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In a deterministic model for the spread of news in a closed homogeneously mixing popula- 
tion of individuals who never forget (or, of an epidemic without recovery), it is shown that 
the fractions ~r~ of the population first hearing the news (contracting the disease) i th hand 
are given by the terms of a truncated Poisson distribution. 

1. Introduction and summary.  This note  could equal ly  well be ent i t led  " A  note  
on the  spread of a determinist ic  epidemic wi th  no recovery . "  We have  pre- 
ferred the  given t i t le because the aspect  of  the  problem to be invest igated is the 
fraction ~r~ of the population hearing the news (for the first time) i th hand, and  this is 
more  re levant  when there  m a y  be dis tor t ion of  in format ion  in successive gener- 
at ions of  transmissions t h a n  in the  epidemic context .  The  appropr ia te  proba-  
bilistic in te rpre ta t ion  of  the  determinist ic  result  ob ta ined  in Sect ion 2 below is 
t ha t  ~rt = P r  (a given individual  hears  the  news for the  first t ime i th hand)  is 
approx imate ly  given b y  a t r unca t ed  Poisson dis t r ibut ion (one with the  t e rm 
corresponding to  ~r 0 deleted) wi th  mean  de te rmined  b y  the  relat ive ra te  a t  
which t ransmission f rom the  source occurs compared  wi th  transmission between 

individuals.  
The  problem is re la ted in par t icu lar  to  Section 2, Chapter  8 of  Bar tho lomew 

(1967), to  whom I am indebted  for allowing me to  see his mater ia l  pr ior  to  
publicat ion.  There  are connections also wi th  work on neural  ne tworks  (cf. 
Cane, 1966 and Rapopor t ,  1963). 
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2. The model and its mathematical analysis. We suppose t ha t  a t  t ime t = 0 
the whole populat ion is ignorant  of  a certain news i tem which is spread both  
f rom a source and  by  contact  between individual  members of  the population. 
At  t ime t the populat ion can be divided into the following mutua l ly  exclusive 
and  exhaust ive categories, the  proportions X(t) or Y~(t) both  being labels for 
the categories and measures of their  size: 

X(t) is the fract ion of  the  populat ion which has not  heard the news by  
t ime t; 

Yl(t) is the fract ion of the  populat ion which by  t ime t has heard the news 
for the  first t ime of hearing direct f rom the source; 

Y~+l(t) (i = 1, 2 . . . . .  ) is the  fract ion of the  populat ion which by  t ime t has 
heard  the news for the  first t ime of hearing from the  proport ion Y~(t). 

We assume a closed population, so 

x ( t )  + y,(t)  = 1. (1) 
t = 1  

We assume t h a t  the  rate at  which a proport ion X of  the  populat ion has con- 
tac t  wi th  the  source is aX; t h a t  there is homogeneous mixing of the populat ion;  
t h a t  the  news is always passed on when individuals meet;  and  t h a t  the rate a t  
which disjoint fractions X and  Y of  the populat ion meet  is fiX Y. B y  choosing 
the t ime scale appropriately we can (and do) make/3 = 1 : this leads to a new a 
equal  to  a/ft. 

We can thus  write immediate ly  

r (t) = (2a) 

] Y ~ + i ( t )  = Yt(t)X(t), (i = 1, 2 . . . . .  ), (2b) 

:~(t) = - a X ( t )  - [1 - X(t)]X(t). (2c) 

I t  is easy to solve (20) to  give 

l q - a  
x ( t )  = 1 + (o <_ t), (3) 

so X(t) is a s tr ict ly monotonic decreasing funct ion of  t on 0 < t < ~ ,  wi th  
X(0) = 1 and limt..o~X(t ) = 0. I t  is clear t h a t  the  inverse funct ion t(x) is 
well-defined for 0 < x < 1 wi th  t(x)--->c~ for x--> 0. B y  sett ing y~(x)= 
Yt[t(x)] and y~(x) = (d/dx)y~(x) = :~i(t)/X(t), equations (2a) and (2b) reduce to 

y'l(x) = a 
a + 1 - -  x '  ( 4 a )  

y~+x(x) = y,(x) 
a + 1 - x'  (i = 1 , 2 , . . . , ) .  (4b) 
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Recalling t ha t  y~(1) = Y~(0) = 0 (i = 1, 2 . . . . .  ), (4b) can be in tegra ted  so as to  
give 

f :  y~(u) du; Y~+I(X) = a + 1 -- u 

f :  dui f~ y~ _ ~ (u~ _ ~) dui _ ~; 
a+ 1 --u~_ i 

f f f  du~ a + l - u ~  
~ Q <  ... < ~ 1 < : ~ 0 < 1  

( i -~  1)! a + 1 -- u 

= a {log [1 + a - l ( 1  - x)]}'+l/(i + 1)!. 

Equiva len t ly ,  

a [  { a + l  ~] '  
L ( t )  = ~ _ log \ a  + e-(~+l)t]J ' 

I n  part icular ,  f rom (6), 

~r t = lim Y~(t) = a[log (1 + a-1)]~/i!, 
t--* r 

i=l 

and  our  assert ion is proved.  

dUl duo 

a +  1 - - u  1 a T  1 - - u  o 

(5) 

(i -- 1, 2 . . . . .  ). (6) 

(i = 1, 2 . . . .  ,), (7) 

3. Concluding remark. Suppose t h a t  the  spread of  news is observed in a 
popula t ion  (of ignorants)  of  size N,  and  the  numbers  of  individuals in the  cate- 
gories a f t e r  a sufficiently long t ime are (Z  1, Z 2 . . . . .  ). Then  we can write 

N 

z ,  = u . ( i )  

where Un(i ) (n = 1 , . . . ,  N ;  i = 1, 2 . . . . .  ) is t h e  indicator  r andom variable 
associated wi th  the  n th individual  in the  popula t ion  and  is equal  to  zero except  
when  the  n th individual  belongs to  the  f ract ion Y~ when i t  equals one. Then  
the  set {Un(i)} o f  r andom variables is exchangeable, bu t  i t  is not  a set o f  indepen- 
dent r a ndom variables.  Therefore,  to  compare  (Z1, Z 2 . . . . .  ) wi th  the  approxi-  

mat ions  (N~h, N~2 . . . . .  ) implied by  the  analysis of  the  determinist ic  model  
above b y  means  of  a n y  goodness of  fit tes t  (such as X 2) for independent  r andom 
variables,  is not  necessari ly appropria te ,  even asymptot ical ly .  
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