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THE UN~W~SITY OF CmcAcm 

Societies are  considered in which a non-transit ive dominance rela-  
tion exists between every pa i r  oK members, sucll as the peck-right  in a 
flock of hens. A one-dimensional measure of the s t ructure  of such a 
society, h, is defined, with h - -  0 for equali ty and h --- 1 for  the hier-  
archy. I t  is assumed tha t  each member of the society is characterized 
by an abi l i ty  vector whose components depend on individual character-  
istics such as size, concentration o~ sex hormone, etc., but  not on social 
factors  such as social rank. The dis tr ibut ion of abilities among members 
of the society is assumed to be given by a distr ibution function which 
is the same ~or all members, and the probabil i ty that  one member domi- 
nates another is given by a function of the abil i ty vectors of the two. 

On these assumptions formulas  for the expected (mean) value and 
variance of h a re  determined in terms of the distr ibution and domi- 
nance probabil i ty  functions. Some special cases are  calculated, especially 
tha t  for  normauy dis t r ibutes  abili~ms and dominance probabi l i ty  given 
by the normal probabil i ty  integral .  

Several conclusions are  derived. I f  all  members a re  of equal abili ty,  
so tha t  dominance probabil i ty  is 1/2, then any sizable society is much 
more likely to be near  the equality than the hierarchy;  and, as the size of 
the society increases, the probabil i ty  tha t  i t  will be near  the hierarchy 
becomes vanishingly small. I f  the dominance probabil i ty  is a weighted 
sum of several independent components, which make up the abi l i ty  vec- 
tor,  then the society is less likely to be close to the hierarchy as the num- 
ber of these components increases. The hierarchy is the prevalent  struc- 
ture  only if unreasonably small differences in abi l i ty  are  decisive for  
dominance. From this it  appears  tha t  the social factors,  or psychological 
factors such as the previous his tory of dominance, which are  not included 
in the present  t reatment ,  may be of g rea t  importance in explaining the 
observed prevalence of s t ructures  very close to the hierarchy in flocks of  
domestic hens. 

1. INTRODUCTION. I t  w a s  o b s e r v e d  b y  T.  S c h j e l d e r u p - E b b e  

( 1 9 2 2 )  t h a t  b e t w e e n  e v e r y  t w o  h e n s  in  a f lock  t h e r e  e x i s t s  a r e l a -  

t i o n  k n o w n  a s  t h e  " p e c k  r i g h t "  w h i c h  e s t a b l i s h e s  t h e  d o m i n a n c e  o f  

o n e  h e n  o v e r  t h e  o t h e r .  S i m i l a r  d o m i n a n c e  r e l a t i o n s  h a v e  b e e n  ob -  

s e r v e d  i n  s o c i a l  g r o u p s  o f  m a n y  o t h e r  v e r t e b r a t e s ,  a l t h o u g h  n o t  a l -  

w a y s  a s  c l e a r l y  d e f i n e d  a s  i n  d o m e s t i c  h e n s  a n d  n o t  a l w a y s  h o l d i n g  

b e t w e e n  e v e r y  p a i r  o f  m e m b e r s  o f  t h e  g r o u p .  T h e s e  r e l a t i o n s  h a v e  

b e e n  i n t e n s i v e l y  s t u d i e d  b y  W .  C. A l l e e  (1938 ,  1949)  a n d  h i s  s t u d e n t s  



2 STRUCTURE OF ANIMAL SOCIETIES 

(Potter, 1949; Collias, 1943; Guhl and Allee, 1944) using mainly do- 
mestic hens. 

The mathematical theory of such dominance relations has been 
investigated by A. Rapoport (1949a, 1949b, 1950), and in the follow- 
ing we make use of some of the concepts introduced by him. Some 
suggestions toward a theory were also given by C. C. Lienau (1947). 

We shall be concerned with societies containing a finite number, 
n ,  of members with a dominance relation holding between the two 
members os every pair. A dominance relation is a binary, asym- 
metric, non-transitive relation, ] dominates k being written 3" > k .  

Although the motivation and most ot' the applications of this 
study are from animal societies it should be remarked that there are 
other examples of dominance relations. Any tournament--chess, ten- 
nis, etc.--consisting of a single round robin with no games ending in 
draws is an example. II the tournament is a multiple round robin 
(each contestant plays more titan one game with every other one), 
the member of each pair Wad wins the majori ty o1' the games be- 
tween them can be said to dominate the other. The baseball leagues 
are examples. Dominance retations also occur in the yon Neumann- 
Morgenstern theory of games (von Neumann and Morgenstern, 
1947) where they are needed to define a solution. These writers also 
point out that the same idea, i.e., a pairwme ordering without tran- 
sitiwty, occurs in the "paper-~orm" m sports and races, comparisons 
of the strength of chess players in a tournament, etc. 

A complete description of the structure of a society with a domi- 
nance relation requires, of course, the statement of the n ( n - - 1 ) / 2  -- 
(2) dominance relations t~etween all the pairs of members of the 
society. This statement is most conveniently formulated as a matrix 
(~JD where 

aj~-- + 1 i f j  >- k ,  
aj~,- - - - -1  i f  k >- j , 
a ~ = 0 ,  ] = 1 , 2 ,  . . . .  , n  

(Lienau, 1947). However, this matrix is not unique because renam- 
ing the members, that is, permuting rows and corresponding col- 
umns of the matrix, does not change the structure of the society. 
Thus the structure is given by the set of matrices which can be 
obtained from a given one by any permutation of rows and the same 
permutation of columns. 

A geometric (topological) description of the structure can also 
be given by n points with lines connecting every pair of these points 
and a direction assigned to every line. 
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Let  us call the s t ructure ,  when thus completely defined, the 
"dominance s t ruc tu re"  to dist inguish it  f rom another  definition of 
s t ruc ture  introduced below. I t  is easily possible to find a lower bound 

for  the number  of possible dominance s t ructures .  There  are  2 (~) 
different  matr ices  which can be obtained by assigning ei ther  + 1 or 
- -  1 to the (~) elements ajk which are  above the principal  diagonal ,  
j < k; the aj~ below the principal  diagonal are  then determined.  
When the n!  permuta t ions  of n objects are  applied to the rows and 
columns of any one ma t r ix  i t  will go into at  most  n !--1 of the other  

matrices.  Hence there  must  be at  least 2 (~ ') /n!  different  dominance 
s t ructures .  This number  becomes very  large even for  moderate  n .  
Fo r  n ~ 8 there  are  over  6,000 possible dominance s t ructures ,  and 
for  n : 12 there  are  more than  1011. 

2. SCORE STRUCTURE AND HIERARCHY INDEX. Our  aim is to 
charac ter ize  the s t ruc ture  of the society under  cer ta in  assumptions 
about  the proper t ies  of the members.  For  this purpose we do not  use 
the dominance s t ructure ,  but  a simpler definition of s t ructure ,  the 
score s t ructure ,  and f rom it derive a one-dimensional measure  of the 
s t ructure ,  the h ie ra rchy  index, with which we shall be mainly con- 
cerned. 

The score s t ructure ,  V, of  a society is a set of n integers  
V : (v l ,  v : ,  . . . .  , v~), where  vj means tha t  the j t h  member  domi- 
nates  vj of the others. Any permuta t ion  of the vi does not, of course, 
al ter  the score s t ructure .  This definition of s t ruc ture  was introduced 
by Rapopor t  (1949a) but  wi thout  the name used here. 

The score s t ruc tu re  can be obtained f rom a dominance s t ruc ture  
ma t r ix  by adding the §  in each row. A little considerat ion shows 
tha t  more than one dominance s t ruc ture  can give the same score 
s t ructure .  The simplest example occurs fo r  n - -  5. The following 
two matr ices  

 011 [~ 11 t --1 0 --1 1 1 --1 0 1 1 --1 
--1 1 0 --1 1 and --1 --1 0 1 1 
--1 --1 1 0 1 | 1 --1 --1 0 1 

I --I --1 --I 0 --I I --1 --1 0 

both have V ~ (3, 2, 2, 2, 1), but they cannot be equivalent under row 
and column permutation because in the first matrix 5 ~ 1 with 
v~ -- 1 and I dominates all the others, whereas in the second 4 >~ 1 
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with v~ = 2 ,  and again 1 dominates all the others. Thus V is a less 
complete definition of the s t ructure  derived f rom the dominance 
structure.  I t  will not suffice for all purposes, as will be discussed in 
a later paper, but can be used for  our present purpose which is to 
show the conditions under which the s tructure approaches the hier- 
archy. 

The hierarchy is the s t ructure  with V = (n - -1 ,  n - -2 ,  . . . .  , 0) 
so tha t  the members of the society can be ordered 

i>-2 >3>...>n 

with each dominat ing all the members below it and being dominated 
by all those above. At  the opposite extreme is wha t  we call the "equal- 
i ty"  with 

n - - 1  
vl = v 2  = . . . .  = v .  - -  - -  , ( 1 )  

2 

which can occur exactly only for n odd. 
As a one-dimensional measure of the position of any society with 

respect to the extremes of equality and hierarchy we introduce the 
"h ierarchy index," 

12 " (  n - - l )  2 
- -  Z v j  ( 2 )  h --  n 3 _ n ~:1 2 

The hierarchy index has the range 0 to 1, the factor  1 2 / ( n  s - -  n) 
being chosen to make h = 1 when V is the h ierarchy and, of course, 
h = 0 for  equality. The quanti ty,  h, is simply a multiple of the vari- 
ance of the v~ since (n - -  1 ) /2  is the mean of the v j .  

The remainder  of this paper is concerned with the investigation 
of h. We shall find tha t  it gives a great  deal of informat ion about 
how the s tructure of the society depends on the properties of its mem- 
bers. Lienau (1947) thought  tha t  it would not be possible to define 
a useful one-dimensional measure of structure,  but we hope to show 
tha t  h does fulfill this function. 

3. PROFERTIES DETERMINING DOMINANCE. The actual s t ructure  
of the society will depend on what  assumptions are made about the 
properties of the members. The model used here is a generalization 
of tha t  introduced by Rapoport  (1950) and would appear to be suf- 
ficiently broad to include most of the factors making for  dominance 
in animal societies, except social factors.  Some excluded factors  
which limit its applicability are pointed out below. 

I t  is assumed tha t  each member is characterized by an "abil i ty 
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vector," x j  = ( x j l  , xi~ , . . . . ,  x j m ) .  These xia measure  the individual 
characteris t ics  which make for  dominance such as size, concentra- 
tion of male sex hormone, etc. (Collias, 1943). However ,  they do 
not depend on the social characteris t ics  such as v j .  

We now introduce probabil i ty  concepts. For  the definitions and 
s ta tements  of the methods and theorems used we refer  to H. Cram~r 
(1946). I t  is assumed that  the abilities are distr ibuted among the 
mOnbers  of the society according to the mult ivar ia te  distr ibution 
function F ( x )  = F ( x s ) ,  ] = 1 , 2 ,  . . . .  , n .  Assuming tha t  the dis- 
t r ibut ion is the same for  all members  of the society means assum- 
ing tha t  it is homogeneous, all members  being of the same breed. 

T h e  modification needed to take into account societies of mixed 
breeds, as were  used in the experiments  of J. H. Po t t e r  (1949), would 
not be difficult, although the s ta tement  of the results would be more  
complicated. 

For  given values of x~. and x~ it is assumed that  the probabil i ty  
tha t  3" dominates k is given by a function of the two vectors p (x j ,  x~) 
= Pik, i.e., 

P r  [ ] ~ k ] = p ( x i , x k ) = p j ~ ,  ] , k = l , 2 ,  . . . .  , n .  (3) 

Since pjk is a probabil i ty  we must,  of course, have 

0 _-_ psk _< l ,  (4) 

and since ei ther ] :~ k or k > ] ,  we have 

pjk + P~i --- 1 .  (5) 

We do not  a t tempt  to discuss here the problem, or even the pos- 
sibility, of determining the functions F (x) and P i~ f rom observations 
on societies. The lat ter  is the identification problem which is dis- 
cussed by T. C. Koopmans and O. Reiers~l (1950). I t  appears  f rom 
the results below that  under certain assumptions on the form of 
F ( x )  and pj~, these functions may  not  be completely identifiable on 
the basis of observations on the s t ructure  of societies, tha t  is, not  
completely determined f rom such observations. However ,  the inde- 
terminism appears  to be of not a very  essential na ture ;  and more 
important ,  planned experiments  like the paired combats carr ied out 
by Collias (1943) should permit  direct determinat ion of these func- 
tions. 

4. EXPECTED VALUE OF h .  We denote the mean, or  expected, 
value of  a random variable, y ,  by E (y) .  Now 
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12 " 
E ( h )  - - - -  F~ E [ ( v j - - ~ ) 2 ] ,  (6) 

n 3 - -  n i - I  

where  ~ = (n - -  1 ) / 2  is the  m e a n  of  each v j .  Since F ( x i )  is the  same  
f o r  all 2", and pik is the same func t ion  of  xi and  x~ fo r  all $" and  k ,  
the  n t e r m s  in the  s u m m a t i o n  in (6) will be the same, so t h a t  

12 
E ( h )  - - - - E  [ ( v ~ - - v ) 2 J .  (7) 

n 2 - -  1 

I f  x~, x~, . . . .  , x,, are  fixed, then  the  p robab i l i ty  t h a t  vl = v is 
g iven by  

P r  [v~ = v] = ~ P ' i l  Pl i2  P l i v  p']v+ll Ply+2 1 " P j~  1,  ( 8 )  

w h e r e  ]1 to ] ,  a re  any  v of  the n - -  1 in tegers  2, --.. , n and  ],§ to ]~ 
a re  the  r e m a i n i n g  n - -  1 - -  v, and  the  s u m m a t i o n  is over  all t e r m s  of  
th is  type.  This  is the  same as the sum of the  t e r m s  in the  expans ion  
of  

n 
H ( P l ]  ~- P i l )  ( 9 )  
j=2 

which  conta in  v f ac to r s  plj and  n - -  1 - -  v f ac to r s  pj~. 
ac ter i s t ic  func t ion  of  v l ,  i.e., E (e ~tvl) is then  

E ( e . V , )  =1~I (plie it + pj~) , 
j=2 

the  cha rac t e r i s t i c  func t ion  of  vl - -  ~ is 

_ - i t  ("_-21) I}  (p~je" + Pil) 
E ( e  ~t(~,-v)) = e  

j=2 

The char -  

(lO) 

(11) 

- -  1 + ( P l j  - -  P j l )  + . . . .  . 
J:, 2 -1!  2 , . 2 !  

(12) 

2 = (p~j + (__l)~ps~) 2kk! J 

i t  ;I( i=2 P l j  e 2 ~- p j l  e 

~t i t  - _ - )  
~ -  I )11e  2 -~ Pi~ e 2 

j=2 

and  E [(v~ - -  ~)~] is the  coefficient of  ( i t ) 2 /2 !  in the  expans ion  of  
(11) in powers  of  t .  N o w  



H . G .  LANDAU 7 

Let 
gj~ = g ( x i  , xk)  = pjk  - -  pkj �9 (13) 

Multiplying out the product in (12) we obtain 

i t  n 
E ( e  ~t(v~-~)) = 1  + ~ g ~  

2 l!j_~ (14) 
(it) 2 

+ - - I n - - 1  + ~ '  g~sg~k] + . . . .  , 
2 ~. 2 !  

where ~ '  indicates summation over the (n - -  1) (n - -  2) terms with 
j ,  k = 2 , 3 ,  . . - . ,  n and ] # k .  Then for fixed xj ,  

E ( %  - -  ~)~ " -  �88 [ n  - -  1 + y, '  g i i g l k ]  �9 (15) 

Since the xj are actually distributed according to the distribu- 
tion function F ( x j ) ,  we have 

E (e ~t(v~-~) ) 
(16) 

i t  i t  

[( )] - -  ["  I I  P l j e  -~ + P~le  2 d F ( x l ) d F ( x ~ )  . . . .  d F ( x , )  3 ]=2 

where the integral is the Lebesque-Stieltjes integral and the integra- 
tion is over the range of the xj .  Then, as in (15), 

E [(v1--~)2]  -----�88 f [ n - -  1 + •' g ~ g ~ ]  d F ( x l ) d F ( x . _ )  . . . .  d F ( x , )  

(17) 

= ( n - - I ) { 1 +  ( n - - 2 ) j ' [  fg. dF(xj)]~gF(x,)}. 
4 

Finally using (7) and putting 

P 

A ( x )  ~-  J g ( x , y ) d F ( y ) ,  (18) 

E (h) - -  1 + (n --  2) A 2 ( x )  d F  ( x )  �9 (19) 
n §  

Some applications of this formula and some of the conclusions 
which can be drawn from it are discussed in Sections 6 and 7 below. 

5. VARIANCE OF h. The variance of h ,  ~ (h),  may be similarly 
obtained by use of the characteristic function. The calculation is 
more involved and the general result is ra ther  complicated. We shall 
only outline the steps and state the final formula as follows: 
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a~(h) - - _ E ( h  ~) _ E 2 ( h )  - - X n  3 - - n  z 2 _ 

- -  - -  Z E  ( v i - - ~ ) '  + Z E ( v j - - ~ ) ' ( v k - - ~ ) '  (20) 
~ 3  _ _  ~ 1=1 j ,k=l  

- -  E 2 ( h )  z 

l n t E ( % - - ~ ) '  + n ( n - - 1 ) E  ( v ~ - - ~ ) ' ( v , - - ~ ) "  

- -  E 2 ( h ) .  

The quant i ty  E[(v~  - -  v ) ' ]  is given by the coefficient of ( i t ) ' ~ 4 !  in 

the expansion of E ( e  ~t(~-':'') in (16).  This gives 

n - - 1  
E l ( v 1 - -  ~)4] - - - -  

where  

F 
[ 3 n - - 5  + 2 ( 3 n - - 7 )  ( n - - 2 )  J A 2 ( x ) d F ( x )  

16 
(21) 

+ (n--2),. f A'(x)dF(x)], 

Similarly E 
sion of the characteris t ic  function of v~ - -  ~) and v~ - -  "5: 

it1 it1 I [ (  -)] E ( e  " , ( ~ ) " ~ ' ( ~ ' - ~ ) )  = f l  p ~  e ~ + p .  e ~ 
]=2 

�9 121 p2~e"- +p~_e  d F ( x ~ ) d F ( x 2 )  . . . .  d F ( x ~ )  
k=3 

which gives 

E l ( v 1 - - ~ ) ~ ( v 2 -  9) 2] 

- - ~  I ( n - - 1 )  2 + 2 ( n - - 2 )  ( n 2 - - 2 n  - 1) 

§ 2 ( n - - 4 ) A ( x ) [ A ( x ) §  + B ( x , y ) }  
) 

n,,) ---- n ( n - -  1) ....  ( n - - r  + 1). (22) 

[ (% - -  9) 2 (v2 - -  q)) 2] is obtained f rom the expan- 

( 2 3 )  

(24) 
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where  we have put 

B ( x , y )  "-- f g(x,  z )g(y ,  z)dF(z). (25) 

Then f rom (20) we finally have 

_ 1 8 ( n - - 2 )  { / 
r (n  -t- 1) (n  -t- 1) (8) 1 § 2 ( n - - 4 )  A2(x)dF(x) 

__3 (3n2 - -15n  + 20) A2(x)dF(x) + 
2 2 

A'(x)dF(x)+ ( n - - g )  4g(x ,y )A(y)  

(26) 
/ 

+ 2(n- -a )A(x )  [A(x )  + A ( y ) ]  + B(x ,  Y)I 

�9 B(x ,y)dF(x)dF(y)}.  

This formula  is too complicated to be very  useful but  we can 
point out two simple cases. 

I f  Pi~ - -  1/2 for  all ] and k ,  tha t  is, for  any  pair  of members  
the probabili ty of the dominance relation going in ei ther  direction 
is the same; then g~ ~ 0 and all the integrals in (26) vanish so tha t  

18 (n  - -  2)  
a 2 ( h )  - -  ~ 1 8 I n  3.  (27)  

(n + 1) ( n +  1)(s) 

In  general,  when the  integrals  do not vanish we have 

a 2 (h)  - -  0 ( I / n ) ,  (28)  

tha t  is, na ~ (h) --* constant,  as n ~ ~ .  

6. APPLICATIONS�9 No Dominance Bias. This case, wi th  equal 
probabili ty of dominance in ei ther  direction for  every pair,  p~ - -  
�89 for  all y" and k ,  occurs if  the xj are  all equal, t ha t  is, when every 
member  of the society has the same ability. We then have gs~ - -  0 
and 

3 
E(h) -- - - .  (29) 

n + l  
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A s  soon  as  n b e c o m e s  m o d e r a t e l y  l a r g e ,  E ( h )  b e c o m e s  s m a l l  a n d  
E (h )  -~ 0 as  n ~ oo. R e m e m b e r i n g  t h a t  0 _< h _< 1, i t  fo l lows ,  u s i n g  
t h e  g e n e r a l i z e d  C h e b y c h e v  i n e q u a l i t y  ( C r a m ~ r ,  1946, p. 1 8 2 ) ,  t h a t  
t h e  p r o b a b i l i t y  t h a t  h wi l l  d i f f e r  v e r y  m u c h  f r o m  ze ro  b e c o m e s  v e r y  
s m a l l  a s  n i n c r e a s e s .  A m o n g  t h e s e  soc i e t i e s  e q u a l i t y  r a t h e r  t h a n  
h i e r a r c h y  w o u l d  be  t h e  ru le .  

T h i s  t h e n  g i v e s  f o r  g e n e r a l  n t h e  b e h a v i o r  o f  s o c i e t i e s  w i t h o u t  
b i a s  t o w a r d  d o m i n a n c e ,  w h i c h  w a s  g i v e n  in  de t a i l  f o r  n = 3, 4, 5 b y  
R a p o p o r t  ( 1 9 4 9 a ) .  W e  a l so  g i v e  a t a b l e  o f  t h e  d i s t r i b u t i o n  o f  V 
f o r  n = 6. T h i s  w a s  c o m p u t e d  b y  i n d u c t i o n  f r o m  R a p o p o r t ' s  T a b l e  2 

DISTRIBUTION OF V FOR n --'- 6 ,  P j k  "~- ~ 

V 215 �9 Probability of V 35h 

(5, 4, 3, 2, 1, O) 720 35 

(5, 4, 3, 1, 1, 1) 240 31 
(5, 4, 2, 2, 2, O) 240 31 
(5, 3, 3, 3, 1, O) 240 31 
(4, 4, 4, 2, 1, O) 240 31 

(5, 4, 2, 2, 1, 1) 720 27 
(5, 3, 3, 2, 2, O) 720 27 
(4, 4, 4, 1, 1, 1) 80 27 
(4, 4, 3, 3, 1, O) 720 27 

(5, 3, 3, 2, 1, 1) 1440 23 
(4, 4, 3, 2, 2, 0) 1440 23 

(5, 3, 2, 2, 2, 1) 1680 19 
(4, 4, 3, 2, 1, 1) 2880 19 
(4, 3, 3, 3, 2, 0) 1680 19 

(5, 2, 2, 2, 2, 2} 144 15 
(4, 4, 2, 2, 2, 1) 1680 15 
(4, 3, 3, 3, 1, 1) 1680 15 
(3, 3, 3, 3, 3, 0) 144 15 

(4, 3, 3, 2, 2, 1) 8640 11 

(4, 3, 2, 2, 2, 2) 2400 7 
(3, 8, 8, 3, 2, 1) 2400 7 

(3, 3, 3, 2, 2, 2) 2640 3 

E (h) "-- 3/7 

e2 (h) - -  12/245 
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(loe. ~i t . ) ,  using the fact  tha t  the probabil i ty  of V = ( v ~ ,  v~, . . . .  v~) 
is the sum of the coefficients of terms of  the  f o r m  t~ t~ .-.- ~'~s. in the 
expansion of 

(t, + 
j,k=l 

Suppose ~ # 1/2 for  some ] and k ,  tha t  is, there  are differ- 
ences in abili ty making for  biases toward  dominance. Then it can 
be seen f rom equation (19) tha t  E ( h )  will be increased over its 
value in the unbiased case; a society tends to move f rom equality 
toward  hierarchy when any bias is introduced. This was suggested 
by Rapoport ,  based on n = 3 .  We now determine E (h) fo r  some 
assumed forms of l~j~ and F ( x ) .  

D o m i n a n c e  S t r i c t l y  D e t e r m i n e d .  At the opposite extreme f rom 
absence of any bias toward  dominance, we might  consider the case 
in which dominance is completely determined by  any difference in 
ability, that  is, we assume that  the abil i ty vector  has a single com- 
ponent and that  

P i k = l  f o r x s > x ~ ,  
(80) 

- - 0  f o r x t < x ~ ,  

and we also assume that  F ( x )  is continuous, so tha t  P r ( x j  = x~) ~- O. 
It  is clear  tha t  in this case the only possible s t ructure  for  the society 
is the hierarchy,  but  it is interest ing to see how this follows f rom 
the formula for  E (h) .  

We have 

then 

g i ~ = l  fo rx j  >Xk, 
= - - 1  f o r x s < x k ;  

f_ xJ fr r~ A ( x i )  = d F ( x k )  - -  d F ( x k )  
za j 

= F ( x , )  - -  [ 1 - - F ( x , ) ]  - -  2 F ( x j )  - -  1 ,  

and 

f_ ~ A 2 d F  ( x )  - -  (x) 

so f rom (19) 

J '~ [4F~(x) - - 4 F ( x )  + 1]dF(~)  - - ~ ;  

E(h) - -  1; (3i) 
and since h _< 1 ,  then h:--  1 ,  or the hierarchy, is the only possible 
structure. From (26 )  we can also obtain o= (h) - -  0~or  this case. 
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Linear Dominance Probability. Suppose the probabili ty of domi- 
nance depends linearly on the ability vector. This requires tha t  the 
range of values of the ability factors be bounded. Let  

x j - -  (xi~) = ( x . ,  x j~ , - . - - ,  xj~),  

with 0 < xj~ _< b~. Using the notation 

S ( x )  ----O, x < 0  
- - x ,  O_<x_< 1 (32) 
" -1 ,  x > l ,  

we put 

iojk = ~ w~ S 
eL=I 

xj,  } ,  wo > 0, ~ w~--  1, (33) 
Xka + b~ 

with 
2b, / 

so tha t  pj~ is a weighted sum of l inear functions of xsa --  xk~ with w~ 
as weights. 

Then 

and 

m W a 

gjk---~.-b-~ ( x j ~ - x , a )  , forO _< x / . , xk .  < b.,  
~t=l 

l b .  f b i  m Wa 
A ( x j )  = ....  Y-b~ (xs~- -xk . )dF(x~l ,  . . . .  , x ~ )  

0 0 a = l  

~* Wa 
= E - g - j ( x , . - ~ o ) ,  

a=l 

where ~. is the mean of x~a. 

b. [w~ 
f A Z ( x ~ ) d F ( x i ) =  f .... j'b'o ~ --~ ( x j . - - , . )  

0 a = l  

�9 dF(x j l ,  . . . .  , it,,,) 

"- aa + ~ OoS" 
~ : 1  ~.~-1 b~ bp 

a*fJ 

(34) 

where a J  ---- variance of xj~, and pa~ - -  correlation coefficient of 
xt~ and xj~. 

We could have chosen the zi~ to be uncorrelated, or t r ans formed  
to uncorrelated variables. Assuming then p~ ---- 0 we have 
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= ~ ~ + ( ~ -  2) ~ - 3 ~ (3~) E ( h )  n § 1 ~_, - 

In this case E ( h )  has an upper  bound which is less than  one. 
Since 0 -< xja -< ba,  we have oa 2 < b~2/4, so that,  using (33),  

E ( h ) < ~  l + ~ Z w o ,  <~} ~ . (36)  
n + 1 4 ~,  n + 1 

This result  indicates tha t  in this case also the h ierarchy will not  be 
the  usual s t ructure,  but  s t ruc tures  f a r  f rom equali ty may  f requent ly  
occur. For  rectangular  distr ibutions of the xj~, we have 

( n + 2 )  
E ( h )  <_ �88 

n + l  

which is not f a r  f rom equality. 
I f  the number  of factors,  m ,  becomes large, while none of the 

weights,  w~, approaches zero, then E ( h )  will become small. Thus  
for  equal weights  

1 
W l  " - -  W 2  - - -  . . . .  ---" W r a  - - - - - ,  

m 

E ( h )  <_ ~ 0 ,  a s m ~ ,  n ~ ,  
4m n + l  

so that  if there  are a large number  of  significant factors  in the abil- 
i t y  vector  the s t ruc ture  approaches the equality. 

N o r m a l  Dis t r ibu t ion .  We now suppose tha t  the factors  of the 
abili ty vector are each normally dis tr ibuted and uncorrelated, and 
tha t  the probabil i ty  of dominance is a weighted sum of normal prob- 
abili ty integrals of the differences of the factors.  Using the notat ion 

1 f ~  t2 
G (x)  = e - -[ d t  

V~n 
for  the normal probabil i ty  integral,  we put  

Ps~ = ~ w .  G , with  wa >_ 0, ~ w.  - -  1, (37) 
q:l ] a : l  

and 

F ( x j ) - - / / G  - -  . (38) 
a:l ~ra 
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Then 

g ~ , : ~ , w . .  2G - - 1  : - - l + 2 ~ w a G  - 
a=l 8a a: l  8a 

and 

j.: 
A ( x ~ ) ' -  "'" - - l + 2 ~ ] w ~ G  d - -  

-oo " - ~  a=l 8 a  . = Era 

. (x o) 
- - - - - - l + 2 ~ w a G  

: Vs~ 2 + ErJ 

using 

G ( a x  + b ) d G ( x )  - - G  , (Landau ,  1950). 
-~ V 1 + a 2 

Then 

A 2 ( x s ) d F ( x ~ )  : . . . .  1 - - 4 y .  w a G  
-~ -oo ~ :1  ~ /  s a  2 + Era 2 

+ 4 N w J G  2 + 4 y .  w ,  w c G  
: V s~2 § Era2 a~ VS~ 2 + Era 2 

�9 G xi~ dG  - -  . 

V'S~ 2 + Ert~ ~ : Er~ 

Using a method similar to tha t  for  G ( a x  + 

shown tha t  

f ~  1 1 ( a ~  
C~ ( a x )  dG  ( x )  ~ - -  + - -  arcsin 

-~ 4 2n \ 1 + a2 / . 

Then (39) becomes 

(39) 

b ) d G ( x ) ,  it can be 
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f A ~ (x~) dF(x i )  

= 1 - - 2 ~ w ~  + 4 ~ w " 2  4 
a : l  a : l  L 

+ 4 ~ ' w ~ w ~ = l - - 2 ~ . w ~  
a = l  

+ 1--- a r c s i n (  
2~ \ 

and  

)] 
S. 2 § 2 a.  2 

Jr Z wa + - -  E w.  2 a rcs in  
a:l / ~ ~:1 s~ 2 §  

= - -  N w.  2 a r c s in  , u s ing  N w .  = i ,  
n ~:1 s. 2 + 2 q a  2 a--1 

(40) 

E (h)  - -  n - - +  1 1 + ~ .=1:~ wa: a rcs in  sa 2 + 2 a.-  " (41)  

The  unbiased  and  s t r i c t ly  d e t e r m i n e d  cases (29) and  (31) can  
be ob ta ined  as l imi ts  f r o m  (41) .  F o r  the  unb iased  case le t  s~ --> ~ ,  
t he n  P~k --) �89 and  

( "~2 / 
a rc s in  ~ 0 ,  

s .  2 + 2 a. 2 
SO 

3 
E (h)  -> 

n §  

F o r  the  s t r i c t ly  d e t e r m i n e d  case  t ake  m - -  1 an d  le t  s .  -~ 0 ,  t h e n  
Pjk -~ equa t ion  (30) and  

a r c s in  --) 
Sa 2 § 2 ~2 6 ' 

so E ( h )  ~ 1 .  
He re ,  as in the  p rev ious  case, i t  can  be seen f r o m  (41) t h a t  in- 

c r ea s ing  the  n u m b e r  of  f a c t o r s  in the  ab i l i ty  v e c t o r  t ends  to  r educe  
E ( h ) .  W he n  the  n u m b e r  of  s igni f icant  f a c t o r s  d e t e r m i n i n g  domi-  
nance  becomes  large ,  the  s t r u c t u r e  of  the  socie ty  moves  t o w a r d  
equal i ty .  

7. SIGNIFICANCE FOR FLOCKS OF HENS. Th e  obse rva t ions  an d  
e x p e r i m e n t s  on flocks of  hens  by  S c h j e l d e r u p - E b b e  and  b y  Allee an d  
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coworkers  all show that  stable flocks of hens almost a lways have a 
s t ruc ture  that  depar ts  very  little f rom the hierarchy.  A flock of ten 
to twen ty  hens will normally have not more than two or three  cycles, 
i.e., ] ~ k ,  k > l and 1 > ] .  This means tha t  h is normally very  close 
to uni ty  in such a flock. A typical example quoted by Schjelderup-Ebbe 
is the following score s t ructure  for  a flock of ten hens: V ~ (8, 8, 8, 
6, 5, 4, 3, 2, 1, 0).  This gives h ~-- .975. 

We wish to show that  if the probabil i ty  of dominance depended 
only on inherent  individual characteris t ics  as assumed in the pres- 
ent  t rea tment  (and not on social fac tors ) ,  then the occurrence of 
societies with h near  one would be unusual ra ther  than the rule. 

We use the results for  the normal dis tr ibut ion (Sec. 6) as be- 
ing probably closest to reality. As noted in Section 6, if  the abili ty 
vector  contains several uncorrelated factors  this will tend to reduce 
the expected value of h ,  so that  we can consider the case of a single 
factor.  Then 

3 n - - 2  
E(h) - - - -  - { - - - h ~ ,  

n + l  n + l  
where  

' !!1/ h / / / / /  

" ~ ! " ~  

.5 
0 .5 

f 

J 

r 

J 

1.5 
x j - x k  
r 

2_5 3.0 

FIGURE 1. N o r m a l  d i s t r ibu t ion .  Dependence  of p robab i l i t y  of dominance ,  
P i k ,  on di f ference in abi l i ty .  Va lues  on cu rves  give h a . 
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6 Q2 
h~ - -  - -  a rcs in  . (42) 

s 2 + 2 a 2 

For  even moderate  n ,  E (h) is close to h~, its asymptotic value, 
and in any case 

3 
E ( h )  - - h ~ - - - -  ( 1 - - E ( h ) ) ,  

n - - 2  

so we consider how ha depends on s / , .  
In Figure  1 we have drawn the probabili ty of dominance, 

,,._o(/ 
as a funct ion of the difference in ability for  various values of s / a  
with the corresponding values of h~ noted on each curve. The ab- 
scissa is 

X 1 ~ Xk 

V2~ 

since the variance of x~ --  x~ is 2 ~2. I t  can be seen tha t  for  ha to be 
very close to one, very small differences in abili ty would have to be 
quite decisive as to dominance. 

This very close dependence of dominance on ability hardly  seems 
reasonable, but there is also some experimental  evidence on this 
point. Collias (1943) staged 200 combats between hens in which he 
measured degree o2 moult, comb size, weight  and rank  in own flock, 
and obtained for  the correlation with success the values: .580, .593, 
.474, and .262. The correlation measure used was Pearson's  coefficient 
of biserial correlation, r ,  (Pearson, 1909) except for  degree of moult  
which was not measured on a continuous scale. I n t h e  present case 

- - ,  (43) r --" 2 %1-r 

where x, - -  x: is the mean of  xl - -  x2 when xl > x~, and %,_.~. is the 
s tandard  deviation of x, - -  x~. I t  is not difficult to determine the 
value of r in terms of s / q  for  our assumed normal distribution. The 
result  is 

r----- 1 +  (44) 
2 as 

and this gives 
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6 ~,2 
h~ : - -  a r c s i n  - - .  (45) 

n 2 

Hence the largest  value of r obtained by Collias, .593, gives only 
h~ ~ .34. F igure  2 shows the dependence o f  h., on r. I t  is apparent  
tha t  h~ close to one requires r to be unreasonably large. 

.8 

.6 

.4 

.2 

I i 

I 

I ! 
l 
i 
J 

0 .2 .4 .6 .8 

r 

/ 

FIGURE 2. Dependence  of h a on b i se r ia l  co r re l a t ion  coefficent, r .  

1.0 

We must  conclude tha t  factors omitted f rom the present t reat-  
ment  must  be included to account for the observed frequency of 
structures near the hierarchy in flocks of hens. The most obvious 
omissions are the social factors, such as social lag, or the effect of 
existing differences in social rank on the probabili ty of continued 
dominance. All observers agree tha t  such social factors are of great  
importance. An a t tempt  will be made to t rea t  them mathematical ly 
in a later communication. 

This work was aided by a grant  f rom the Dr. Wallace C. and 
Clara A. Abbott Memorial Fund of The Universi ty of Chicago. 
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