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1. Introduction 

In a recent  article [6] the  author  has defined a class of polynomials 
C$'~(X, Y) in the elements of the  m x m  symmetric  complex matrices 
X and Y, having the  property of invariance under the  simultaneous 
t ransformations 

(1.1) X-~  H ' X H ,  Y---+ H' YH ,  H ~ O(m), 

where O(m) is the group of m x m  orthogonal matrices. These satisfy 
the  basic relationship 

(1.2) f C,(AH'XH)C~(BH'YH)dH= Z C'~'~(A, B)C'~'~(X, Y)/C~(I) , 
J 

where C,, C~, C~ are zonal polynomials (James [12]), indexed by the  
ordered partit ions ~, 2, r of the  nonnegative integers k, l, f : k - k l  re- 
spectively into ___m parts. Le t t ing  Gl(m, R) denote the  group of m x m  
real nonsingular matrices, " r  ~ ~.2" signifies tha t  the irreducible repre- 
sentation of Gl(m, R) indexed by 2r occurs in the decomposition of the 
Kronecker product 2~@22 of the  irreducible representations indexed by 
2~ and 22. Irreducible representations of Gl(m, R) indexed by ordered 
partit ions of the  form 2~ are fundamental  to the theory of zonal poly- 
nomials. Fur the r  properties of the  C~ '~ are summarized in Section 2. 

The present paper applies the  polynomials to some problems in 
mult ivariate normal distribution theory.  The joint distribution of the  
latent  roots of the noncentral Wishart  matr ix  SNW,~(n, X, ~) was pre- 
sented in [6]. In Section 3 expansions are given of mult ivariate  in- 
complete gamma and beta functions which are relevant to the  cumu- 
lative distribution functions (c.d.f. 's) of the  noncentral Wishart  and 
MANOVA matrices (cf. Constantine [2], p. 1270). A fur ther  application 
is to the  noncentrat quadratic form (Section 7), since it is shown in 
Section 4 tha t  certain polynomials in two matrices defined by Hayakawa 
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[8] and Khatri  [13] are expressible in terms of the C$ ,;. A complete 
orthogonal set of Laguerre polynomials with two matrix arguments is 
constructed in Section 5, following the approach of Herz [11] and Con- 
stantine [3]. Section 6 presents a number of expansions generally based 
on the following corollary to (1.2) 

(1.3) f oct, etr  (AH'XH+ BH' YH)dH 

= ~ C'~"(A, B)C~"(X, Y)/k!l!C~(I), 
1:,2;r 

where the summation on the r ight  denotes ~, ~ . .  Results for non- 
k , ~ = O  ~ , l ; #  ~ J:. 1 

central F in the case of unequal covariance matrices (Pillai [14], Pillai 
and Sudjana [15]) are obtained in Section 8, and finally the distribution 
of doubly noncentral multivariate F with equal covariance matrices is 
derived in Section 9. The latter will be applied in a subsequent paper 
to consider the effects of moderate nonnormality on the MANOVA tests, 
following the approach of Davis [5] ; this objective constituted the orig- 
inal stimulus for the present investigation. 

2. Basic properties of the invariant polynomials C~'~(X, Y) 

Proofs of the following results are indicated in [6]. It  should be 
noted that  a representation 2r may occur in (1.2) with multiplicity 
greater  than one, so that  strictly an additional subscript is required, 
but we shall omit this for notational convenience, and assume that  each 
r is given the  required multiplicity. Furthermore,  in such cases the 
polynomials C$ ,~ are not uniquely defined, but it is sufficient that  they 
be "orthogonal"  in a sense defined in [6] for (1.2) and other basic prop- 
erties to hold. This non-uniqueness first occurs for polynomials of 
degree 6, when if ~, 2= [2, 1], 4=  [3, 2, 1] occurs with multiplicity 3. 

(2.1) C~'~(X, X) = 0~'~C~(X), where O~ ,~ = C~'~(L I)/C~(I) 

may be zero. 

(2.2) C~'~(X, I)--  {0~.~C~(I)/C,(I)} C,(X), 

with a corresponding result for C~'~(I, Y). 

(2.3) C,"~ Y)~C, (X)  , ~'~(X, Y)~C~(Y) . 

(2.4) f or C'~'~(AH'XH' AH'  YH)dH= C'~'~(X, Y)C~(A)/C~(I) . 

If W,~W,~(n, 2, 0) then 
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(2.5) Ew C~'~(XW, YW)=2~(n/2)~C;'~(XX, Y•) ( f  =k+I) , 

(2.6) Ew {C,(XW)CiYW)} = Z 2f(n/2)~8"~'~C'~'~(X 2, Y2) , 
~ . 1  

where we note that  (n/2)~ is constant for equivalent representations 2r 

(2.7) C'~,~(aX, ~Y)=a~fl~C'~'~(X, Y ) ,  (a, fl complex constants). 

The following are consequences of (1.2): 

(2.8) C,(X)CiY)= ~ 8"/C'r Y ) ,  

(2.9) (tr X)*(tr y ) t =  Z 6"~'~C'~'~(X, Y ) ,  

(2.10) C,(X)C~(X)= Z g~,SC~.(X), g,,,= Z (~$,,)2, 
~*e, .2  ~-~* 

where Z implies that  we sum over the inequivalent representations 
O*e~.~ 

2r occurring in 2~Q2L and 2~ denotes summation over the repre- 

sentations equivalent to 2~* in 2~@)22. 

(2.11) f o(,~, C'~'~(A'H'XHA, B)dH= C'~'~(A'A, B)C,(X)/C,(I) , 

with a corresponding result for C'/(A, B'H'YHB).  
Laplace transform : 

(2.12) fR>0 etr (-RW)IRI*-~C'~'~(ARA ', B)dR 

= F,~(t, ~) I W]-~C'~'~(AW-~A ', B) 

where p=(m+l) /2 ,  and F~(t, ~) is defined in [2]. Similarly for C;'*(A, 
BRB'). From (2.5), [RI*-~C'~'~(XR, YR) has Laplace transform F~(t, r 
[W[-*C'~,~(XW -~, YW-~). Setting R=W-~nHSH'W -'~ and integrating 
over O(m), it follows directly from [3] equation (10) that  IR[~-~C'r -~, 
YR-9 has Laplace transform [(-- 1)fF~(t)/(- t + p)~] [ W[-~C'~ '~(XW, YW).  

Binomial expansion : 

(2.13) C~(X+Y)= ~ ~ O~, C~, (X, Y ) ,  
�9 ,~(~ e~.2) ~'~-~ 

where in particular 

(2.14) c , ( x + Y ) =  N (x ,  Y)  . 
k+t=f  

Thus (flC},~(X, Y ) i s  given by the terms of degree k, l i n  X, Y 

respectively in the expansion of Cf(X+Y).  The polynomials for ~=[1~], 
2=[1~], ~=[1 z] may similarly be obtained from Q,(X+Y) .  
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If R, S are r x r ,  s x s  symmetr ic  matrices respectively, r+s---m,  
then  it may be shown using (1.3) and comparing coefficients of (tr  R) ~ 
�9 (tr  S)' tha t  

(2.15) C,,~((R 0), (~ OS))=O,,~z~C,(R)C~(S)/z,z ~ 

where z~=C~(I~)/2~(m/2)~ is the  coefficient of (tr X) I in C~(X). Hence 
from (2.13) 

so tha t  Hayakawa's  [7] coefficient a~,,~ is related to g~,~ by 

a ~ { f ~  ~ z ' z z  (2.17) "~= ~ k )g"~ # ' ' "  

For a given k, l, the  C'~'~(X, Y)  are linear combinations of the  
distinct products of traces 

(tr X~,Y~,X~ . . )r, (tr X~2Y~.X~2 . . . )~. . . 

of total degree k, 1 in the  elements of X, Y respectively. In con- 
s t ruct ing these, account must  be taken of the symmet ry  of X and Y, 
and the  trace properties t r X Y = t r Y X ,  t r Z ' = t r Z .  The number  of 
distinct te rms of this type should thus  equal the sum of multiplicities 
of the  irreducible representations 2r ~ 2~(~ 2L for all ordered partit ions 
~, 2 of k, l respectively into _<_m parts.  An algorithm for determining 
these multiplicities is given in Robinson [16] Section 3.3. 

The polynomials have been tabulated up to degTee f = k + l = 6 ,  and 
are available from the author.  Polynomials up to f = 5  are listed in 
the  Appendix. When ~r it is convenient for purposes of construction 
to define C$~(X, Y)=C~,'(Y, X) .  However, when ~=~ it may nei ther  
be convenient nor possible to insist on symmet ry  in cases of multiplic- 
i ty > 1 ;  thus  we shall not assume symmet ry  to hold in general. The 
construction of the  polynomials will be discussed in a subsequent paper. 

3. Incomplete gamma and beta functions 

Incomplete gamma function 
Generalizing Constantine [2] equation (60) we have 

(3.1) f0 x etr  (-AS)ISIt-PC~(BS)dS 

= {e=( t ) r=(p) l r=( t  + p)}IZl' 

�9 ~, ~, (t)~8"~,~C'~,~(-AX, BX) /k ! ( t+p)~ .  
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PROOF. Let S=XInH'THX ~/~, H~ O(m). Expanding the exponen- 
tial, we average over O(m) and use 

(3.2) fl ITI~-PC*(T)/C*(I)dT=F~(t' r r  

Equation (3.1) implies an expansion of the c.d.f, of the noncentral 
Wishart distribution W~(n, ~, ~2) (equation (4.9)), and in particular of 
the largest root. 

Incomplete beta function 
Equation (61) of [2] may similarly be generalized as follows: 

(3.3) IRI'-'II-RI~ 

= {r',~(t)r~(p)/I:~(t + p)}lXI  ~ 

�9 ~ ~,, (t)o(--u--kp),O'~"C'~"(X, AX)/k!(t-kp)~. 

This yields an expansion for the c.d.f, of the multivariate noncentral 
beta matrix, and in particular of the largest root�9 

A fur ther  result is 

(3.4) f :  IR['-plI--R[~-pC'~"(R, [ -R)dR 

= [r~(t ,  ~)r~(u,  ~)/r~(t+u, r 

4. Polynomials of Hayakawa and Khatri 

Explicit representations of these polynomials in terms of the C$ ,~ 
will be presented in this section. In connection with the multivariate 
noncentral quadratic form, Hayakawa has defined a polynomial P~(T, A), 
which may be obtained as the coefficient of C~(UU')/f!(m/2)~C~(I~) in the 
generating function ([8] Theorem 7, noting that  (m/2)~O~(I~)=(n/2)~C~(I~)) 

(4.1) f o(~) I o(~, err (-- UH2AH.[U' + 2H1UI-I~AlnT')dH~dHz 

= f oct) etr (-- U'UH2AIt~OoFI(m/2; U'UH2AI/2T'TAInIt~')dH2 

= ~ C~(U'U)O'~,~C'~,~(-A, T'TA) 
�9 ,~;~ k!l!(m/2)~C~(I~) 

where U, T are m •  A is n•  positive definite symmetric. 

(4.2) Po(T, A)=(m/2)~ 5-I, Z 0,, C,, ( - A ,  T'TA)/(m/2)~. 
~,~(~e~.~) r 

Hence 
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If we set A=I,, then (2.2), (2.10) and Bingham's [1] identity for 
the generalized binomial coefficient [3] 

implies that  

(4.4) P~(T,/~) = ( - IyL~n-P(TT') 

([7] equation (35)), where L~ is Constantine's [3] generalized Laguerre 
polynomial. Similarly, using (2.11), we obtain 

(4.5) fo(~) P(TH, A)dH= fo(,) P(T, HAH')dH 

~, C~(A) L,/2_P(TT,) =( - - i )  ~ 

([7] equation (38)). Hayakawa [9] has tabulated the P~ up to f = 4 ;  
further tabulation could be based on (4.2). 

Also in connection with the noncentral quadratic form, Khatri [13] 
has defined a two-matrix generalization L$(X, A) of L~(X) (X, A are 
m x m  symmetric), such that X ' L  '~v'~.,,., A) has Laplace transform with 
respect to X 

(4.6) l"m(t+p, r 

/ f ~0,,2t-,,~CA =T'~(t+p, r - '-~ E E \ k /  ~ ' ~ "  ' - Z - ' A )  
,,2(~ ~,.~) ~'-~ 

by (2.13), which may be inverted by (2.12) to yield 

{ f ~,,,,r,,,,~4 -XA)/(t+p),  (4.7) L~(X, A)=(t+p)~ ,,,r ,,.~E k k/~" "~' "~' 

From (4.2), expressions for L~ may be obtained by replacing m/2 by 
t+p in (-1)zP~. The three-matrix polynomials defined by Crowther 
[4] and Khatri [13] are not obtainable using the methods of this paper. 

Khatri 's expansion of the Wishart density W~,(n, 2, 9) ([13] equa- 
tion (4.10)) may be obtained directly using (2.8) and (4.7), 

(4.8) W~(n, 2, 0) etr (-/2)oF,(n/2; (2-~n/2)SX-~n/2) 

= W~,(n, 2, 0) ~, Z'~C;'~(-/2, 2-'nSX-~nf2/2)/k!l!(n/2)~ 
r 

= W.(n, 2, O)~, E L~/~-~(2-'/2S2"nI2, -/2)lf!(nl2)~. 
/=o 

The c.d.f, of this distribution may be obtained from (3.1) in the 
form 
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(4.9) P [S< X}  = [F~(p)/2~/2F~(n/2 +p)IX[ ~/2} etr (--~2)[X] ~n 

�9 ~ E (-- 1):L~/"-'( y2, X-'/2XX-'nl2)/f! (n/2 4- p)~ �9 
f=O 

Taking X=2~I we obtain the c.d.f, of the largest root 2~. 
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5. A complete system of generalized Laguerre polynomials with two 
matrix arguments 

From (4.7) or Khatri 's original definition, the L~(X, A) are to be 
regarded as a multivariate generalization of afL}(x), rather than of 
L~(x)L?(y) as would be required for functions invariant under (1.1). In 
the present section we present such a generalization along the lines of 
Herz [11] and Constantine [3]. Define 

(5.1) L',;~(X, Y ) = e t r  ( X + Y )  fR>o Is>0 err (-R-S)]RI'ISI~C'~,~(R, S) 

�9 A, (RX)A~(SY)dRdS,  (t, u>--1)  

where At is Herz's Bessel function (see above references), noting that 
t ,U the L,.,;~ will depend on the particular basis {C$:}, in the spirit of Herz's 

definition. 
Laplace transform. Noting that  ([11] equation (15)) 

i err (-RW)]Ri~A~(RM)dR= I W[ -t-p err ( - M W  -1) (5.2) 
3 R > 0  

we obtain using (2.12) 

(5.3) fR>0 is>0 etr (-RW--SZ)IR[~IS]~Lt,:~:(R, S)dRdS 

=F~(t+p, ~)F~(u+p, ~)IW I-t-Pl Z[-~-PC$'~(I - W -~, I - Z  -~) �9 

This yields an explicit representation of the polynomials, analogous 
to [3] equation (20). Let 

k l 

(5.4) C'~.'(I+X, I+Y) /C~( I )=E ~ E a::.;',.,.~, ~.~, Y)/C,(I) 
r = o  s=O p , a ; r  

where p, a, r are partitions of r, s, r + s  respectively. Again using 
(2.12), 

t , u  --I ~ p , a ; v  (5.5) L,.,,~(X, Y)=(t+p),(u4.p),C~(I) E E E ( 
~-=o,=o ~ .... (t4.p)~(u4.p), 

C","(X, Y)  
C,(I) 
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Generating function. LI:i';~(X, Y) is the coefficient of C'/~(W, Z)/ 
k!l!C~(I) in the expansion of 

(5.6) I I - W I - ' - ~ I I - Z I  -~-~ 

�9 f o(~) err { - XH'W(I-  W)-~H - YH'Z(I-- Z)-~H} dH. 

A relation with Khatri 's  polynomial proved by taking Laplace trans- 
forms is 

fo(,) L'.(HAH', X)L~(HBH', Y)dH (5.7) 

= ~, C$'~(X, Y)LI:~;,(A, B)/C~(I). 
~ . ~  

OrthogonaIity. Multiplying (5.6) by etr (-X-Y)]XI'JY[~C~,,'(X, Y) 
and integrat ing over X>0,  Y>0, we find that  

(5.8) Ix>o fr>o etr (-X-YI]XI~BYJ~C~,'(X, Y)L::~,(X, Y)dXdg 

is the coefficient of C$'~(W, Z)/k!l!C~(I) in the expansion of 

(5.9) F~(t+p, p)F~(u+p, a)C~,'(I-W, I - Z ) .  

A similar argument to [3] Theorem 2 shows that  (5.8) is zero for 
k>=r, l>s unless (~, ~; r a; r) and hence that  L,,~;, is orthogonal to 

t , u  ~ _ _  all L~,,;: with respect to etr(--X--Y)[XI~[YI ~ for k>_r, l>s and (p, a; r) 
:# (~, ~; r with 

(5.10) fx>o I:,->o 
t u t , z t  etr (--X--Y)[XI IYJ [L,,~;,(X, Y)}2dXdY 

=k!l!F~(t +p, ~)F~(u+p, ~)CJI) �9 

Comlieteness. On the basis of (5.10), we could follow Herz [11] 
Sections 3 and 4 in considering the Hilbert space .ff,~ of functions 
f(X, Y) defined for X>0,  Y>0, such tha t  

(5.11) [If HI'"= f~>, !s>0 If(R, S)l~lRltISI~dRdS< oo , 

and show that  the "(t, u)-Hankel t ransform" of f ,  g=CU~,J say, where 

(5.12) g(Z, Y ) -  IR>o !s>o At(RX)A~(SY)IRItISI~f(R, S)dRdS , 

has the properties of a Watson t ransform; i.e. cUt,~ is unitary, self- 
adjoint and self-inversive on _r~,u. In (5.12), N signifies equality when- 
ever the integral is absolutely convergent, otherwise a limit in the 
above norm�9 
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Hence if we set 

(5.14) 

INVARIANT POLYNOMIALS WITH TWO MATRIX ARGUMENTS 473 

The Laplace transforms F, G of f ,  g respectively are related by 

G(W, Z)--IWI-'-*IZI-~-~F(W -~, Z-') . 

t ,U t U t,.,:~(X, Y) -- etr ( - X -  Y)L.;~,~(2X, 2 Y) 

t , u  t,, _$2 while from (5.3) and (5.13) l.,~,~ it follows from (5.1) that  l,,~,~ ~ ,,,, 
f t , u  and (-1)cUt,~l.,~;~ each has double Laplace transform 

(5.15) F~(t+p, ~)F~(u+p, ,01!+ WI-'-~II+ZI -~-~ 
~,~/ W - I  Z - I  

" " 

t , u  Thus the l.,~:o are orthogonal eigenfunctions of cUt,~ with eigen- 
values ( - 1 )  s. We may now show that  they are complete in the closed 

subspace .s consisting of the functions in _L'~,~ invariant under (1.1) t , u  

~ 2  ([11] p. 501). Suppose that  f e AT,,~ and that  

(5.16) l,.~:o(R, S)f(R, S)IRl'[Sl~dRclS=O for all ~, ,~; r  
R>0 S > 0  

Then since each C'~,~(R, S) can be expressed as a linear combination 
,,~ of L.,~;~ and lower degree Laguerre polynomials, 

w.,~:~= fR>0. err ( - R - S ) C ' / ( R ,  S)f(R, S)[R]'[S]~dRdS=O (5.17) 

for all ~, ~; r  

Hence, since f satisfies (1.1) its double Laplace transform can be 
wri t ten 

(5.18) F(W, Z)=fR>ofs>oetr(-R-S)f(R,S)lRl~[S[~ 

f o.~) err { ( I -  W)H'RH+ (I-- Z)H'SH} dH o 

= ~, o~,,,:~C'/(I-W, I-Z)/k!l!C~(I)=O 

for 0<ReW,  R e Z < I .  But F is complex analytic for R e W > 0 ,  R e Z >  
0; hence F = 0 ,  and f is a null function. 

6. Some useful expansions 

(a) Multiplying both sides of (1.3) by etr ( - X ) ,  

(6.1) etr  ( - X )  ~, C'~'~(A' B)C~'~(X' Y) - ~, C~'~(A-I' B)C~'~(X' Y) 
,,,~ k!ac~(I) ,,,~ k ! t ! cM)  
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A number of expansions may be derived from (6.1) by taking and in- 
vert ing Laplace transforms. 

Substitute X - . Z v 2 X Z  ~j2, Y--.Z~/2YZUL multiply by e t r ( - Z ) l Z l  :-~ 
and integrate over Z > 0 ;  then 

(6.2) l I +  X 1 -~ ~ (a)~C~"(A, B)C$: ' (X(I+ X)  -~, Y( I+ X)-')/k!l !G(I) 

= ~ (a)~C;"(A-L B)C;'~(X, Y)/k!lZC~(I). 

On the other hand, replacing B by B-', multiplying by [BI -~ and 
inverting the Laplace transform yields 

(6.3) etr  ( - X )  ~ C~(A, B)C~(X, Y)/k!l!(u)~C,(I) 

= ~ C;,~(A-L B)C;"(X, Yl/k!l!(u),C~(I). 
~,~:~ 

To obtain a result used later, set Y = X ,  B - . - - A B  in the R.H.S., 
multiply by etr{--B(I+Z)}IBI~-P/F~(u) and integrate over B > 0 ;  using 
the binomial expansion (2.13), the transform is 

(6.4) [I+ Z I -~' oFo~m)( I - AZ( I+ Z) -~, - X ) .  

This may be expanded in t e r m s  of Constantine's Laguerre poly- 
nomials; applying the binomial expansion again, and inverting the 
Laplace transform, we obtain 

(6.5) etr ( - B) Z Cg(X)O~'~C~ ~(A- L - AB)/k!ll(u)~C~(I) 

= I A I -~ ~ L~-P( - X)O;, ~C;,'(I- A -~, - A-~B)/k [l[(u),C~(I). 
~,i;# 

(b) 

(6.6) 

We now show that  C'#~(I+A, B) has an expansion of the form 

k 
Co (I+ A, B)/C~(I) = Z Z 

r = O  d~;pEp.~ 
b?,~:;~Cp~(A, B)/C.(I) . 

PROOF. There certainly exists an expansion 

(6.7) C;'2(I+A, B)/C~(I) = Z Z ~ b,,,:~(A, B)/C~(I) , 
r = O  s=o # , a ; r  

so that  from (2.11) 

f O(m) 
C$,~(I+ A, B'H'XHB)dH/C~(I) 

= Z ~ ~ bp.,;~C~ (A, B'B)C,(X)/C,(I)C~(I). 
r ~ 0  s = o  R ,a ; r  
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But by (2.11) the L.H.S. is also 

(6.8) C;'~(I+ A, B'B)G(X)/G(I)C~(I) 
k I 

-- l~"~'*C ~''(~ B'B)/C(I) -{C~(X)/G(I)} E E E - ,  . . . . . .  , - ,  
T = 0  S = 0  p , a ; r  

whence if h"~:~=0 we must have a=s ~ p ,  a; v - -  - -  

Thus, we may define another generalized Laguerre polynomial 

(6.9) Lt,,,;,(X, Y)=e t r  (X) IR>o 
with Laplace transform 

(6.10) ix>0 

so that  

etr ( -  R) IRi*C; '!(R, Y ) & ( R X ) d R  

e t r  ( - X W ) i X I * L * , . ~ ; , ( X ,  Y)dX 

= / ~ ( t  + p, ~)I WI-*-~C; , ' ( I -  W -I, Y) 

1: 

(6.11) L,*~;t(X, Y)=(t+p),C~(I) 52 ~l, 
r = O  p ; v E p . ~  
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Q.E.D. 

r ~ , 2 ; r  p,2 ( - 1 )  b,.~;~C~ (X, Y)/(t+p),G(I) . 

etr ( - X - Y )  ~l, C;.~(A, B)C~(X, Y)/k!l!Co(I) 

= ~ C;"(A-I ,  B--I)C;.'(X, Yl/k!l!C,(I). 

Replace A, B by A -~, B -~, multiply by [A[-*[BI -~ and invert the Laplace 
transform : 

(6.14) etr ( -  X -  Y) f o(~ oFdt ; AHXH')  oFdu ; BHYH' )dH  

= ~ (-1)~C;,~(X, Y)L~,5~-P(A, B)/k!l[(t),(u)~C~(I). 

(d) Expanding each side of I I - - (X+Y) I -~=[ I+ZI -NI - - (X+Z+Y)  �9 
(I+Z)-~[ -~ and using (2.13), 

( c )  

(6 .13)  

(6.12) 

Multiplying (1.3) by err ( - - X - Y ) ,  

]I+ X p  ~, (a),C;,~(A, B)C;'~(X(I+ X)  -~, Y(I+ X)-')/MI!(t),(u)~C~(I) 

= ~. (a),C~(--X, Y)L~5~(A, B)/k[l[(t),(u)~C~(I). 
~ , 2 ; r  

Replace A, B in (6.2) by A-', B -1 and multiply by ]AI-tlB]-~; in- 
verting the Laplace transform 
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(6.15) ~. (a)o~'~'~C'~,'(X, Y)/kll! 
z,,l;r 

= l ~ + z l  -~ ~,  . . . .  '~"  ' / x + z  

Replace Y by Y-~, multiply by [YI -~ and invert the Laplace transform: 

(6.16) ~, (a)~t~'~C$'~(X, Y)/k!lI(u), 
~,~;~ 

=tr ~ . . . .  ,.~.~/ x + z  

Taking X = - Z ,  

(6.17) ]I+ Z[-",F~(a ; u; Y( I+ Z) -~) 

= ~ (a)~'~C'~'~(--Z, Y)/k!l!(u), 

= ~ ~, (-1)f(a)oL~-P(YZ -', Z)/f!(u)~ . 
f=O 

In particular, if a = u ,  

(6.18) I I+Zl  -~ etr [YZ(I+Z)  -~] = ~  52, (-1)XL~-p(Y, Z ) / f ! .  
f = o  r 

Taking Z=--A'/2HPXHA '/2 and integrating over O(m) yields Khatri 's 
generating function ([13] equation (2.26)). Equation (6.18) also provides 
an expansion of the noncentral Wishart distribution ([2] equation (34)). 

Setting Y=A' /2H'XHA 'n in (6.18) and integrating over O(m), we 
obtain 

(6.19) II-ZF~C~(A(I-Z)-~)=(a)7 ' ~ ~, (a)~O~,~C'~,~(Z, A)/k! . 

7. N0ncentral quadratic form 

Suppose that  X is N~.,,(M, InQ.,Y)and A is n x n  positive definite 
symmetric. The quadratic form X-InXAX'X-I/ '= YY ' ,  where Y = X  -~n. 

X A  1/2, has the same latent roots ] 1~ . . .  >_i~>=0 as :YY', where ~ ' - -HYK 

(H~ O(m), K e  O(n)). Integrating the density of Y over 0(m), O(n) we 
obtain 

(7.1) f(:Y)=(2z)-'~nlAI -'~n etr ( - /2)  ~, C~(Y':Y'/2)t~'~,~C; ,~ 
z,l;r 

�9 ( _ A  -~, M'X-~MA-I/2)/k!I!(m/2),C~(I~) 

=(2~)-~nIA[ -~/~ err ( - 9 )  ~, :E C,(:Y~"/2) 
f=O 
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by (4.2) (Hayakawa [8], Theorem 8). The density of A=diag(~)  follows 
directly by the usual method. From (6.3), the joint density of the 
roots may be writ ten in the following form for real q>0, 

(7.2) f(A)=[rz'~n/F,~(ml2)]lqA] -'~n err (--[2)W.~(n, q-~L O) ]-[ (~t~-,tj) 
i < j  

~, O$.~Co(qA/2)C'~.~(I--q-'A -', q-IM'X-~MA-'/2) 
t:,.Z;~ 

lk!l!(m/2)~Co(In) , 

(Hayakawa [9], Theorem 2). Setting 

(7.3) m---,n , A----~q-'A -1 , 

X = ( - q A / 2  O) 
0 0 ' 

B= M'X-IM[2 , 

u = m / 2  

in (6.5), and noting rank (A)=m,  we obtain Khatri 's  [13] equation (5.2) 
in the form 

(7.4) [~'~"12lF,~(m/2)]W,~(n, q-lL O) -[-[ ( ~ - , ~ )  
i < j  

�9 ~ L~/~-P(qA/2)O~'~C$'~(I--qA,--qAM'I-IMi 2) 
r,~,tJ 

Ik!I!(m]2)~C+(I~) , 

expressible also in terms of the P+. It may be noted that  this ex- 
pression facilitates the derivation of Hayakawa's [10] asymptotic ex- 
pansion of the distribution of r log lqA/nl, since the characteristic 
function may be obtained from 

(7.5) E~ {I qA/n]~} = [F,~(n/2 + ~)/(n/2)"eF~(nl2)] 

�9 ~ e~(m/2)~O~'~C'~'~(I-B,--Bf2)/k!l!(m/2)~ 
,:,~;~ 

where 

(7.6) B = q A  , f2= M'X-IM/2 , 

e~ = E~ [L~/~-P(W/2)/(n/2)~C~(I,~)} , 
I 

= Z ~. (-- 1)ra~, ~(n/2 + ~)~l(n/2)p. 
r = O  p 

With ~=it .c~/2m,  we have e~=O(n-~'n), at least for small f .  

W N  W~(n + 2t~, L 0), 
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8. Noncentral F with unequal covariance matrices 

In the present section we consider the joint distribution of the 
latent roots &>__-.->=J~>=0 of F=SE~/~S~S; 'n, where S~W,~(n~, X,, ~) 
and S~W~(n~ ,  2~, 0), 2~r This distribution has been investigated 
by Pillai [14], and Pillai and Sudjana [15], under certain "randomness" 
assumptions on the parameter matrices which facilitate the application 
of zonal polynomials, and also provide scope for an exact study of the 
robustness of some standard test criteria against nonnormality and in- 
equality of covariance matrices. 

Pillai [14] showed that  the roots of F have the same distribution 

as those of F with density function 

(8.1) f (~')=C~(m; n,, n~) err (-~)l~l-~,/fl_~b/~-,IZ+~r- '~l- '~,+~- ",/~ 
�9 ,F~((n~+n~)/2, n , /2;r  -~) 

where 

(8.2) 

C~(m ; n~, n2)= l',~((n~+n~)/2)/F,~(n~/2)F,~(n~/2) . 

From (6.17), (8.1) may be expressed in terms of Khatri 's  Laguerre 
polynomials of two matrix arguments, 

(8.3) f(F')=-Cl(m; hi, n2) etr (-/2)l~l-~,nIFp P~-p 

~, ((n~+n2)12)~O~.~C~,~(--~'-~F, ~F)/k,!l!(n,/2)~ 
~,.~;~ 

(8.4) =Cl(m ; nl, n~) etr (-/2)l~'[-n,nIFp,/~-P 

�9 ~, Z (-1y((n~+n2)/2)~L~V~'-P( ~, ~'-'nf'~r-U2)lf!(n,[2)~ �9 
J'=O r 

Applying (6.16), with Z = q F  for suitable real q, we obtain 

(8.5) f (F)=C~(m ; n~, n~) etr (-n)l~'l-~,/:IPt",/~-'lZ+q$'l -(',+~:)" 
~, ((n,+n~)12)A'~,'C'~"((I-q-'~'-')A q-'~[~)lk!l!(n,12)~ 

where B=q~ ' ( I+qF) - ' .  Expansions for the distribution of A=diag(~)  
may be obtained from (8.3), (8.4) and (8.5). 

It  may be shown by taking a Laplace transform with respect to 
B, or from (6.3) with X = Y  using Bingham's identity (4.3), that  
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=C~(I) 52, a~.~ O, C~ ( A, B)/(tLCdI). 
p,a;v r 

Hence from (8.5) 

(8.7) 
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f (A) = C~(m ; nt, n2) err ( -  zg) l~l-=~/21A 1~1/-~-~[I+ qA [-(~+~'.)/~ 

�9 T [  (;,-~D ~, ~, {((n1+n2)/2)~C~(qA/(I+qA))/f!} 
i<j  /=0 

9' 
�9 :E Z a+,~(-lyLT~/~-~(S2, q-W-x)/(nd2).~CdI), 

~Z=0 v 

where C2(m; nt, n2) = ='~12C~(m ; n,, n2)/F,~(m/2). Taking f2 and ~r ,, ran- 
dom"  in Pillai's sense, we obtain his [14] equations (3.2) and (3.7) from 
(8.3) and (8.7), respectively, using (2.11). 

Hotelling trace T = t r F .  For S > 0  let s = t r S ,  S=sS~; then dS= 
s'~P-~dS~, where S~=" (~)~ dS~= IT ds~} ) (i, r (m, (s~ j, ( i< j ;  j) m)), and 

(8.8) fs~ L~(X, A~nSA~n)ISf-PdS~=s~F,~(b, r A)/F(bm+ f )  o 

This may be obtained using an unpublished result of A. T. James 

(8.9) f s~ C+(AS~)]S~ I ~-pdS~ = F~(b, r A)/F(bm + f )  g 

Hence from (8.4), 

(8.10) f (T)=C3(m ; n~, n2) etr  (--Y2)l~rl-~nT"'d:-t 

�9 ~, [(--Ty/f!(mnU2)~] W, ((n~+n2)/2)~L;d~--ffP., ~'-~), 
f = 0  ~5 

where C3(m; n~, nz)=F,~((n~+n2)/2)/F(mnj2)F~(nU2); this extends Con- 
stantine [3] equation (1) to the case of unequal covariance matrices. 

Using (3.3), the c.d.f, of the  largest root ft  of F may be obtained 
from (3.1) in the form 

(8.11) P {f~<x} =C4(m ; n~, n~) etr  (-f2)l~l-~d~'(q-~fl) '~'d~ 

�9 ~ ~. [(n,/2)~C~(flI)/f!(nU2 + p)~] 
f = O  

where ~=qxf(l+qx),  q>0  real, C~(m; n~, n2)=F,~((n,+n~)12)F~(p)fF,~(nU2) 
�9 F~(nJ2 + p), and 

(8.12) A,= ( t 
n,a(~o.~) r 



480 A . W .  DAVIS 

9. Doubly noncentral F 

Finally, we consider the latent roots of multivariate F when S1N 
W,~(n,, I, 91), S~-W,~(n2, L 9~). 
(a) Case nl>=m. F has the same roots as P=S;~/~StS; ~n, where S~= 

S~=H S~H, averaging over O(m), H'S1H, - ' " 

(9.1) f(S, ,  S~) = J f (m;  n,, n2) etr ( -  9 , -  92) 

�9 err [ -  (S~+ $2)/2] ] S~I ~,/2-p[:~21 "2n-p 

" Io(,~, oF~(nJ2; Y21H'S1H/2) oFI(n2/2 ; S22H'S2H/2)dH 

(9.2) = ~ ' ( m ;  n~, n2) etr (- /2~-92) 

- e t r  [ - ( S ~ + S ~ ) / 2 ] i ~ I = I J ~ - p I ~ I = ~ . / ~ - =  

C$"(9~, 92)C$"(S~/2, S~/2)/k!l!(nJ2),(n2/2),C~(I) 
z, 2;~ 

(9.3) ----ji:(m ; n,, n2) etr [-(3,§ 

~, (-- 1)IC~ ''(9~, 9zj~L ~'/2-p',,~̀~ "~n-P/S~ ~/2, $2/2) 

/k!l!(n,/2),(n2/2)~C~( I) 

by (6.14), where ,_K(m;n~,n2)=[2"('~~'~)/2f'~(nJ2)F,~(n2/2)] -~. Hence we 
obtain 

(9.4) f(~')=C~(m; n~, n2) etr (-9~-92)I_~1~/~-~[1+-~1-(~,+'~)n 

~, ((n~+n2)/2)~C'r Y2~)C'r ~') -~, (I+_~)-~) 

/k!l!(nJ2).(nd2)~C~(I) 

(9.5) = C,(m ; n~, n~)lPl~,/~-~ I I t  F I -~+~)/2 

�9 ~ (--1)fC$,~(91, 9z) Es {L~,)/~[~"~/:-~(-~S/2, S/2)} 
~,~;~ 

[k!l!(nJ2),(n~/2),Co( I) 

where S,-,W,~(n~§ (I§ 0). From (5.5), 

(9.6) Es t~ , ,~  ~, ~ ,  
rq-S z, 2;~ =(n~/2),(nd2),C~,(I) ~ ( - 1 )  a~,,;~((n~+n~)/2)~ 

p ,a ; r  

�9 Cf,~(~(I§ -~, (I+~')-~)/(n,/2)~(n~/2).C:(I). 

Expressions for the joint distributions of the roots of F follow from 
(9.4) and (9.5)�9 From (9.4) and (6.12) 

(9.7) f(ff')=C~(m; n~, n~) err ( - a~-9~) IPI ' ,  ~-p 
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~, ((n~+n2)/2)~C$'~(-1 ~, I)LZ~~([2~, Y22) 
z, 2;~ 

/k!l!(nJ2),(n~/2),C~( I) . 

Hence using (8.9) we obtain the  distribution of Hotelling's T = t r  F 
in the  doubly noncentral case, 

(9.8) f (T)=C3(m;  n~, n2) etr  (--Y21--Y22)T ~J2-~ ~ {(-T)~/k!(~nn~/2)k} 
k = 0  

�9 ~ ~, ((n~+n2)/2)~6$'~L~,,~/~[P(Y2~, Y22)/l!(n2/2)~. 
/ = 0  ~,~;~ 

which also generalizes [3] equation (1). 
(b) Case n~<__m. Consider F=X[S;~X~ where X~N~., ,~(M~,I~,),  
M~M[/2=Y2~ and S~W,~(n~, L Y22). The roots of F are invariant under 
X~---,HX~K, S~----*HS2H' (He O(m), K ~ O(n~)), so averaging over H, K 

(9.9) f (X~,  S~)=C~(m ; n~, n~) etr  (-~2~-Y2~) 

�9 err ( -XIX(/2-S~/2)IS~I  ~2n-~ 

�9 f o(,~) oF~(n,/2 ; T2~HX~X[H'/2)oF~(n,./2 ; T2~HS~H'/2)dH, 

where C~(m; n~, n~)=[2~(n~+~)nz'~nT',~(n2/2)] -~. Let Y=S;~nX~, so that  
F = Y ~ Y  and 

(9.10) f ( Y ,  S~)=Cs(m ; n~, n2) etr  ( -  Y2~-Y22) etr { -S .4 I+  YY')/2} 

" [$2[~n~+~)/2-~ f o~,~) 0F~(nJ2 ; ~HS~/2YY'S~/2H'/2) 

�9 oF~(n~/2;T2~HS2H'/2)dH. 

N o w  

(9.11) Y Y '  =J~,F*J[, , 

where Jr=[YF-1/2]J2]eO(m), F * = (  F 0), and F *  is m •  

t ransformation 

(9.12) S * = J ~ S J r  , H * =  HJr 

and in tegra t ing  over S*>0,  we finally obtain 

(9.13) 

where S*,--.W,~(n~+n2, ( I+F*)  -~, 0). 

Making the 

f ( F )  = [E,~((n,+n2)/2)II',~l(m/2)l-'~(n2/2)] err ( -  Y2,-- Y22) 

�9 Es.  f o~,~, oFl(nJ2; f21HS* InF*S* lnH'12) 

�9 oF~(n2/2;Y22HS*H'/2)dH 

Forms corresponding to (9.4), (9.5) 
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and (9.7) may now be obtained. 

Appendix 

0rthonormal polynomials z;'/2C'~'~(X, Y),  where z~=xc2<(1)/1.3. . .(2 f 
-1). C= multiplier. ( X ) = t r  X. 

f k !  

2 1 1  

3 2 1  

431 

I , I  
2 1 = 

C 2 1/3 2/3 

(xY) 
( X)( Y) 

2 -- i  

1 1 

2, 1 

3 21 

12, 1 

21 13 

C 2 1/15 4/15 1/3 1/3 

(X 2 Y) 
(X~-)(Y) 
(xY)(X) 
(x)=(Y) 

r 

C 2 

8 --2 

2 2 

4 -- i  

1 1 

3, 1 

4 31 

1/i05 2/35 

48 --8 

8 8 

24 --4 

12 -2 

6 6 

6 --i 

1 1 

(X a Y) 

(xg(Y) 
(x~ Y)(X) 
(X2)(XY) 
(X2)(X)(Y) 

(XY)(X) 2 

( X)Z( Y) 

--2 2 

--I - - i  

2 --2 

1 1 

21, 1 

31 2" 21 z 

2/15 2/15 1/3 

--8 --2 4 

--2 --2 --2 

6 --6 0 

--2 7 --2 

1 1 1 

4 1 --2 

1 1 1 

I s, 1 

21 ~ 14 

1/5 2/15 

4 --6 

2 2 

--4 6 

--2 3 

--3 --3 

2 --3 

1 1 
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f k l  

4 2 2  ~, 2 

C 2 

(X2Y 3) 
( X Y X Y )  
(X*Y)(Y)  
(XY2)(X) 
( x g ( Y 9  
( X Y )  2 

( Xg(  Y)  2 

( XY) (  X)( Y)  
( Y2)( X)Z 
( X)2( Y)  2 

2, 2 

4 31 22 

1/105 8/189 8/135 

32 4 --8 

16 --12 6 

16 2 --4 

16 2 --4 

4 4 4 

8 --6 3 

2 2 2 

8 1 --2 

2 2 2 

1 1 1 

2,12 

31 212 

2/27 4/27 

--8 4 

0 0 

8 --4 

--4 2 

--2 --2 

0 0 

2 2 

4 --2 

--i --I 

1 1 

12~12 
22 212 14 

2/27 32/135 2/15 

4 1 --4 

--6 3 --2 

--4 --I 4 

--4 --I 4 

1 1 1 

6 --3 2 

--I --I --i 

4 1 --4 

--I --I --I 

1 1 1 

5 4 1 ~,2 4,1 31,1 i 22 ,1 212 ,1 1 ~ 

5 41 41 32 312 32 221 312 231 213 213 13 

C 2 1/945 8/945 1/35 16/315 1/9 2/45 4/45 8/638/45 8/35 4/45 2/45 

(X 4 Y) 

(X')(Y)  
(X3Y)(X) 
( X 3 ) ( x r )  
( X ~ r )( x ~) 

384 --48 

48 48 

192 --24 

64 --8 

96 --12 

--48 --8 16 

--8 --8 --8 

32 -- 18 0 

--8 22 --8 

--12 --2 4 

--8 4 

--2 --2 

--24 12 

--8 4 

28 -- 14 

16 4 --12 

4 4 4 

--12 6 2 

4--8 4 

--8 --2 6 

-- 12 24 

--6 --6 

12 --24 

4 --8 

6 --12 

(xg(x ) (Y)  
(x,Y)(X)= 
( xz)2( Y ) 
( xg (  xY ) (  X) 
( xg (  z)2( Y) 
(xY)(X)  3 
( x),( Y) 

32 32 

48 --6 

12 12 

48 --6 

12 12 

8 --1 

1 1 

4 4 4 

22 --8 --2 

--2 --2 --2 

8 13 --8 

5 5 5 

6 1 --2 

1 1 1 

-8 --8 

4 --2 

7 7 

4 --2 

2 2 

4 --2 

1 1 

--2 --2 --2 

4 - - 8  4 

--2 --2 --2 

--8 7 - - I  

--1 --1 --1 

4 I --3 

1 I 1 

8 8 

--6 12 

3 3 

--6 12 

--6 --6 

2 - 4  

1 1 
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