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In a cell, in which the permeability to a metabolite is a function
of the concentration of that metabolite, situations may occur, in
which the diffusion field will exhibit certain assymetric patterns,
even though the cell may possess geometrically spherical symmetry.
This pattern results in a polarity of the cell. Moreover, the pattern
being the result of a dynamic equilibrium, it possesses the property
of self-regulation. Dividing the cell in two results in the appearance
of a similar pattern in each half-cell.

Another case when such self regulation and polarity occur is
given by considerations of the action of the diffusion forces upon
colloidal particles, which affect catalytically the metabolic reactions.
A simple case is treated mathematically.

The problem of biological self-regulation offers many different
aspects. One of the most fundamental of these, and at the same time
one of the most difficult is that of the development of regulation eggs.
Most drastic interference with the visible internal structure of these
eggs may leave them still capable of producing normal embryos (Har-
vey, E. B., 1932, 1936). Such self-regulation has perhaps been the
phenomenon, upon which claims of the existence of non-physical ele-
ments in biology have been based. While much has been written on
the physical aspects of self-regulation and it has been pointed out,
that even relatively simple physico-chemical systems may at times
possess the property of self-regulation, yet all these general consid-
erations and analogies do not bring us much nearer to the solution of
the problem. If we are to incorporate eventually these phenomena
into the field of mathematical biophysics, we must proceed by study-
ing theoretical models, which are sufficiently specific to be applied not
only to the phenomenon of self-regulation in general, but to some def-
inite biological case of it. Of course, when such a model is developed,
it is by no means to be regarded as the explanation of the particular
phenomenon, for which it is intended as a model. Most likely there is
a large number of different possible explanations. It is only by study-
ing systematically all theoretically possible cases and by a comparison
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16 MATHEMATICAL BIOPHYSICS

of the mathematical deductions from each of those cases with avail-
able experimental data, that we may in the future arrive at a decision
as to which, if any, of the theoretically studied situations actually
oceurs.

With this in mind, we shall now investigate a problem, which is
suggested by such observations, as for instance those by E. B. Harvey
(1932, 1936) on centrifuging Arbacia eggs. Subjecting them to a
force 10,000 times that of gravity not only produces a definite strati-
fication of the content of the egg, according to the specific gravity of
the different constituents, but results eventually in a breaking up of
the egg in two and even in four parts, each part containing different
visible components. Yet, when fertilized, all four parts can give rise
to normal embryos.

The early differentiation of the fertilized egg indicates definitely
the preexistence of some sort of nonuniformities. At the same time
these nonuniformities obviously cannot be connected with or even re-
lated to the visible material. Moreover, whatever latent nonuniform-
ity pattern may have existed in the normal egg, the breaking of the
latter into four parts of very different gross constitution must have
resulted in each part acquiring again the same latent pattern, which
characterized the original normal egg.

A suggestion has been made that the pattern responsible for the
early differentiation is contained not in the cell volume, but on the
surface in the cell membrane (Weiss, 1989). The latter being of a
much more rigid nature than the more liquid interior of the egg, the
centrifugal forces used in the experiment may not be sufficient to up-
set the inner structure of the membrane. Since there is a direct mi-
croscopic evidence for a superficial localization of the early noticeable
differentiation of the egg (Weiss, 1939), it appears of interest to
investigate this possibility more quantitatively.

It must however be remembered, that while there is good evi-
dence for a more solid-like consistency of the egg membrane as com-
pared with the interior of the egg, yet the membrane certainly cannot
be considered as a solid bag, containing a liquid interior. For in such
a case a force strong enough to break the egg into parts would simply
tear the solid membrane, leaving the interior to flow out. The micro-
photographs taken by E. B. Harvey (1932, 1936) and reproduced by
P. Weiss (Weiss, 1939, p. 191) show that under the influence of the
centrifugal force the egg elongated and then divided by constriction
in the middle. In other words the membrane at the equatorial region
fuses together as only a liquid would do. If however the membrane
is merely a very viscous liquid, sufficiently strong forces would upset

its internal structure also.
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I

Let us consider a spherical cell of radius 7, cm., producing a sub-
stance at a constant rate ¢ gm cm sec. Let the external concentra-
tion of the substance be ¢, gm cm= and the external diffusion coef-
ficient D, be very large, so that we may put D, = . This merely sim-
plifies the calculations, without introducing any essential limitations.
Let the internal diffusion coefficient be D cm? sec. Assume further,
that the membrane of the cell is not uniform in its physical constitu-
tion and that therefore its permeability is not the same at every
point. Let the structure of the membrane possess an axial symmetry,
thus imparting a polarity to the cell. Let at one pole the permeability
have the value h, cm sec?, while at the other pole let that value be
h, cm sec. Due to such a nonuniform and asymmetric distribution
of the permeability, the distribution of concentration of the produced
substance within the cell will also not be spherically symmetric. In
particular the concentration inside the cell at the membrane will vary
from point to point.

To calculate the average concentration distribution in such a cell
we shall use the usual approximation method (Rashevsky, 1940). Let

%, denote the average permeability in one hemisphere (Fig. 1), while

e
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h, denotes the average permeability in the other one. Correspond-
ingly we shall denote by ¢, and ¢, the average concentrations at the
membrane inside the cell in each hemisphere. Denoting by ¢ the aver-
age concentration within the cell, we have

Cc—C

2D = 77'1(01 —Co) ; D)
7o
2D L% — p(co—oc) ; (2)
To
2 g = 2ur2 X 2D £ % 1 onpe x 2D S0 (3)
3 /ro TO
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Equations (1) and (2) give:
. 2Dc¢ - 1oh,co 2Dc¢ + 7ohsc,
= e—ee————e Cy — e,

—; 2 — 4)
2D -+ 7oh, 2D A 74h,
Hence
;—01::"0_7',1_(6____22; E_C2Zﬁ);h2(_c_—_f3()l_ (5)
2D -+ r.h, 2D -} roh,

Introducing equation (5) into equation (3), we find after rearrange-
ments:

7eq (2D + 7ohy) (2D 4 7ohsy)
3D hy (2D + 1ohy) + hy (2D + 7ohy)

For h, = h, = h, that is for a uniform membrane, equation (6) re-
duces to

¢ = ¢+

(6)

— P 702
c=%+§;+55, (1)

as should be the case*.
Equation (6) introduced into equation (4) gives

6 = oot 27.q 2D - 7oh, ]
T8 k@D rhs) ke (2D 4 1ohy)

(8)
€ = €0+ 2o 2D + 7ol

3 1, (2D -k rohy) - by (2D - 7ohy)

Thus an asymmetry of the cell membrane will result in an asym-
metry of the diffusion field within the cell. For the approximate cal-

culation of this field we considered two discrete average values h, and

h, of the permeability. The actual value of the permeability is as-
sumed to vary continucusly along the meridian. If this variation is
monotonie, then a division of the cell into several parts by sections
parallel to the equator will produce smaller cells, each having a similar
polarity.

We have here a model which may reproduce some of the prop-
erties of actual cells. Yet this model does really not show any regula-
tion. It is essentially a “mosaic” model, the mosaic being attributed
to the membrane and possessing a rather simple pattern. The above

* The equations derived for a spherically symmetrical cell previously (Rash-
evsky, 1940) differ from equation (7) in the values of the numerical coefficients,
which are respectively 2/9 and 179. This is due to the fact that we considered
there actually a cylinder whose length equals its diameter.
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considerations suggest however an interesting possibility of actual
regulation, which we shall mention here.

Suppose that the permeability h of the membrane is itself in-
fluenced by the concentration ¢ of the metabolite in its vicinity. Such
a supposition is biologically rather plausible. Let this influence be
such, that an increase of ¢ results in a decrease of k. Let the perme-
ability be originally uniform all over the membrane. Then the diffu-
sion field will possess spherical symmetry. Let now the concentration
become, because of some disturbance, slightly higher at one region of
the membrane. This will result is a decrease of permeability in that
region, thus creating a condition similar to the one discussed above.
But in that case the concentration ¢ at the membrane will be larger
in the region with smaller 2. This can be readily seen from equations
(8), which give:

27'02‘1(;‘2_ hl)
il/l (2D + 7'0}_7'2) + iLz (2D 4 /"Oi’/l) ’

Equation (9) shows, that when h, < h,, then ¢, > ¢,. Thus the re-
sulting change in permeability will result in a further increase of ¢ at
that place, thus enhancing the asymmetry. We may ask whether un-
der such conditions stable asymmetric configurations may not be ob-
tained.

Mathematically the problem reduces to the following. Let h be a
prescribed function of ¢, h = f(c). We then have k, = f(¢,) and
h, = f(c.). Denote the right hand side of the first equation (8) by
1 (hy, hy) and the right hand side of the second equation (8) by
%, (B, hy). Then, since %, and h, are functions of ¢; and ¢, , we find
that u, (hy, ho) = ui[f(¢1),f(¢2) ] = v1(cy, ) ; and similarly u, (ky, hy)
= 1y(¢y, ¢;). We must now look for stable solutions of the system of
equations:

(9)

C; — Cy, =

¢, = v, (¢, C2),
(10)

¢, = V(¢ C2),

other than ¢, = ¢, , which corresponds to a spherical symmetry. It can
be shown that when f(¢) is monotonic, only spherically symmetric so-
lutions are possible. Physically this is due to the fact that when an
asymmetric configuration is obtained in a manner described above,
then any slight increase of ¢ at the lower end will result in a decrease
of h at that end, with a resulting further increase of ¢, until it reaches
the same value as at the higher end. However we cannot a priori ex-
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clude the possibility that for some special types of the function f(¢)
asymmetric solutions of the system (10) may exist. The problem now
is to investigate whether this is possible and if so, for what forms of
f(¢). Furthermore we shall have to ascertain, that if such possibilities
exist, the necessary form of f(c) is biologically plausible or at least
possible.

For given %, and k. , the values ¢; = u, (hy, B,) and ¢, = u, (B, b)),
as expressed by equations (8), are obtained by considerations of ma-
terial balance in a stationary state. Therefore when ¢, > u,, ¢, will
decrease until it reaches the value u, . Conversely if ¢, < u,, ¢, will
increase until it reaches the value w%,. A similar thing holds for c..
Therefore the conditions of stability require that any small increment

of ¢; would result in a lesser increment of u, (h, k.) or, which is the
same, of v,(c;, ¢z), so that ov,/9¢, < 1 ; and similarly 9v,/ac, < 1.
For the symmetrical case, when ¢, = ¢, , it may happen that the con-
figuration will be stable for a simultaneous equal increase or decrease
of ¢; and ¢, , but unstable for an increase of ¢, accompanied by a de-
crease of ¢, or vice versa.

If asymmetric stable solutions of the system (10) exist for some
forms of f(¢), and if they exist for a sufficiently large range of values
of 7,, then we have a case of a true self-regulation. No matter how
we divide such a cell, whether equatorially or meridionally, no matter
how we stir up its content, the cell or each part of it within the ad-
missible range of r,, will automatically reconstitute the asymmetry
of the diffusion field.

We have however rather formulated a problem than given a so-
lution. A consideration of a different physical mechanisms leads us
to a simpler solution of this type of problem.

11

Consider again a spherical cell, producing a substance. Let how-
ever now the permeability be a constant, & . Let moreover the cell con-
tain a catalyst, which inhibits the reaction, so that the higher the con-
centration » of the catalyst, the smaller the rate of production ¢q. If
the molecules of the catalyst are rather large, or if the latter is pres-
ent in a colloidal state, with a particle size > 2 X 10-7 ¢m., then as we
have seen elsewhere (Rashevsky, 1938), due to the action of the diffu-
sion forces, these particles will show a pronounced nonuniformity of
distribution, their concentration n being larger in regions of smaller
concentrations ¢ of the diffusing metabolite. For a produced sub-
stance, when the negative gradients are directed outwards, the cata-
lyst will accumulate at the periphery, decreasing there the rate of pro-
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duction and still enhancing the gradient of ¢ . However, for a spheric-
ally symmetric distribution of the catalyst, everything will remain
spherically symmetric and the average rate of production ¢ will be
the same in any arbitrarily chosen half of the cell. If however, for

some reason, in one of the hemispheres the average concentration ¢
increases, this will result in an increase of » in the other hemisphere

at the expense of the first. This will cause a further increase of ¢ in
the first hemisphere, enhancing the asymmetry. To investigate the
possibilities in this case, let us first investigate what effect a variation
of ¢ from point to point in a cell will have upon the diffusion field.
Referring again to Fig. 1, denote the average concentration in
one hemisphere by ¢, , in the other by ¢,. Denote the average rate of

production in the first hemisphere by ¢, , in the second by ¢. . We now
have

C; — Cp

2D = h(c,—¢) , (11)

0

op 2

7 = (e — 0o (12)
The material balance equation is now however somewhat modified.
Due to the different values of ¢ in the two hemispheres, there will now
be not only an outflow of the metabolite from the cell, but also an in-
ner flow, from one hemisphere to another. Since the average gradient
for this flow is approximately (¢, — ¢.)/7,, and the area through
which the flow takes place is nir,? , that of the equatorial circle, the to-

tal inner flow is equal to @r,D (¢, — ¢.). We now have for the first
hemisphere

g 2, = 2are X 2D 2% D (e, —¢,) , (13)
o
and for the second
gnmq‘z =22 X2D2 "% _ 4 D(ci—0) . (14)
0
Equations (11) and (12) give
B 2Dc, -+ ke, _ _ 2Dc, + 7ohe,

(15)

C, =

8D+ rh . T 2Dk

Introducing (15) into equations (13) and (14) we find after rear-
rangement:
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3D (2D + 57oh) e, = 3D (2D ~++ Toh) ¢,
— 12Drohe, + 2(2D - 1oh) 1o2q, ;

(16)

3D (2D - 5roh) ¢, = 3D (2D -+ roh) ¢y

—+ 12Drohe, 4 2(2D + Toh) 142, .

Solving we find:

- 702 (2D -4 r.h) [ (2D -+ 7oh) qz -+ (2D -+ 57.h) ¢.]

G =6+t 12Drh (2D  3roh) ‘
a7

- 72 (2D -+ 7o) [ (2D - roh) @1 |- (2D + 57,h) q:]

G2 = G0t 12D7 ok (2D & Brok) :

Hence
- - 02 ’ Oh 1™ Yz
_ 1° (2D 4 1oh) (41— 2) (18)

O & T 3D @D 3R

The difference ¢; — ¢, vanishes for ¢, = ¢.. When ¢, > ¢,, then
€L > Cs.

Now let us investigate the effect of such an asymmetric concen-
tration distribution of the metabolite upon the concentration n of the
catalyst. Denoting by V the volume of the particle, by N — Avogra-
dro’s number, and by M — the molecular weight of the diffusing meta-
bolite, and putting

NV
M

a =

(19)

[\ VL

we have (MB, p. 67), for the ratio n,/n, of the concentrations of the
catalyst in the two hemispheres

Ny
(o

Denoting by n the average concentration of the catalyst in the whole

= e—ll(a - Ca) . (20)

cell, and remembering that the total amount of the catalyst i; Are3n is
constant, we have

Ny -y

5 - 21D

n =

Putting
61 — E2 =, (22)
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we find from equations (20) and (21)
Ny — N, = 2n tanh dox . (23)
For the effect of the catalyst on the reaction rate ¢ let us con-
sider the simplest possible relation, a linear one.

Let
q=4qg,—an, (24)

where a is a constant. Then
¢ —q: = a(n—mn,) . (25)

If an asymmetric distribution is to be possible, it must be represented
by a stable root of the equation, obtained by introducing (23) into
(25) and then introducing the latter into (18). Putting

7,2 (2D - 7.h)
= 2
3D (2D -} 3r,h) 4, (26)
we thus find
x = 2Aan tanh lax. 27)

If, as will usually be the case, ax is rather small, we may expand the
hyperbolic tangent keeping only the lowest nonvanishing power. Equa-
tion (27) then becomes

xz = Aanax (1 —~11§ a2x?) , (28)

which, besides © = 0, has a positive root:

.2 3(Aana —1)
=3 \/ ~ Aana (29)
provided
Aano > 1. (30)

That the root (29) corresponds to a stable configuration is seen by
graphing equation (28). The curve which represents the right hand
side of (28), is nothing else but the right hand side of equation (18).
By a similar argument as before we must have for stability

d 1 ., .
d—xAcmax(l—Ema)<1 for z==x

which is actually the case.
The model discussed here does exhibit true selfregulation. No
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matter how the cell is divided or how its content is stirred, the char-
acteristic asymmetry of the diffusion gradient will be automatically
reestablished. By considering the presence of several catalysts with
different particle size, and affecting different reactions, we may ob-
tain complex asymmetric patterns of the diffusion field, which thus
may represent a rather intricate latent self-regulating structure.

It must be noted that the diffusion force per unit volume,
—(RT/M) grad ¢ may be of the order of 107 — 10® dyn. cm®, (Rash-
evsky, 1938), which is not only comparable, but even may exceed the
centrifugal forces used in the above mentioned experiments. More-
over while the effect of the centrifugal forces upon a particle is pro-
portional to the difference in specific weights of the particle and of
the surrounding liquid and vanishes when the two specific weights
become identical, no such restriction holds for the effect of diffusion
forces. The model discussed here may in principle be mutilated be-
yond the point when self-regulation is possible, by applying such a
strong centrifugal force, that all the catalyst is driven into one cell
fragment. But this may require centrifugal forces far in excess of
those available now.

111

Another important result of this study is that it leads us into the
theory of cell polarity. A cell like the one discussed in section II al-
ways possesses a “polarity,” and it is known that polarity is rather
the rule in cell biology. The asymmetric distribution of the metabo-
lite and therefore of the diffusion forces will in general result in
asymmetries of all other important physical properties of the cell.
Aggregates of such polar cells will themselves exhibit polar proper-
ties and a way is thus indicated for a mathematical biophysics of dif-
ferent types of tissues,

A polarity considered in section II is of a dynamic nature. But
due to the irreversibility of some biological reactions, it may result
after a lapse of time in a permanent polarity of a static nature, as
discussed in section 1.

The author is indebted to Dr. A. S. Householder for a discussion
of this paper and checking of the calculations.

The publication of this paper was made possible by a grant from
the Rockefeller Foundation to the University of Chicago.
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