Note that one can consider differential equations on the space (), 1 that are adjoint to equations of
the type (3), and an analog of Theorem 2 holds.

The authors are grateful to Yu. M. Berezansky, Yu. L. Daletsky, and Yu. G. Kondratiev for useful
remarks and attention to this work.
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Basic Functions Associated with a Two-Dimensional Dirac System*
0. M. Kiselev UDC 517.9

In this paper, a special basis is constructed in the space of smooth integrable functions of two real
variables. The basis functions are associated with the solution of the two-dimensional Dirac system

d: 0 1/0

Here z,k € C, the bar stands for complex conjugation, E(kz) = diag(exp(kz), exp(kz)), and I is the
identity matrix.
We introduce the following notation for sesquilinear forms with weight functions f(z) and h(k):

(‘P(') ¢(J) )¢ _// dz A dz (f(2) (2, k)l/)lJ(Z k) + f(2)pa2lz, k)ng(z k), (2)
(@, B = / [C dk A dF (@i (z, K) 12, k) B(E) — Bia(z, K) (2, K) h(k)). 3)

Here and in what follows, f(z) and h(k) are nonanalytic functions with respect to the complex variables

z and k respectively.

Theorem 1. Let q, the partial derivatives of q with respect to z and Z of order < 2, and |q|? be
smooth integrable functions, and let the following condition be satisfied:

1 (= + )|
g [[ s T < “

Then each function u(z) € C* N Ly can be represented in the form

u(z) = ;1; () Y))as (5)

* Supported by RFBR grant No. 97-01-00459 and ISF grant No. MNB300.
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where w(k) is defined by the formula & = — (o3, %), /(47i). Here v is the solution of the problem
adjoint to problem (1) with respect to the sesquilinear form (2) with weight function q.

The results on the basis property of the squared solutions of the one-dimensional Dirac system are well
known [1-3]. Similar results on the basis property of functions associated with a nonstationary Schrédinger
equation with periodic potential were obtained in [4] for the two-dimensional case.

Problem (1) is used for integration of the Davey-Stewartson-2 system (DS-2) [5, 6]

i0,Q+ (02 -02)Q+ (g +§)Q=0, 3:9=20,Q> (6)

If the potential ¢ in problem (1) is equal to @, then, using formula (5), one can separate the dependence
on the space and time variables in the solution of DS-2 linearized on the functions @, g as a background:

WOU+202+)U+@g+hU+(V+V)Q=F(z,t), 8;V=08,(QU+QU). (7)

Theorem 2. Suppose that ¢ = Q, the function Q from the solution of system (6) satisfies the as-
sumptions of Theorem 1 for 0 < t < Ty, and F(z,t) € CiN Ly for any t € [0,Tp]. Then the
solution U of the initial boundary value problem for system (7) with the conditions Uli=g = Uy(z),
Vlizjmo0o = 0 such that U, 8U, 82U, 83U, 8.0;U € C'NL,, a=1,2, for any t € [0, Tp], has the form
Ul(z,t) = —i{p@), Y@2))g/™, where U is the solution of the Cauchy problem

1

8,0 —2i(kK2+ kKU = F(k,t),  Ulimo = e (0@, @)y 5 (8)

here F(k,t) = — (@), p®) p/(4ri).

One can interpret the possibility of separating the variables in the solution of Eq. (7) as the result of
the existence of the action—angle variables in the Hamiltonian approach to system DS-2 7, 8]. Thus, the
well-known approach to solving linearized integrable equations [1-4] can be applied to system (7).

The boundary value problem for more general systems than (1) and for small potentials of the Schwartz
class was considered in [9]. In this paper, problem (1) is studied for a more general class of potentials than
in [9].

Lemma 1. Let q satisfy condition (4); then the solution of problem (1) ezists for any k € C.
To prove the lemma, we pass from problem (1) to the equivalent system of integral equations [6]
(I —Glg, k)¢ = E(kz). 9)

We shall solve system (9) in the space X’ of continuous bounded matrix functions ¢(z, zZ) with the
norm

lloll = max sup (|Ej;(~kz) pj1(z, k)| + | Ej5(—k2) pja(2, k)|) -
]—1,226(:

The operator G is a contraction operator in X’ if condition (4) is satisfied. The lemma is thereby proved.
We need the asymptotics of the solution of (1). If ¢ satisfies the assurptions of Theorem 1, then the
solution of problem (1) as |k| — oo has the form

- L o102 1
e11(z, k) = (1+4k85 lq| +O('klz))exp(kz),

oo k) = (- 7+0 () ) exo ),

)12
a;liqt2=if/ dw & dp LD
C

(10)

where

2w zZ—w

The asymptotics of ¢ was used in [6] for expressing ¢ via the scattering data of problem (1).
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The matrix ¢ is simultaneously a solution of the so-called D-problem [5]

Oge1r Orprz ) _ 0 b B B
(35%1 deom ) =P\ b o) PECEDlko0 =1 (11)

The formula for ¢(z) has the form [5, 6]

a2) = 7 [[| dk A dRb(k) ora(z, B exp(TFa), (12)

where b(k) is the scattering data for problem (1). It is given by the formula

b(k) = er_ / | dzAd2q(2)gna(z, ) exp(~ka). (13)

One can obtain formula (5) by computing the formal variation of the expression (12) with respect to
0b and the expression (13) with respect to dq. A rigorous proof of formula (5) is given below.

Proof of Theorem 1. The right-hand side of (5) has the form

/ dk A dk [ / dz’ A dZ' ((u(2)piz(2, k) ¥ (2, k)
+@(2")Paa(2’, k) ha2(2', k) P31 (2, k) ¥ar(2, k)
1 ! -/ - t / - (.1
— Er_z_//c dz' A dzZ' ((8(2") p12(2, k) P12(2', k)
+u( ) (e, ) Tma(7 )BTz, k) Yaa(z, k))].

The integrals with respect to 2/, z’ converge, since the function f is integrable; one can rewrite the
double integral with respect to k and k as an integral over the circle Cr of radius R — oo. Let us
interchange the order of integration with respect to 2/, ' and k, k. In the integrands, we replace the

complex-conjugate entries of the matrices ¢ and ¢ by formulas 11 = @22, P21 = ~¢12, Y11 = a2, and
P21 = —Y12.
Set

= p2a(2', k) 2a(2, k) dk — @21 (2', k) a1 (2, k) dk,
we = @11(z, k) ¥11(2', k) dk — p12(z, k) 12(2, k) dk,
w3 = —p11(2', k)Y (z, k) dk + @12(2, k) aa(2, k) dE,
wq = —p12(z, k) a2(2', k) dk + 011(2, k) ¥a1 (2, k) dk .

In this notation, we obtain

h=/f dz’/\dz’u(z’)// wl/\wz-f-// dz’/\dz’u(z')// wy Aws.
C Cr c Cr

The forms wj, j =1,...,4, are closed; this follows from system (11) and the adjoint system for v (with
respect to the sesquilinear form (3) with weight function b(k)). Using the Stokes formula, we pass from
the integral over the large disk to the integral over the large circle. After substituting the asymptotics of
the integrand as |k| — oo and passing to the limit as £ — oo, we obtain

- — !
h=-— lim // dz' NdZ'u exp (k(z z)ik_(_z— Z)) =u(z).
47r R-y00 (2 = 2)(z— 2)
The proof of Theorem 2 is reduced to justifying formula (8):
8.0 = (8.6, ¥y + (6@, 8Py + (P, ¥P)a,0. (14)
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If ¢ =@, then the matrix ¢ satisfies the following evolution system with respect to ¢ [5, 6}:

_ (-2k 0 2102 +ig  i0:Q — iQd;
o= (p( 0 2“5) " (iaz@ -iQd, ~202 -ig > v (15)

We use this system and the evolution system for 1) to evaluate the derivative (14). We express the
derivative 8,¢(® via system (15), the derivative 8;%(?) via the evolution system for %2, and the derivative
0:U via system (7). As a result, we get an expression that does not contain derivatives with respect to ¢.
After some transformations, we obtain (8).
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Almost Euclidean Planes in l;,‘
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We denote by £ (p > 1) the space R” equipped with the norm

n 1/p
lell = (ztekv’) ,

k=1

where the & are the canonical coordinates of z. The question on the existence of Euclidean subspaces
in /7 is natural from the geometric point of view and is related to various problems arising in spectral
theory, numerical analysis, representation theory of groups, etc. (see [3, 4, 6, 7]). In this note, only
2-dimensional subspaces (planes) are considered.

Theorem 1 [3]. If £} contains a Euclidean plane, then p € 2N = {2,4,6,...}.

The converse is true if n is large enough.

Theorem 2 [4, 6]. For p € 2N, the space £ contains a Euclidean plane if and only if n > p/2+1.

In the case n < p/2, it is natural to consider e-Euclidean planes, where ¢ is as small as possible. Now
no constraint on p is needed, and the problem is related to the classical Dvoretzky theorem {2]. According
to this theorem, for every € > 0 there exists an n(e, p) such that for n > n(e, p) the space £ contains an
e-Euclidean plane. In other words, for n > n(e, p) there exists a linear embedding f: £2 — £; satisfying
the inequality ||f]l - |If "%l < 1+¢€, where f~!: Im f — ¢% is the left inverse of f. If p ¢ 2N, then the
two-sided estimate

a(p)e~Y®*D) < (e, p) < b(p)e~ VPV nte
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