)]|W|'Co(XW, YW).
Binomaal expansion :
(2.13) Cx+n=_3 3 (})meax 1),
AP ERA) S =6

where in particular

(2.14) CAX+V)= 3 (i >C}"Z(X, Y).

Thus <£>C}"Z(X, Y) is given by the terms of degree %k, l in X, Y

respectively in the expansion of C(X+Y). The polynomials for x=[1*],
A=[1"], ¢=[1"] may similarly be obtained from Cy(X+7Y).
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If R, S are rxr, sXs symmetric matrices respectively, r4+s=m,
then it may be shown using (1.83) and comparing coefficients of (tr R)*
-(tr S)* that

(2.15) c((§0) (0 §))=tr=CRCS 2

where z,=C,(1,)/2"(m[2), is the coefficient of (tr X)’ in C,(X). Hence
from (2.13)

(2.16) o((§ §))==_32  ({)eciisyza,

£5,(¢€x.2)

so that Hayakawa’s [7] coefficient a?, is related to g¢¢, by
2.17) af = <£ )gf, 2l22 -

For a given k, I, the C3%(X,Y) are linear combinations of the
distinct products of traces

(tr XaYuXe. . )(tr XY 2X%- .. ) 2. ..

of total degree k, I in the elements of X, Y respectively. In con-
structing these, account must be taken of the symmetry of X and Y,
and the trace properties tr XY=trYX, tr Z’=trZ. The number of
distinet terms of this type should thus equal the sum of multiplicities
of the irreducible representations 2¢ € 2¢& 22, for all ordered partitions
k, 2 of k, | respectively into <m parts. An algorithm for determining
these multiplicities is given in Robinson [16] Section 3.3.

The polynomials have been tabulated up to degree f=k-+[=6, and
are available from the author. Polynomials up to f=5 are listed in
the Appendix. When k+2 it is convenient for purposes of construction
to define C3(X, Y)=C:«(Y, X). However, when k=2 it may neither
be convenient nor possible to insist on symmetry in cases of multiplie-
ity >1; thus we shall not assume symmetry to hold in general. The
construction of the polynomials will be discussed in a subsequent paper.

3. Incomplete gamma and beta functions
Incomplete gamma function
Generalizing Constantine [2] equation (60) we have
(3.1) |, etr (—AS)ISI=*C(BS)dS
= {Ln(O (D) Tu(t+0)H X[
‘3 O45°C(—AX, BX)RUE+D), -

k=0 ;€82
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PrOOF. Let S=XYH'THXY®, He(O(m). Expanding the exponen-
tial, we average over O(m) and use

3.2) || ITE2CT)CADAT=Talt, TP Talt +5, 6) -

Equation (8.1) implies an expansion of the c.d.f. of the noncentral
Wishart distribution W,.(n, 2, 2) (equation (4.9)), and in particular of
the largest root.

Incomplete beta function
Equation (61) of {2] may similarly be generalized as follows:

(3.3) g:‘ |R?|I— RI**C(AR)IR

= (T w(®)/ Tolt+0)} X[
‘35 O—utprCH(X, AX)[R\E+), .

k=0 ;9 €x.

This yields an expansion for the c.d.f. of the multivariate noncentral
beta matrix, and in particular of the largest root.
A further result is

(3.4) g’ |RF#|[— RI**C5¥(R, - R)IR |
=[In(, £)(u, )/ Tn(E+u, $)105°Cy(I)

4. Polynomials of Hayakawa and Khatri

Explicit representations of these polynomials in terms of the C%*
will be presented in this section. In connection with the multivariate
noncentral quadratic form, Hayakawa has defined a polynomial P,(T, A),
which may be obtained as the coefficient of C,(UU")/f!(m/[2),C,(L) in the
generating function ([8] Theorem 7, noting that (m/2),C,(1,)=(n/2),C,(1,))

(4.1) SO( )go( etr (~URAHU'+2HUH,A"T')dHAH,

28 etr (—U'UHLAH),Fy(m/2; U'UR,A"T'TAVH/)dH,
ond

_ & CAUTBCs (= A, T'TA)
S 0 (m/2),C(L,)

where U, T are mXn, A is nXn positive definite symmetric. Hence

42 PT, A=(n2), 3 5 (] )04 TTA) ),

g pERI) ¢'=¢
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If we set A=1I,, then (2.2), (2.10) and Bingham’s [1] identity for
the generalized binomial coefficient [3]

(4.3) a.=(7) St

implies that
(4.4) P(T, L)=(—1YLy*"»(TT")

([7) equation (35)), where L! is Constantine’s [3] generalized Laguerre
polynomial. Similarly, using (2.11), we obtain

(4.5) S P(TH, A)dH:S P(T, HAH')AH
o(n) 0n)

_—f 1V _CQLA;)_ /2P, !

=(=1y G L IT)
([7] equation (88)). Hayakawa [9] has tabulated the P, up to f=4;
further tabulation could be based on (4.2).

Also in connection with the noncentral quadratic form, Khatri [13]
has defined a two-matrix generalization Li(X, A) of LX) (X, A are
mxXm symmetric), such that |[X[Li(X, A) has Laplace transform with
respect to X

(4.6)  Tult+p, HIZIC(I-Z7)A)
=L+p oz 5 2 (])ecsa, -z

i€ d) $'=¢ \

by (2.13), which may be inverted by (2.12) to yield

@n  LUX A=+, 3 3 (] )ecea —Xae+o).

INCITN N 411

From (4.2), expressions for L; may be obtained by replacing m/2 by
t+p in (—1)P,. The three-matrix polynomials defined by Crowther
[4] and Khatri [13] are not obtainable using the methods of this paper.

Khatri’s expansion of the Wishart density W.(n, 2, 2) ([13] equa-
tion (4.10)) may be obtained directly using (2.8) and (4.7),

(4.8)  Wa(n, %, 0) etr (—2),Fi(n/2; (2-V2/2)S3-20)
=Wa(n, 3, 0) 3 85Cy(— 2, ISZ-150/2) klli(n/2);
519

=Wan, 2, 0);?0 %‘, L2 31283122, — )] fi(n[2), .

The ec.d.f. of this distribution may be obtained from (3.1) in the
form ’
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(49) P{S<X}={TWp)/2™" To(nf2+p)| S} etr (— Q)| X
35 (~ 1YLy, ZKES) flinj24-p)

Taking X=2,I we obtain the c.d.f. of the largest root 2;.

5. A complete system of generalized Laguerre polynomials with two
matrix arguments
From (4.7) or Khatri’s original definition, the Li(X, A) are to be
regarded as a multivariate generalization of a/Li(x), rather than of
Li(x)LYy) as would be required for functions invariant under (1.1). In
the present section we present such a generalization along the lines of
Herz [11] and Constantine [3]. Define

(5.1) Lii(X, Y)=etr (X+7) SR o SM otr (—R—S)|RI|SIC (R, S)
. A(RX)A(SY)ARAS ,  (t, u>—1)

where A, is Herz’s Bessel function (see above references), noting that
the Lt%, will depend on the particular basis {C%‘}, in the spirit of Herz’s
definition.

Laplace transform. Noting that ([11] equation (15))

(5.2) S etr (—RW)|RI A(RM)AR=|W |~ etx (MW ™),
we obtain using (2.12)

(5.3) S OSS etr (— RW—SZ)|RI|SFLu3 (R, S)ARAS
=Tt +p, &) w(u+p, DIW || Z [ 2Co(I-W, I-Z7) .

This yields an explicit representation of the polynomials, analogous
to [3] equation (20). Let

k [4
(5.4) Ce'(I+ X, I+Y)/CI )=3 3 3 apCr(X, Y)/CA)
=0 $§=0 p,o;¢
where p, o, ¢ are partitions of r, s, r+s respectively. Again using
(2.12),
(_1)r+sac,1;¢

é Z p,a;T

55)  Lit(X, V)=(t+p).at+pCAD 3
(5.5) & D=0+t DG B E 3 G

(X Y)
can
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Generating function. L:%,(X,Y) is the coefficient of Cy4(W, Z)/
EUIC,(I) in the expansion of

(5.6) |I—W[*?|[—Z| >
: SO( etr {— XH'W(I—-W)'H-YH'Z(I-Z) " H}dH .

A relation with Khatri’s polynomial proved by taking Laplace trans-
forms is

(5.7) So(m) L(HAH', X)L{HBH', Y)dH
=¢§:I CeY(X, Y)L:E (A, B)/C() .

Orthogonality. Multiplying (5.6) by etr (—X—-Y)| X[ YPMC(X,Y)
and integrating over X>0, Y>0, we find that

(.8) Sm Sm etr (— X—Y)| X[|YFCo(X, Y)L% (X, Y)AXAY

is the coefficient of C3 (W, Z)/kN!C,(I) in the expansion of
(5°9) Fm(t+p: p)rm(u'i‘p; O')Cf’”(I'_W: I_Z) .

A similar argument to [3] Theorem 2 shows that (5.8) is zero for
kz=r, l=s unless (k, 2; )=(p, 0; ) and hence that L%, is orthogonal to
all L&®  with respect to etr (—X—Y)| X['|Y [ for k=r, [=s and (p, 5; 7)
#*(k, A; ¢), with

(5.10) Sm Sm etr (—X— V) X[ Y HLLLAX, Y)PdXdY
=kt +p, ) n(u+Dp, HCL(I) .

Completeness. On the basis of (5.10), we could follow Herz [11]
Sections 3 and 4 in considering the Hilbert space [}, of functions
f(X,Y) defined for X>0, Y>0, such that

(5.11) 171={_§ ., |/ S)FIEISIaRAS <o ,

R>0 /S

and show that the “(¢, u)-Hankel transform” of f, g=U,.f say, where

619 oX V)~ |  ARDASDIRISIS (R, KRS,
R>0 S>>

has the properties of a Watson transform; i.e. €U,, is unitary, self-

adjoint and self-inversive on .[3,. In (5.12), ~ signifies equality when-

ever the integral is absolutely convergent, otherwise a limit in the

above norm.
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The Laplace transforms F, G of f, g respectively are related by
(5.13) GW, Z)=|\W|*?|Z|™**F(W, Z™) .
Hence if we set
(5.14) b (X, Y)=etr (- X—Y)L5%,(2X, 2Y)

it follows from (5.1) that %%, e L7,, while from (5.3) and (5.13) I¥,
and (=1, l5%, each has double Laplace transform

(3

(5.15) Lot +p, O (u+p, DI+ W2 I+ Z|+?
. 6y & W_I Z"‘I
G <W+I’ Z+I> )

Thus the I%%, are orthogonal eigenfunctions of <J,, with eigen-
values (—1). We may now show that they are complete in the closed

subspace L2, consisting of the functions in %, invariant under (1.1)
([11] p. 501). Suppose that f e L2, and that

(5.16) SRMSS)oli;g‘;é(R, S)f(R, S)|RI|S*dRAS=0  for all «, 1; .

Then since each C3'(R, S) can be expressed as a linear combination
of L%, and lower degree Laguerre polynomials,

(5.17) a),,M:SR etr (~R—S)Cs(R, S)f(R, S)|RI{SI4RIS=0
for all «, 4; ¢.

Hence, since f satisfies (1.1) its double Laplace transform can be
written

(5.18)  F(W, Z):SR>o S etr (—R—S)f(R, S)|RIISF

s>
- S _etr {(I-W)H'RH+ (I~ 7)H'SH)dH
oG
=3 0,2.,C5(I—W, I— Z)[KNC,(I)=0
40
for 0<ReW, ReZ<I. But F is complex analytic for Re W>0, Re Z>

0; hence F'=0, and f is a null function.

6. Some useful expansions
(2) Multiplying both sides of (1.3) by etr (—X),

Cs(4, BIC:H(X, ¥) _ & Cs'(A—I, BICY'(X, Y)
kI, b kIIC,D) '

6.1) etr(—X)
5l
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A number of expansions may be derived from (6.1) by taking and in-
verting Laplace transforms.

Substitute X— Zv:XZ'V?, Y— ZV*YZ"?, multiply by etr (—2Z)|Z]»
and integrate over Z>0; then

(6.2) ]I—i—Xl'“ = (a)¢C{,‘(A B)CsH(X(I+X)™, Y(I+X))/ENC(D)

= i (@),CsHA—1I, BICSH(X, Y)[kIIC(T) .

549
On the other hand, replacing B by B~!, multiplying by |B|™ and
inverting the Laplace transform yields
(6.3) etr (—X) 3 C5{(4, BIC(X, Y)/kUN(u)Cu(I)
529
=3 C5{(A~1, BYCS(X, V)[R (w),CAT) .
549

To obtain a result used later, set Y=X, B— —AB in the R.H.S,,
multiply by etr {—B(I+Z)}|B[**/I',(u) and integrate over B>0; using
the binomial expansion (2.13), the transform is

(6.4) [ [+ Z| ™ F™(I—-AZ(I+2Z2), —X) .

This may be expanded in terms of Constantine’s Laguerre poly-
nomials; applying the binomial expansion again, and inverting the
Laplace transform, we obtain

(6.5) etr(—B) i} Ci(X)8:'Cs(A—1I, —AB)[k!l(u),Cy(I)

—IAI‘" > L= X)'C3 (- AT, — ATB)kl(u)CAT) -

(b) We now show that C3¥(I+ A, B) has an expansion of the form
(6.6) Ci*(I+ A, B)/[C(I)= 2 2 bpitCri(A, B)/CI) .

=0 $:p€p.2

ProoF. There certainly exists an expansion
(6.7) Ci(I+4, BC(D=% 3 31 b4, BICAD) ,
so that from (2.11)
So(m) Cs*(I+ A, BH' XHB)dH|Cy(I)

=131 S bsECe(A, BB)CAX)CDCA) -

r=0 s=0 p,a;7
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But by (2.11) the L.H.S. is also
68)  CyI+A BBCX)CICAT)
={GOICI) 233 3 b0 (A, BBYCD)

whence if b5%¢#+0 we must have s=2. Q.E.D.
Thus, we may define another generalized Laguerre polynomial

(6.9) L, (X, Y)=etr(X) Sbo etr (—R)|RI'C3* (R, Y)A,(RX)IR

with Laplace transform

(6.10) SX etr (—XW)| XLt X, Y)AX
=+, o)W 2C(I-W-, Y)
so that
(611 L X, V=E+DCMD D 5 (~IBECHE, DIe+9),000)

Replace A, B in (6.2) by A™%, B! and multiply by |A4|™'|B]™; in-
verting the Laplace transform

(6.12) |[I+X|™ i (@),C5*(A, BICSHX(I+X)™, Y(I+X))kUL(E).w).CoT)
‘—“% (@),C5(— X, Y)Li3E(A, B)[ENIE).(w),CAI) .
(¢) Multiplying (1.3) by etr (—X—7Y),
(6.13) etr (—X—7Y) i¢ Ci(4, B)CSH(X, Y)/RUICAT)
="i::¢ Cs(A—T, B—D)CsH(X, Y)KUCLT) .

Replace A, B by A~!, B™!, multiply by |A[7*|B|™ and invert the Laplace
transform :

(6.14) etr(—-X—-Y)S JFit; AHXH') F(u; BHYH)AH
)

alm

.—:‘i‘,¢ (=1 CsH(X, )L 2(A, B)[RUI(E).(w).Ci(I) .

(d) Expanding each side of |I—(X+Y)[*=|[+Z|[*|[-(X+Z+7Y)-
(I+Z) '™ and using (2.13),
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(6.15) % (@),05°C5 (X, Y[kl
e 2 X+7Z Y
=|I+ 7] o5 <_ ————-)/k!l! :
[[+Z] ‘§¢(a)¢¢c¢ I+Z  I+Z
Replace Y by Y%, multiply by |Y|™ and invert the Laplace transform :
(6.16) i‘; (@),05°C3H(X, Y)/k\ ! (w),

=42 3 (a)05 ;*<X+Z Y >/k!l!(u)z.

Taking X=-27,
(6.17) [+ Z|.Fia; u; YI+Z)™)
=3} @45°C5(=Z, Dk,

; S (~ 1Y @)L Y2, Z)/ 1), -

In particular, if a=u,

o

(6.18) [I+Z[™etr [YZ(I+2Z2) =2 X (=1)/L§™(Y, Z)/f! .

J=0 ¢

o

Taking Z=—AYH'XHA'Y and integrating over O(m) yields Khatri’s

generating function ([13] equation (2.26)). Equation (6.18) also provides

an expansion of the noncentral Wishart distribution ([2] equation (34)).
Setting Y=AYH'XHAY* in (6.18) and integrating over O(m), we

obtain

(619)  |[-ZI"CAU-2Y)=@)' 3 5 (@'Ci(Z, Ak .

=0 s, £

7. Noncentral quadratic form

Suppose that X is N, (M, L®3I) and A is nXn positive definite
symmetric. The quadratic form 3 V:XAX'3-?=YY’, where Y=3-12.

XA has the same latent roots ,=-.-=1,=0 as YY’, where Y=HYK

(HeO(m), KecO(n)). Integrating the density of ¥ over O(m), O(n) we
obtain

(7.1) F(@)=@x) ™| A etr (— Q) 2 CAT T 12)85°C5
(=AY, MY S MAY2) RN (m/2).CA(L)
=(2x)"™2| A" etr (— ) f% > CA¥T"2)



INVARIANT POLYNOMIALS WITH TWO MATRIX ARGUMENTS 477

. P, (71_7 s-p, A-i) / F1(0/2),Co(L)
by (4.2) (Hayakawa [8], Theorem 8). The density of A=diag (1,) follows

directly by the usual method. From (6.3), the joint density of the
roots may be written in the following form for real ¢>0,

(1.2)  f(D)=[x""Tn(m[2)]|gA|™" etr (= 2)Wn(n, ¢7'I, 0) I (=2
33 05°C,qAR)CH (T~ A, ¢ M T MA )
7k’!l1(m/2)10¢(1,,) ,
(Hayakawa [9], Theorem 2). Setting

(7.8) m—n, A—qlA™t,  B=M'3"M2,
Xel 2 D), e

in (6.5), and noting rank (4)=m, we obtain Khatri’s [13] equation (5.2)
in the form

(7-4) [ Lo(m/21W(m, g1, 0) TT (2—2,)
+ 33 Ly*2(qa[2)65'CyX(I—qA, —qAM'Z™'M]2)
wni,¢
elti(m/2).Cy(L) ,

expressible also in terms of the P,. It may be noted that this ex-
pression facilitates the derivation of Hayakawa’s [10] asymptotic ex-
pansion of the distribution of vn/2m log|qd/n|, since the characteristic
function may be obtained from

(7.5) B, {lgd/nl} =[T(n/2+6)[(n[2)™ (n[2)]
: i e,(m/[2),05°C5*(I— B, —BQ)/kNl!(m/2),

where
(1.6) B=gA, Q=M'3"M]2,
e,=Ey, (L2 (W[2)[(n/2),Co L)},  W~W,(n+26, I, 0),
=31 2 (= 17a,,(n]2+0),/(n/2),

With 6=1itvn/2m, we have ¢,=0(n"'"*), at least for small f.
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8. Noncentral F with unequal covariance matrices

In the present section we consider the joint distribution of the
latent roots A4,=---=2,=0 of F=S;v:S,S;"% where S, ~W,(n,, 2, 2)
and S,~W,(n,, 5,,0), 3,#2%,. This distribution has been investigated
by Pillai [14], and Pillai and Sudjana [15], under certain “randomness”
assumptions on the parameter matrices which facilitate the application
of zonal polynomials, and also provide scope for an exact study of the
robustness of some standard test criteria against nonnormality and in-
equality of covariance matrices. ,

Pillai [14] showed that the roots of F' have the same distribution

as those of F with density function
8.1)  fF)=Cym; ny, m) etr (— Q)| T/ F /=2 | [+ T1F |~ rutoort
< Fi((ny+n,)/2, n,/2; OF (I+F1F)™)
where
(8.2) T=3"3750, 0=UrQut,
Cim; ny, M) =p((ny+12)[2)[ T n(11/2) ] (1/2) .

From (6.17), (8.1) may be expressed in terms of Khatri’s Laguerre
polynomials of two matrix arguments,

(8.3) FFY=Cym; ny, ny) etr (— Q)| T |2 Fw-?
S (et m)f2),05°Cy(~ U F, OFYlli(m2),

4

3

(8.4) =Cy(m; ny, my) etr (— Q)| T2 F e

>3 33 (— 1Y (1 +m0)[2), L 22, T F T £i(myf2), .
7= e

<

Abplying (6.16), with Z=qF for suitable real q, we obtain
(85) f(F)=Cilm;ny, m)etr (= Q)| ¥~ F[n*=| [+-qF | sro”
31 ((mem)/2),05°C3 (T—a 7T B, OBkl 2,
where B=qF(I+qF)™'. Expansions for the distribution of A=diag (1,
may be obtained from (8.3), (8.4) and (8.5).

It may be shown by taking a Laplace transform with respect to
B, or from (6.3) with X=Y using Bingham’s identity (4.3), that

(8.6) 51 (] Jecsu-a, By o,

o W(perd)
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=C) 3 a0 )00 Co(— A, BYD.CAD)

I23434

Hence from (8.5)
8.7 f(d)=Cm; n,, my) etr (— Q)| T [ A7 | [4qA|-Cams
T (=2) fz 5 {((ma 2}/ 2),Cola L+ a )L f1)

C DS (— 1L A2, T (20T

n=0 v

where Cym;n,, n)=a""C(m; n,, 1)/ ['n(m/2). Taking 2 and ¥ “ran-
dom ” in Pillai’s sense, we obtain his [14] equations (3.2) and (3.7) from
(8.3) and (8.7), respectively, using (2.11).

Hotelling trace T—=tr F. For S>0 let s=tr S, S=sS,; then dS=
sm~!dS,, where S,=(s{¥), dS,=T[ds{? (1=7; (3, 3)#(m, m)), and

(8.8) SS LiX, A*SAYY)|S,P~?dS,=s'Tx(b, $)LUX, A)/ T (bm+f) .

1
This may be obtained using an unpublished result of A. T. James
(8.9) SS CA(AS)|S,[2dS, = I'u(b, $)Cs(A)[I(bm+f) .

Hence from (8.4),
(8.10) f(T)=Cym; n,, my) etr (— Q)| F|~™/2T ™/t
2 (= TYIf U [2),] 3 (na+m)f2),La-2(2, B
where Cy(m; my, 1) =1 ((n,+m1,)/2)/ T (mn,f2)] 4(n./2); this extends Con-
stantine [3] equation (1) to the case of unequal covariance matrices.

Using (3.3), the c.d.f. of the largest root f, of F' may be obtained
from (8.1) in the form

(8.11) P {fi<z}=Cm; n;, m,) etr (—2)|T|(q~' )"
- 33 S 2,802+ D))

-3 (] et miz ) m)2)4,
IRICIT ]

where 8=gqx/(1+qx), g>0 real, Cim; n, ny)=I((n+1)[2) ] (D) 'n(n,/2)
-I'(n,/2+p), and

(8.12) A= 3 (l) v Cr(I—q T, ' 0)/(n,)2), .

p,0(2€p0.a) r
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9. Doubly noncentral F

Finally, we consider the latent roots of multivariate F' when S,~
Wm(nly Iv 'Ql)& S2~ m(nZ’ I! ‘QZ)' - - - -
(a) Case my=m. F has the same roots as F=S;725,S;2, where S,=

H'S,H, S,=H'S,H; averaging over O(m),

9.1)  f(S., S)=K(m; ny, ny) etr (—2,—2,)
- efr [—(§1+§2)/2”§1 ln‘/z_pls'z [ra/2-2

., Fin2; QH'SH2)Fi(nsj2; HSH2)AH
(9-2) =K (m; n,, ny) etr (—2,—2,)

- etr [— (S, +8)/211S. | S, e

. i C5( 21, D)CHHS Y2, So/2)/k(1,/2).(1/2).C D)

(93) = JC(m s Ny, 'n2) etr [— (S1+‘§2)/2] ISM1 [nl/Z—pls"zln;,/z-p
. ‘§:¢ (—1)YC5( 2, .QZ)L:"I{:-’;P, ng/2—P(SI/2, S,/2)
[E1H(14/2).(15/2),Co(I)

by (6.14), where K(m;n,, ny)=[2""*"™"L (n,/2)[,(n./2)]"'. Hence we
obtain

(9.4)  FF)=Cm; ny, ny) etr (—2,— Q)| Frv/>~?| [+ F|[-rtros2
© 33 (A m) 205 (2, Q0 FA+FY, T+ F))
JE(n2)(1/2).CT)
(9.5) =Cy(m; my, m) | F [V~ [4 F |~
© 53 (~1/Cy(@,, 2) Es (L2 *(FS[2, SJ2))
JRl(1,)2) (15)2).CT)
where S~W,(n,+n,, I+F)™, 0). From (5.5),

(9.6) E (L1 > *(FS/2, S/2)}
= (1/2)(mef2.CAD) 3 (—1) *aziH(m+m)/2).

- Co(FI+F), T+ F)™)(12),(m/2).CT) -

Expressions for the joint distributions of the roots of F' follow from
(9.4) and (9.5). From (9.4) and (6.12)

9.7 » f(F'):Cl(m; Ny, Ny) etr (“91“92)1F'1"1/2-P
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-+ 33 (mm)f2), 5 (— F, DL, 2)
RN (11/2) (1] 2).Co(I) -

Hence using (8.9) we obtain the distribution of Hotelling’s T=tr F’
in the doubly noncentral case,

(9.8)  S(T)=Cilm; my, m) etr (— & — Q)T 33 {(= TV fkl(mn,[2),}
3 3 (O ma)/ 2085 L5, Q)2

which also generalizes [3] equation (1).

(b) Case m;=<m. Consider F=X/S5;'X, where X|~N,, (M, L..),
MM![2=8, and S,~W,(n,, I, 2,). The roots of F are invariant under
X,—HXK, S,—HS,H (HeO(m), Ke€O(ny)), so averaging over H, K

(9-9) f(Xl, S2)=C5(m; ?’Ll, ng) etr (—‘Ql'—‘QZ)
- etr (— X, X/[2—8,/2)| S, ["*7*

. So(m) Fi(ny2; 2 HX, XV H'[2)Fy(n,/2; 2,HS,H'|2)dH ,
where Ci(m; n,, ny)=[2"™* g 2T (n,/2)]7'. Let Y=S5;7"2X,, so that
F=Y'Y and
(9.10)  F(Y, S)=Cym; n,, n,) etr (—2,—2,) etr { —S,(I+YY")/2}

s | Fm2; QHSYYYISYH!2)

o Fi(myf2; 2,HS,H'[2)dH .
Now
(9.11) YY'=J,F*J),
where J,=[YF-"|J;] € O(m), F*:(f; 8) and F* is mxm. Making the
transformation
(9.12) Sk=J!S: Iy H*=HJ,
and integrating over SF>0, we finally obtain

(9.13)  f(F)=[Tn((mat+n)/2)/ 1, (m[2) ] (nef2)] etr (— 21— 2y)
- |Fmem b2 [ |-t/

‘Bop | oFilnf2; QHSFEFSIVH 2)
o(m)
M 0F1('n2/2; QZHS;kH,/Z)dH
where S¥~W,(n+mn., (I+F*)7%, 0). Forms corresponding to (9.4), (9.5)
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and (9.7) may now be obtained.

Appendix

Orthonormal polynomials z;'?C3*(X,Y), where z,=yxu,(1)/1-3---(2f
—1). C=multiplier. (X)=tr X.

k!
211 K, 2 1,1
é 2 12
fot 1/3 2/3
(XY) 2 -1
(X)Y) 1 1
321 £ 2 2,1 12,1
é 3 21 ] 21 18
c? 1/15 4/15 | 1/3 1/3
(X:v) 8§ -2 | -2 2
(X(Y) 2 2] -1 -1
(XYYX) 4 -1 2 -2
(X)A(Y) 1 1 11
431 A 3,1 21,1 13,1
é 4 31 | 31 2= 21z | 212 1
c? 1/105 2/35 | 2/15 2/15 1/3 | 1/5 2/15
(X3Y) 48 -8 | -8 -2 4 4 -6
(X3)(Y) 8 8| -2 -2 =2 2 2
(X2Y)(X) 24 -4 6 -6 0| —4 6
(XHXY) 12 -2 -2 7 -2 -2 3
(X)X)Y) 6 6 1 1 1| -3 =3
(XYY X)) 6 -1 4 1 =2 2 -3
(X)(Y) 1 1 11 1 11
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Fki
422 £, 2 2,2 2,12 12,12
é 4 31 22 | 31 212 | 2 212 4
ok '1/105 8/189 8/135 | 2/27 4/27 | 2/27 32/135 2/15
(X2Y?) 32 4 -8 | -8 4| 4 1 —4
(XYXY) 16 —12 6 0o 0| -6 3 -2
(X2Y)(Y) 16 2 —4 8 —4| -4 -1 4
(XY2)(X) 16 2 —4 | -4 2| -4 -1 4
(X2(Y?) 4 4 4] -2 =2 111
(XY) 8 —6 3 0 0 -3
(xX23(Y) 2 2 2 2 2] -1 -1 =1
(XYYX)Y) 8 1 -2 4 -2 4 1 -4
(Y2)(X)2 2 2 2| -1 -1|-1 -1 -1
(XY 1 11 11 1 1 1
541 5 4,1 31,1 221 212, 1 14
é 5 41 | 41 32 312 82 21 | 31z 21 21 | 2138 18
c? 1/945 8/945 | 1/3516/3151/9 | 2/45 4/45 | 8/638/458/35 | 4/45 2/45
(X*Y) 384 —48 | —48 —8 16| —8 4| 16 4 —12| —12 24
(X)(Y) 48 48| -8 —8 —8| —2 —2| 4 4 4| —6 —6
(XY Y(X) 192 —24 | 32 —18 0| -24 12| -12 6 2| 12 —24
(XXY) 64 -—8| -8 22 ~8| -8 4| 4-8 4 -8
(XY )(X?) 96 —12 | —-12 —2 4| 28 —14| —8-2 6 6 —12
(XNX)Y) 32 32 4 4 4| -8 —8| -2 -2 -2 8 8
(XYY X) 48 —6| 22 -8 —2| 4 —2| 4-8 4| —6 12
(X2HY) 12 12| -2 -2 —2 7 7| -2 -2 =2 3 3
(XHXYYXX)| 48 —6 8 13 -8 4 —2| -8 7 —-1| —6 12
(XB(XHY) 12 12 5 5 5 2 2| -1-1 —1| -6 —6
(XY)(X) 8 -1 6 1 —2 4 -2 4 1 -3 2 —4
(XOHY) 1 1 1 1 1 11 11 1 11




A. W. DAVIS

484

1 1 1 I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 (A)e(X)
- - 1= |1—-1—- 1— 1I- |1—- 1— |2 ¢ ¢ 2 4 2 A 2 2 {(X)GA)
9— 0 ¥ —0 € 9 - 9 £— ¥ €~ 0 ¢ 8 — ¢ Al (X)AXHAX)
€~ ¢- ¢- |1 1 1 1 9 9 g¢— ¢— |1 1 1 1 9 9 9 X NXX)
€ € g I-1—- 1— 1I— |9~ 9— |9~ 9— |z 2 2 ¢ AT A | 21 (X)X
9 9— 9 Z %— 66— 01 |0 0 0 0 v 8— 37— 8 £ A S 74 (XA X)
9 0 ¥%— 1¥y—8 ¥ ¢ y— el |€ ¥— |1~ ¥v— 11 ¥— | ¥— 9 174 (AXEX)
9 0 ¥ |¥ 0 € 9— |2 9— |9— 8 9— 0 9 91 - 9 ¥ AXAX)
2L 0 8- |0 8— 4 8-~ % {9 8- |{g— ¥ 8— 21 8— 21 8 (O)(A:2X)
? 2 3 2-2— 22— 22— |8 8 2 2 32— %— %~ %— |8 8 8 "e.05¢)
9— 0 ¥ ¥ 88— ¥ 2— |¥ ¢1—|9 88— |{g— 8 2 8- |8— 1 8 XN AX)
21— 21 21— |vy ¥v— 01— 02 |0 O 0o o y— 8 4 8— |2l 8h— 96 (AXNAX)
2— 28— T— |2 2 3 4 g8— 8— (¥ ¥ ¥ ¥— ¥— v¥— |91 91 91 (A XeX)
9— 9 9~ |[2-2 ¢ or—{0 o 0 0 8 91— ¥— o1 9 ¥2— 8v (XHAXAX)
21— 0 8 0 8 L— ¥%— |8 - |2 91—-|¥v— 8 91— %2 91— 12 96 (X)A:X)
31— 0 9 8 0 9— 2i—|9t—8r |9- g 9 0 9- 91— | 91— ¥2 96 (09.0.05'¢
21 2—2 |¥y—% 0o 0—|0 O 0 0 8— 91 ¥ 91— | ¥¢ 96— 6l (AXAX:X)
2T 0 8— [(8—0 9 2t 19T 8y— | 31— 9t 21 0 21— g&— | 23— 8y 261 (zA:X)
Sp/2 6/1 S1/1 | L/1 6/1 S18/25 S¥/2 | 08/1 06/1 | €9/% 12/1 | Sv/v 81/1 S22/8 0S/1 | S2S/8 SL9/v Sve/1 %0}
sI  s1G6 T14@ | s1¢ 1@ <I€ F4 (AR 4 12 1€ 14 1€ 2% 184 A% 1% g ¢
21T 1'12 1° 21 212 2'e vy
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