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ABSTRACT.  Gibbs’ phenomenon occurs for most orthogonal wavelet expansions. It is also shown to
occur with many wavelet interpolating series, and a characterization is given. By introducing modifi-
cations in such a series, it can be avoided. However, some series that exhibit Gibbs’ phenomenon for
orthogonal series do not for the associated sampling series.

1. Introduction

Gibbs’ phenomenon, which involves overshoot of the partial sums of a series approximation
to a function with a jump discontinuity, has been recognized for about a century. It was originally
formulated by Gibbs for Fourier series [6], but also exists for other orthogonal expansions as well
as for integral transforms [3, 12]. It was shown by Kelly [9] to occur under certain conditions for
orthogonal wavelet approximations. Shim and Volkmer [14] then showed that these conditions for
Gibbs’ phenomenon to exist are satisfied for all reasonable wavelets.

When we turn to sampling (interpolating) series rather than orthogonal series, few results are
known. Recently, Helmsberg [8] has shown Gibbs’ phenomenon occurs for Fourier interpolation.
One of us [13] has shown it also exists for interpolating series in some wavelet subspaces for functions
continuous on the right. Also, Gomes and Cortina [7] have some results related to convolution
integrals. But to our knowledge no other results involving interpolating series are known.

In this work we extend these results to other wavelet interpolating series. We shall show that
it occurs for many of the standard wavelets, but not for all. We shall characterize it by a condition
for interpolating series similar to that in [9] for orthogonal series.

We calculate an approximation to the amount of overshoot in certain cases. We then show
that Gibbs’ phenomenon can be avoided by using an alternate interpolating series. For certain
cases, notably for Franklin wavelets and Daubechies wavelets with four taps, it does not occur for
interpolating series even though it does for orthogonal series.
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2. Background

The prototype of an interpolating or sampling series is the Shannon series

_ had sinw(t —n)
hy= 3 fm—r—s"

n=-—0o

It interpolates exactly a function f € L2(R) which is 7 bandlimited. Such functions belong to the
Paley—Wiener space B, of entire functions of exponential type < m. The function ¢(¢) = sinnwt/mt
may also be considered the scaling function for a wavelet system, i.e.,

(i) {@(t — n)} is an orthonormal sequence
(i) o) = Yoo _ ckd(2t — k) for some ci € I2
(iii) the closed linear span of {¢ (2™t — n)}pmez is L%(R)

Most wavelet systems lead to similar sampling sertes [15]). However, in such cases a distinction
must be made between the sampling function S(¢) and the scaling function ¢(¢). In the Shannon
case above, they are the same. Each wavelet system has an associate “multiresolution analysis”
consisting of a nested sequence { Vi, } of subspaces of L2(R) where the space V,, is the closed linear
span of {¢(2™t — n)}nez. A continuous function in L%(R) may be approximated by its projection
onto V,, or by its sampling (i.e., interpolating) series in V,,,. These are not the same even for the
Shannon system. The former may exhibit Gibbs’ phenomenon while the other may not. We shall be
concerned only with the latter, whose properties are not, however, so well known.

We shall assume throughout that ¢ (¢) is a continuous orthonormal scaling function such that

(i) ¢@) 0(1tI™?) as t — oo, B>5/2,
(i) *(w) = qu(n)e""w";eo, weR. 2.1

Then it was shown in [15] that there is a sampling function S(¢)€ Vp such that for each feVj

f) = Z F(m)S(t —n), teR.

n=--0Q

These sampling series can be used to obtain an approximation in V,, for each continuous feL2(R).
It is given by

[o,]
fa®)=Y f@mn)S@"t-n). (S
n=—oo
It was shown in [13] that fi,(t) — fF(¢) uniformly for fe H* (the Sobolev space) for o > % This
required an additional hypotheses on ¢, that it belong to Z;, which can be shown to be true for ¢
which satisfies (i) and (ii) above [15].

In order to study the Gibbs’ phenomenon, we require that f be piecewise continuous and in
L%(R). We shall also suppose that a jump discontinuity be at a dyadic rational number, so that by
translation we can take it to zero, which we do. The spaces V,, are not translation invariant for
irrational translations in general. We shall also assume the jump is in the positive direction, i.e., that
F(O%) > £(07). If there is a sequence ¢, J 0 such that

I tm) > yT > £ (0F) (2.2)

then the sampling series exhibits Gibbs’ phenomenon on the right-hand side of O for the function
S (and similarly on the left-hand side). We shall simply say “Gibbs right” and “Gibbs left” for
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these two cases if they hold for any function with such a jump at 0. We shall see later that these are
independent of the particular function.

There is a possible source of ambiguity in our series (S) at points of discontinuity. By changing
the value of f(0), we could change Gibbs right to Gibbs left and vice versa. This was avoided in [13]
by assuming that f(t) = f(¢*) for all t¢R. However, this assumption is unnecessarily restrictive
and by eliminating it, we can sometimes avoid Gibbs left or right. We shall, however, always suppose
that

F(07) = £(0) = £ (0%)

to avoid pathological behavior.
The sampling function S(¢) is related to the scaling function ¢(z) by

P (w)

§ = —
W)= 2w + 270

(2.3)

where fdenotes the Fourier transform of f. The denominator in (2.3) is assumed not to vanish. All
such S(¢) have the properties [16}]:

i [0, St =1

(i) T2 _ St—-m=1
() Y, S(w+2mk) =1
(@iv) 7‘; o Swydw =1
ORNOEX (1

The last property is obtained from the fact that the second derivative of

Z d(w + 27k) = Zd)(n)e‘“’”’
k n

is in L2(0, 27r) N C and so is its reciprocal. Hence,
S(t) =) _and(t —n)
has coefficients such that {n2a,}e£2 [15].

2.1 The Shannon Case Revisited

The Shannon system, although it serves as a prototype, does not satisfy the hypotheses of the
theorems about Gibbs’ phenomenon in [13] and [14]. The formulae, however, are rather simple
and may be used to show directly that Gibbs occurs for both sampling series and orthogonal series.
In this particular case the sampling function S(t) = (sinmt)/mt = ¢(t), the orthonormal scaling
function. However, the sampling approximation to a continuous function is not the same as the
orthogonal projection since the coefficients need not be the same. Nonetheless, both cases can lead
to Gibbs' phenomenon for functions with jump discontinuities at 0 and the overshoot calculated.
Indeed in [14] it was shown that the overshoot is exactly the same as for Fourier series in the case of
orthogonal approximations. We can also calculate it for sampling series.

Sampling Overshoot
We shall use the function h given by

sgnt—t ,0<tj<1
h(t) = o ,0=1t
0 , 1<t
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to investigate Gibbs at t = 0. Its sampling approximation is given by

2m—1

hS@) =aS(2mt)+ Y (1—n2")[S (2"t —n) — S (2™t +n)] . 24)

n=1

If h,f,(t,,,) — y* > h(0%) (or h;f,(—t,,,) — ¥~ < h(07)) where t, | 0, we have Gibbs right

(or Gibbs left). By taking t,, = 27™!, we find that

B m) = ws(D) e T a-mm[s(b=r)-s(ben

)

n=1
2m—1
2 -t { 1 1
= a—+Z(1—n2‘”’)( ) (1 - )
- T \z—-n s5+tn
2m—1 2m—1
20 2 1 1 2 (=1)"n?
= =42 -1" -
7r+7r2( ) (1—2n I-l~2n)+2'"yrZ n2—1
n=l1 n= 4
N D S oVl BN B DD =
Coom o om|1-2 1421 -2| " 2mp g2l

- ;(a-}-l) as m— 0.

Similarly we have

hS (—2""‘1) — %(a —1)asm — oo,

@2.5)

Thus, we have Gibbs right whenever o > Z-—1 and in particular for & continuous on the right (& = 1).

In this case the overshoot is % — 1, which is greater than that for the orthogonal approximation.
This does not however imply that Gibbs’ phenomenon fails to exist on the right fora < Z — 1.

In order to show that it does, we consider other sequences of the form ¢,, = a2™"™ for some a > O.

Then by calculations similar to (2.5) we find that

hy (a27") — aS@)+ Y [S@—n) ~ S@+n)]

n=1
= aS@) —-S@+1 —2ZS(a +n)
n=|1

Thus, we have Gibbs right if the last expression in (2.6) > 1, i.e., if

(@—1)S@) >2) Sa+n).

n=1
For intervals in which S(a) is positive we find that
[o o]

S{a +n) _
a> H-ZnZ:;_S(a) =§(a)

(2.6)

en

is sufficient for Gibbs right, with the opposite inequality giving it for negative S(a). If S(a) = 0,
then a is a positive integer, and (2.6) is equal to 1, so that Gibbs right does not occur. The right-hand
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side of (2.7) may be expressed for S(a) # 0 as

f@) = 1+ Zi sinra(-1)" rma
- oy mw(a+n) sinma
oo [o¢]
(=" (-1)" 2a
+ aZa+n +2aza+n p
n=l1 n=0
— (1)
= =142 = - 2 .
+ aza_l_n 1+ 2aB(a) (2.8)
n=0
where B(a) = Y oo, %';1—2; = 01 %dt =[5 %dw for a > 0. We use this to find (2.7)
oo e—aw
= —-142 d
£(a) + a/(; 14 e v w
—aw 1 © p—aw ,—w(__ g
= —1+248 ——-——|8°—2a/ e e (zdw)
—a 14+e® -a (14 e—w)2

2a 2a [ e Wdw
= —1 + - + — 2

2a a Jo (e—w/Z + ew/Z)

o0 e—aw
= 2/ ————dw > 0. 2.9)
0 4cosh”w/2

From this expression it is also clear that £(a) converges to zero monotonically as a —> oo.
From (2.8) we see that £(0) = 1 and £(1) = 2log2 — 1.

Now S(a) is positive when ae(2n,2n + 1),n =0, 1, ..., and for each @ > 0 we can find an
a such that S(a) > 0 and a > £(a). Similarly for each ¢ < 2log2 — 1, we can find an a such that
S(a) < 0and a < £(a). Hence, for all values of «, Gibbs right exists and by a symmetric argument
so does Gibbs left.

We can use these results to obtain similar ones for other functions with a jump discontinuity
at 0. Indeed let f be such a function such that feC![(—oo0, 0) U (0, 00)] and suppose both f and
f’ can be extended to L2(R) by assigning some value at zero. Then g given by

gty = fO=fFO)YRO —tr@)[f (0)+5(0%)], >0
g) = fO+FO)rO+th[f(07)-f(07)], <0
g0 = 0,

is continuous on all of R and geL?(R) while g’ is continuous near zero and g’ €L?(R). Thus,
geH I(R), the Sobolev space.

Lemma 1.
Let ge H'(R), then the Shannon sampling expansion of g,

gn(t) =) g(n2™™)S (2™t —n), meZ, teR,
n

converges uniformly to g(t) on R as m —> oc.

Proof. The error is given by

1 [ )
=80 = 5= [ (@atw) - g du
T J-o0



362 Gilbert G. Walter and Hong-Tae Shim

2™

= 5 (@ (w) — 2% (w) + 2" (w) — g(w)] &' dt
T J-amp

1 =2"n 00 .
- — / +/ Fw)e' V' dw
2 -0 My

where 2*(w) = Y g, 8(w+2™2rk) is the periodic extension of g(w). Note that g, has support
in [-2™m, 2™7] and

[o¢]
?m (w) — Z g (2—mn) e—in""n'S:(wz—m) 2—m
n=—od

= WS (w2™) =Fw), lw| < 2",

by the Poisson summation formula. Hence, we have

A

1 2" - N 1 2" |
-0l < o[ (“’)"g('”)ld“”’ﬂl/_m +[2mﬂ}|g<w)|dw

1 2" 1 -2"n o0
= g(w+2"2wk) | dw + — / +/ g (w)| dw
2 —my I; ( ) 2 -0 2m

-2"n 00
l {/ +/ } [g(w)| dw , (2.10)
T —00 2my

and since geL1(R)

(/ Bw)|dw < {f@(wnz (w2+1)dw/(wz+l)—ndw]%)

the last expression in (2.10) — O as m — co. 4
Corollary 1.

Let f be as above; then the Shannon expansion of f exhibits Gibbs’ phenomenon on both the
right and the left.

3. General Wavelet Sampling Series

In the last section we saw that for the Shannon system, the existence of Gibbs’ phenomenon
for a function with a jump discontinuity at zero holds whatever the value of the function at 0. In
this section we attempt to get similar results for other wavelet sampling series. In [13], Gibbs’
phenomenon for these sampling series was studied under the hypothesis that £(0) = f(0%). As
was seen by the example in the last section, this is much too restrictive since Gibbs can occur for all
choices of f(0).

We shall require that the sampling function S(r) satisfies the conditions (i) to (v) following (2.3).
These conditions are implied by the conditions (2.1) on the scaling function ¢(¢), from which S(t)
may be constructed. Because of these conditions on S(t), which are not satisfied by the Shannon
function of Section 2.1, we are able to get local convergence results without the assumption of
differentiality. ‘

These results should be compared to those for orthogonal series. The conditions in Theorem 1
will be analogous to the conditions found in [9] for the orthogonal case, except that the integral in
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the latter case is replaced by a series in the former. In [14] it was shown that the integral condition
for orthogonal wavelets is satisfied for all standard wavelets, in fact for all wavelets with continuous
scaling functions that satisfy

¢() =0 (xIP) x| > o0

for some 8 > 1. We have been unable to obtain such a result for the interpolating series. If there
is such a result it would have to be more restrictive because, as we shall see, the interpolating series
for 3¢ (£) does not exhibit Gibbs while its orthogonal series does.

Theorem 1.

Let ¢ be a scaling function satisfying (2.1) and let S be the associated sampling function given
by (2.3); let feL*(R) be continuous except for a jump discontinuity at zero where f(07) < £(0) <
f(OY). Then the sampling series (S) exhibits Gibbs’ phenomenon on the right of O (respectively,

left of 0) if and only if

[f©) = £ (0%)]S(a) > [£(0%) — £ (07)] i S(a +n) (3.1)
for some a > O (respectively, "

/@)= 50) 50 > [£0%) - £ @] L st -

for some a < 0).
The proof involves two lemmas.

Lemma 2.
Let feL®(R) be locally BV and continuous on (—a,a),a > 0; let fi, be thé sum of the
sampling series (S). Then for each [~b,b] C (—a, a), fm = f uniformly in [—b, b}.

Proof. The sampling approximation f,, is given by

fa®) = > f(n27™)S(2"x —n)
/w Y S(@"x —n)é(c —n2™") f()ar

= /‘00 rm(x, ) f(t)de .

-0Q

I

We find that the measure r, (x, t) satisfies

o
6] f r,,,(x,t)dt=ZS(2”'x—n)=1,xeR,meZ

—o0 -
oQ

(if) / |r,,.(x,t)|dt§Z|S(2’"x—n)|SC<oo, xeR meZ
—o0 -

@iii) Foreach y > O,f frm(x, )] dt —> 0 as m —, uniformly for x ¢ R

lx—tl=y

It is clear that (i) and (ii) hold since S(x) = O(|x|~2). To obtain (iii), we observe that

f Irm(x, 0ldt < Y |S(2"x —n)l/ §(t —n27™)dt
|x~t{zy n |

x—t|=y
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= X s@u-nl= ) [s@"x-n)

fx—n2=m[>y |2mx—n|>2"y

1
2 [2mx —n|2 + 1

|2"x—n|2zy2™

2/3 1/3
= 2(ammrrt) ()
~ \|2mx —n|2 +1 ly2m > + 1
2/3
< C(Z""’y‘l)

These three properties are all that is needed to prove the convergence since

IA

fm(x) = f(x)

f e, DLF() = £ ()1

—0Q

= f +[ =h+1h.
Jx—t|<y lx=t|zy

Since f is continuous on (—a, a), it is uniformly continuous on closed subintervals. For y < a — b,
we have

I < f I, 1 F () = F(0)1dt
lx~t|<y

Now given € > 0, choose y such that | f(x) — f(#)| < € for {x —t] <y < a — b and xe[-b, b].
Then I satisfies

o
I s[ Irm| (3, D)ldte < Ce

-0

while I, satisfies, by (iii)
|Iz|s/ G )12 1| f lloo di < ¢ form = mo.
|[x—=ti=y

Hence, by first choosing y and then mg we see
|fm(x) — f(x) < Ce +¢

for m > mg, and xe[—b, b]. ad
‘We now can use a simpler standard function because of this lemma. We take h, to be
sgnt, O0<|t| <1

) : !« t=0 (3.2)
0 1<t

We use h,, to get rid of the jump discontinuity of f atO.

Lemma 3.
Let g be given by
F@O) = F(0F)ha(r), t>0
gt) =1 0, t=0
FO+(07)ha(), <0

then gm(t) — g(t) uniformly for te[—1/2,1/2] as m — oo.

The proof of this lemma follows directly from Lemma 2 if we observe that g(¢) is continuous
on (—1,1).



Gibbs’ Phenomenon for Sampling Series and What To Do About It 365

The value of hy(¢) at ¢ = 0 did not enter into the definition of g(¢) in this lemma. However,
since it will turn out to the important, we define h,(0) = « to be the proportional value

£(0) — LEHIO)
o= 7 0+)-2-f 0_)

(3.3)

Proof of the theorem. Let ¢, be a positive sequence such that t,, — 0 as m — oo. Then, since
&m(tm) — 0, we need only consider A, (#,,) in studying Gibbs right. (Gibbs left is analogous.)

If Gibbs right exists at 0, then there is such a sequence {t»} such that A, (t) — ¥ ¥ > 1, and
hence

n am
1<hm(tm)=|D_ S(2"n—n)+aSQ2 )= S(2"tn +n)
n=1 n=1

for m > mo. We now take a = 2™0¢,,, and obtain

2m 2m0
L <hpmy (27™a) =) S@-n)+aS@ -y S@a+n).

n=1 n=1

Moreover, by taking mg even larger if necessary we can deduce that

1<) S@a-nm+aS@-) Sa+n). (3.4)

n=1 n=l

This condition is also sufficient for Gibbs right since the right-hand side isequal tolim ;. .o h (@2™™).
This inequality may be expressed by using the fact that ), , S(a —n) =1, as

1 <1-—S(a)—ZZS(a+n)+aS(a)

n=1
or .
(@—1)S@)>2) S@a+n). (3.5)
n=l1

By replacing « in (3.5) by the expression in (3.3), we obtain the first conclusion (3.1). The second
is obtained by using the corresponding inequality for Gibbs left,

@+ 1)S@ <-2) Sa@-n. O (3.6)

n=1

Corollary 2.
Let S and f be as in the theorem and let S(t) > 0, then the sampling series (S) does not

exhibit Gibbs’ phenomenon whatever the choice of f(0) (satisfying £(07) < f(0) < f(0M)).

Proof. Since @ < 1, the left side of (3.5) would be negative and the right positive for S(¢) > 0.
Hence, the inequality cannot hold for any value of @ > 0. Similarly (3.6) cannot hold for ¢ > —~1.

O

Example 1. The piecewise linear spline with S(t) = (1 —[#]) x(—1.13(?) satisfies the hypothesis of
the Corollary and hence the sampling series does not exhibit Gibbs’ phenomenon. This is in contrast
to the mean square wavelet approximation which does exhibit Gibbs’ phenomenon [14]. We shall
see later that the same is true for the Daubechies wavelets with four taps [4].
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Remark 1.
In the special case « = 1, corresponding to f continuous on the right at O, the condition for
Gibbs right is Y oo S(a 4+ n) < 0. This can be expressed as

[o.o]
I—ZS(a——n)<0

n=0

or
o
ZS(a —n)>1
=0

which is the condition for Gibbs right in [13].
The condition (3.1) unfortunately is not easy to check. We next introduce a simpler sufficient

condition for Gibbs right. It involves f_ll S(t)dt, which = 1 for the linear spline case which has no
Gibbs, but > 1 for the Shannon case which does. O

Lemma 4.
Let S(t) be an even sampling function such that S(t) > O for |t] < 1 and

1
f S@tdt =y >1;
-1
let f and S satisfy the conditions of Theorem 1. Then there is a § > 0, such that if
F(0%) =8 < fO) < £(0%),

the sampling series exhibits Gibbs right at 0.

Proof. We use the well-known fact that

[oe]

> S(t—n)=/°°S(t)dt=1,

n=--00 -0
and let S+ denote the continuous functions

S+(t) = Z St+n).

n=1

Then we have

1 ] & [}
f S4(t)dt = / > St +nydt = f S(t)dt
0 0 o 1

0 ~1
f S_(t)dt = / S(t)de .
-1 -00

Hence, by the symmetry of S(¢) we find that

and

o) 1 1
1= f S(tHdt = f S(@t)dt +2 f S (t)dt
—o0 -1 0

and

_ 1
1=y _ / S, (1)dt .
2 0
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By the mean value theorem there is an ae(0, 1) such that

1oy S+(a) =§_:S(a+n).
2 n=1
The expression (3.5) then becomes

(@-DS@)>1—-y

or, since S(a) > 0, ,
y —1

1 - . .
o> 5@) (3.7
This gives Gibbs right for 1 — S( a) < o < 1 forthe standard function h(t) which has h(0) = «. The
proof in the theorem gives us the result for other functions. O
Corollary 3.

Let S(t) and f(t) be as in the lemma, and let f(t) be continuous on the right (respectively
left) at 0. Then the sampling series exhibits Gibbs right (respectively left) at 0.

The result for Gibbs left follows from the symmetry.

Remark 2.
In many examples of wavelet systems, S(t) is a convex function on [-1,1]. Since S(0) =
then f S(2)dt > 1 and the hypothesis holds. O

Example 2.  The Meyer wavelets have a scaling function ¢(¢) whose Fourier transform P (w)

has support on [—7 — €, n+e]f0rsome0<e<%and¢(w)—lforwe[ m+e, 7r—e] The

same conditions hold for §(¢) since Si (w) = ¢(w) /¢*(w) Thus, it is possible to show that S must
be of the form
- w+n
S(w) = / B (3.8)
-

where h is some function > 0 with support on [—¢, €] such that [ h = 1. We suppose that h and
hence S is symmetric.
We may find S(¢) by using the inverse Fourier transform which gives us

1
2

1 oo w4 .
= — (f h) edw
2 —0o w—m
iwt

= % | w—m b +n))th—dw

S()

]

S(w)e' W dw

1 oo h(w)ei(w+n)t = h(w)ei(w'”)'
——f dw

2it
_ /°° hw )”"'smjndw
oo mt

sinmt (€ .
f h(w)e' ™ dw
nt J_e

= s’;;” (1 +/;€h(w) (e"'”' - 1) dw) 3.9)
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We already know that f_ll %d{ > 1; in fact, this is exactly the overshoot for Fourier series ~ 1.18.
Hence, if we can show the last integral in (3.9) to be sufficiently small in magnitude, we will have
shown that Gibbs’ phenomenon exists.

Let a2 denote the second moment of A(w),

€
o? =f wzh(w)dw.
—€

Then we have

1
/ S(t)dt f sinnt) f h(w) cos wrdwdt
-1
2,2
o /‘ mzrt/‘ hw )( wzt )dwdt

since coswt > 1 — — for jwt] < /3. Furthermore, the second integral satisfies

1 pe 2 ; 1 2
w* ,sinmt t . o
4[ / h(w)—t2 dwdt =02/ —sinwtdt = -
o Jo 2 Tt o b4

2

We can find a bound on o~ since

5 2 (%
a? =/ wzh(w)a'w < (i) f h(w)dw
-5 3 -5

and hence
1 2
S@)dt 21179 - —— > 1,
./:1 e 2 729
i.e., Gibbs holds for all symmetric Meyer wavelets for functions continuous on the right or the left
at 0.

Example 3. The Daubechies wavelets with support on [0, 3] are defined by the solution to the
dilation equations

3
¢ =2 ap@Qt—k) (3.10)
k=0
where
c = viv—-1)/D
c = (1-v)/D
& = (v+1)/D
c = viv+1)/D
and
D=v2(»+1), veR.
The standard case that has a vanishing first wavelet moment corresponds to v = —%. The
sampling function for v < 0 is {15, p. 139]
2 A1+ v)"
S(t)—v_IZ(l_u) $t—n+1). (3.11)

n=0
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Since the S(t) is not symmetric, we cannot use Lemma 4 but must use (3.5) directly. In order to do

s0, we must evaluate
o0
> S@+n).
n=1

1 2w S /1+v\ /1
(1) - ZEE) (e

1 i
2v 1+v\'™ (3
= v—lz<1—v> ¢(5-1) (3.12)
j=n
We may evaluate ¢(% — j) again by using (3.10). It gives us

¢(1> = V2) ap(l —k) = v2cp(1)

Vo= -1 @-172
V2(241) v 2(v241)

3
¢(—) = V2) asB—k =V2(c19) +c26(1)
_ 1—v v+1 1+v v——l)_o
- (v2+1>(2v )+<v2+1>(2v -
5
¢>(—) = V2) a5 -k =v236(2)

v+ D @+1) v+ 1)
(v2+1) 2v 2(v2+1)
where ¢ (1) and ¢(2) are also found from (3.10) and the relation ¢ (1) + ¢(2) = 1. Hence, we find

by (3.12) that
1 2v 3 1+v 1
s(3) = Zafe(E)+ () ()}

2v (1+v v-D* | vw+D
v—1 1-—v)2(v2+1) T4
00 v n+1
Zv 1;(

) o(Gen-s)

- ()70 ()7 0)

o i ( )"*‘ (v—1)72 (1+u>"“ (v+1)2
Cov-14 v2+1 1—v 2(v2+1)

- v 2 1+U = 2
- (v—-l)(v2+l)z(1—v) 21+v)

n=1

We also have

gS(—;—+n)

3
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1+ v)?
14 v2

Forv < —1, S(%) < 0, and hence (3.5) becomes o < —%. We always have Gibbs right in this case.
The case v > —1 is inconclusive.

Example 4. The cubic spline 83(t) has support on [0, 4]. Its sampling series is given by [15, p.
139]

Si(0) = Jé{i(«/i—z)mo;(t—nﬂ)
n=0
s («/5—2)"'193(:+n+1)]
n=l1

Thus, we need to evaluate the integrals

1 2 3 4 4
/ 93,/ 93./ 93,/ 93,/ 83
0 0 1 2 3

which because of the symmetry of 63 are easily found. Since 83(¢) = 635(4 —¢) and 03(¢) = 3 /6 for
0<t<1,wefind

1 1 4
9 = —_— = ,
/(; 3 7 . 63
2 4 1
03 = ==,
/o 2 2
/39 _,_L_nu
R 12 12
Then we find
l 0 +1 2—’l
/ Syt = 3 IZ (ﬁ— 2)" / 03(t)dr
-1 n=0 n
o0 —1 [2+4n
+3 (ﬁ - 2)" / 93(t)dt}
n=1 n

0
+ 1/1393+(~/§-2)/2403+(«/5-2)2/3493]

[(5-2)3+ (52 5+ 3+ (-9 3+ (59 5

V3 - 24 12
2
- a2

= +/3{-.2679 + .0059 + .9166} = 1.1339 .

Hence, S3(t) exhibits Gibbs’ phenomenon at 0.
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4. How to Avoid Gibbs’ Phenomenon

The sampling function S(¢) which exactly recovers f € V; from its sampling expansion

fO=) fmSe-n), feV

is unique for a given multiresolution analysis {V,,}. If, however, we are interested in finding a
sampling series

fot) =) fmu( —n)

which associates with each f € Lz(R) N C an element fy € Vj, then we have more latitude. We
still need to check that the dilations

fa@®) =Y f(2n)u (2"t —n) (4.1)
converge to f(¢) as m — oo. If we can find a u € Vp such that
@) u(t) >0, t €R,
(i) dut-ny=1, teR

n
@iii) u(t)=0 (ltl“l_“) ast —> o0, @ >0, 4.2)
then we have the desired result. Similar results appear in many other settings. For one that is close
to ours see [2].

Theorem 2.
Let u(t) € Vy satisfy (4.2) and let f be a piecewise continuous bounded function in L*(R).
Then f,, given by (4.1) satisfies

fm@®)—> f@) as m— o0
at each point of continuity of f and does not exhibit Gibbs’ phenomenon.

Proof. Lett be a point of continuity; then we have

[fm () — F(OI
= D f@™n)u(@t—n)~f©) u(2"t—n)

< Y @) - rolu @™ -n)
{t—2-mn|<8
+ Y Ir@ ) - FOlu (@ —n)
[t—2""n|>§
< e ), u@-n
[r~2-™n|<é
+2fleo ). u(@"t-n)
[2mt—ni=2m3
1 14+a
< etfle 3 clm—s

[2mt—n|=2m&

= €+4+0(1) as m—> 4.3)
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where € > 0 is arbitrary and § is such that |f(¢t) —~ f(s)| < € whenever {t — s| < §. Thus,
fm (@) — f(t) as m — oo. To show that Gibbs’ phenomenon does not hold, it suffices to show that

o0
Zu(t—n)fl, t>0
n=0
and
oQ
dut+m =0 t<0.
n=1
But both of these inequalities follow from the fact that Y no . u(t —n) = 1 and u(t) > 0. 1

Now all we need to do is find such a function for each type of wavelet subspace.
Example 5. For the Meyer wavelets of Example 1 as in {14], we may take
1 ,/x
«0 =79'(3)
Then u € Vp (since &W(w) has support [—-231 2—;’-])

Furthermore u(w) satisfies @(0) = 1 while #(2wk) =0, k # 0. Thus, the periodic function

is given by
o

Z u(x—k)= i aneZKinx

=—00 n=—00

its Fourier series. But the coefficients are

l . .
/ Zu(x _k)e—aZmnxdx
o %

m .
f u(x)e-Zmnxdx

-0
TQ2rn) = 8on

an

and hence )", u(x —k) = 1.
Example 6. For the wavelets based on splines, the defining function 6, (¢) is nonnegative. Since
its Fourier transform is simply
~ 1 —emiw\"H!
On(w) = (-—————) )
iw

it follows that @, (2mk) = éox. Hence, by the same argument as in Example 5, this function satisfies
> Ot -k =1.
n

Thus, we can avoid Gibbs’ by using the original B-splines.

Example 7. The Daubechies wavelets were left in the air in the last section for values of the
parameter v > —1. We were unable to show that Gibbs’ exists. There is a good reason for this; we
have the following.

Lemma 5.
Let S(t) be the sampling function givenby(3.11)for—1 < v < 0; thenS(t) = O(and Y S(t—
n) =1).
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Proof. The proof involves finding the dilation equation for S(#) from that of ¢ (¢) (3.10). Since

sty = 2 Z(li:) $t—n+1)

v—1
n=

1

= ﬁz”z(”") ch¢(2t 2m+2—k)

v—1 =

1

4.4

we need only convert the right-hand side of (4.4) to an expression involving S. But this is easy since

+

o) = ——S(t -+ —T—S(t -2)

for v < 0. Thus, we have

Sy = V220 & (1+v

v—1 1—v

Il
=3

V22

h
i[]8

n
14+v
v—-l 1—v

- fzfz(Z(

j=—1 \n=0

v+1
) > (cm + ¢k >5(2z —k = 2n)
p 2v
2

) dS(2t —2n - k)

14+v .
= v) d,-_z,.> SQ2t - ).

“4.5)

We first need to calculate the di of which there are only five non-zero values. They are from (3.10),
since dy = cr41%5 + a it D =22 +1)

d_y =
dy =
d =
dy =
dy =

(v —1)2/2D,
-1 (r+1)

2v D
0,

W+ 1) (u2 + 1) J2vD,
(v+1)?/2D.

Thus, the scaling coefficients y; of S(2t — j) in (4.5) are given by

1+v\”

V220 &
=t 2
n=0
For j = —1, we have
while for the others we have
Yo
ni
V3

1—v

viv—1)

= 1
v(l+v)
v2i41
= 0
20 (v +1)2
m(vz-}-l)’

) di_2n, Jj=-10,1,--

(4.6)

4.7
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and in general for j =2p, p>2,

~1 ~1
e = 22 (1) a0+ (122) ] = (1) -0
andfor j =2p+1,p =1,
o = 2 | (F2) e (1) e (122)
14+v\""! 1+ v\? (=2v)(v + 1)
(l—v) Y3=(1—v> I+
We now substitute these values in (4.5) to obtain (recall D = «/5(\}2 + 1))

S = —"9’——15(2t+1)+5(2t)

2(v2+1)
L v+ )

(1+ %)

=2V(w+1) [1+v\?
Z S <1_U) SQt—-2p-1). (4.8)

]

S2t-1)

Since —1 < v < 0,.all of the coefficients are positive. This enables us to deduce that S(¢) > 0 for
all dyadic rationals (since we know S(k) = 8q), and hence by continuity for all real ¢. 0

Corollary 4.
The sampling expansion does not exhibit Gibbs phenomenon for the Daubechies wavelet with
scaling function 2 (t).

This scaling function corresponds to v = —% [4, p. 235], which hence has a non-negative
S(@).
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