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Abstract
In this paper more than ninety of the Fourier series of rational fractions of Jacobian
elliptic functions sn(u.k), cn(uk) and dn(u.k) are listed, which cannot be found in the
handbood!"! and Ref. [2]. For the detection and study of chaotic behavior and subharmonic
bifurcations in a rtwo-dimensional Hamiltonian system subject to external periodic forcing
by Melnikov's method, and for study of some problems of physical science and engineering,

these formulas can be used.

I. Introduction and Notations

In recent years, the study of a strange attractor and chaotic motions in nonlinear dynamical
systems is as ref. [3] pointed out: ““Indeed, there is an 18th or 19th century flavor to some of this
work that is refreshingly concrete in this era of staggering abstractién.” Except for physical and
numerical experiments, Melnikov’s method is one of the few analytical methods available for the
detection and study of chaotic motions in time-periodic perturbed integrable systems. The
equattons of a continuous family of periodic orbits of an unperturbed integrable system can usually
be expressed as rational fractions of Jacobian elliptic functions. For example, we can calculate the
parameter equations of all cubic closed curves and some quartic circuits in terms of elliptic functions
(see refs. {5], [6]). Thus to determine Melnikov's functions, we must calculate integrals of
combinations of functions consisting of rational fractions of elliptic functions with products of the
triangle functions sinrwt and cosiwt . This implies that the Fourier coefficients of rational
fractions of elliptic functions need to be evaluated. In ref. [1], these results can not been found.
Considering the new interest in earth satellite orbit theory, earth-moon 'trajectory theory and close
binary star system, in 1980, paper [2] gave some Fourier expansions. Unfortunately, the
fundamental parameters o and 4 in elliptic functions were confined within certain ranges.
The formulas given in [2] did not completely suit the needs of applications. In the present paper we
give more than ninety Fourier series of Jacobian elliptic functions differing from those in [1] and [2],
in order to avoid unnecessary repetition of the amount of labour. These formulas can be provided
for various application.

* Proiect Supported by the Science Fund of the Chinese Academy of Sciences.
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We note that the notations and definitions of the elliptic integrals of the first, second, third
kind, and of the Jacobian elliptic functions follow the convention in[1] and [2]. For the sake of
simplicity, we write

. mK’ _ w (K —uy) _ a(K —u,/2)
Pf/o_——2K , W—-—-ZK—-, W, = 3K (1.1)

where 4, depends on the following formulas. We define the further notations:

A(z,n)=exp[nz]+(~1)"exp[ —nz], B(z,my=exp[nz]+(—=D"'exp[—nz] (1.2)

II. Expansions of Fourier Series

According to five different kinds, we give the expansions as follows.
(I) The power functions of sn(u.k), cn(u,k) and dn(u,.k)
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(dI) The functions of (1+fsnu)~*, (I=1,2)
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(IID The functions with (1+fFenu) %, (=1,2)

Case1 0<<B<1.Define u, by cu(u,,k’y=p, 0<uy<K'’  The Fourier series of the
functions 1/(1-4+fBenu), 1/(14fBenu)?,  san/(1+ fPenu), dnu/(liﬁcnu), cnudnu/ (1
+fcnu)  can be found in ref. [2].
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(V) The functions with (14 8%sn%)~! |, (I=1,2).

In the case >0 , the expansions of (1+ B%sn?u)~* , (/=1,2) were given by ref. [2]. The
following formulas are new. We see that
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- (1+Fsn*u)? 4K (E+IV 1+ 2KAFA) (K2 +5)
.S f nBrn BB Bt (24 ) B+ 2k nvu
"Z_l Ye shaniV + VAT chan¥V } cos —p—
V.7 snucnu noy

T o0 )
1+p%n%  KB/Bry gt gseChZ"WoSthW sin—
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V.8 o} et KB T 2 sech2nVs [KV%“M"W
+kf%ﬂzsh2n'W] sin %,u—
ve. (1+Sx/15:‘=‘:2;‘u)2 = 2K,3(”1+ﬁ2 Ls“h(z" DW“[ 2F"Mﬂji¥ﬁz ch@n—DW
'*':/ﬁ—ﬁrSh(Zn—l)'W] sin _K__(z”;”’"‘
V.10 lfg(zi;uzu ='BJ;{ ”il csch(2n—1) Wosh(Zn—l)Wcos—QL;.l{iri
e sk o, [ O

+sh@n—1)W ] cos (ﬂﬁ;l)_ﬂi

III. Method of the Evaluation of the Fourier Coefficients

To obtain the preceding formulas, the fundamental method used was the evaluation of the
Fourier coefficients by contour integration and computation of residues in complex plane. The
contour integrals are taken around some fundamental parallelograms. The choice of a
parallelogram is based on the property of the expansion function. Now let us give two examples to
illustrate the details of evaluating the loop integrals.

Example 1. Consider the formula (IV.1.1), namely, in case 0<{8<(1 , and calculate
the expansion formula of the function (1+ Adnu)-!.

Write

f(2)=[1/(14pdnz) Jexp[innz/K ]
and take the contour as Fig. 1.

v v
L L k| B s
Cy C.
L 2, L |
LN %K’ I‘ i fz
z C, C, | "
u nY Fny
- 23 X
L 16 = 2K ST oK K

‘Fig. | Fig. 2
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By using the double periodicity of the elliptic functions, we see that inside the parallelogram,
the function f{z) has two simple poles at

2, =i (2K" —uy), 2,=i(2K"’+u,)
where we defineu, by dn(4y,k’) =k/N/1—E72FF, 0<u,<K’.Computingresiduesatz, and z;,

we have
Res[f(2), 2, ]=—Pexp[ —2naK’/K]-exp[nmu,/K1/(i /" (1=p% 1=k )
Res[ f(2),2z,1=Pexp[ —2nnK’ /K ]+ exp [ —nnuo/K 1/ N~ (1—F5 (1—F2F7) )

Around four sides of the parallelogram in Fig. 1 to express the integral of f{z), we obtain

.[11 =JfK2pT[—§%__xﬁ{]d“’ Lz ,+L‘ =0, Jl; =—exp[—4nnK’/K] J.Il

Then by the theary of residues, it follows that

-
(A= expl—snek /KD [ 2RI g,

_ 4Bnash(nau,/K)
TN A=FH A=K

cexp[ —2naK’ /K]

This gives the Fourier coefficients in the formula (IV.1.1).

Example 2 Consider the formula (I11.1.2), namely, in case 1<8<(+ oo , and eompute the
Fourier series of the function (1—pfcnu)~! .

Let

f(2) =(1~Pcnz) lexplinnz/2K]
and take the contour as Fig. 2
The function f{z) bhas four simple poles at
2= Uy, 2=
2,=0K —u,+21K’, z,=2K +u,+2iK"’

From Fig. 2, we find that the function f{-) has singularities at points z,(i= 1 —4) on two sides of
the parallelogram. By introducing four small half-cycles ¢(i=1-4), fiz) can be made regularization
(see Fig. 2).

Using the results of the complex analysis, we have

i /1_7.-'«;_:(p!:_inv'ru',,;"?f\' K
Jc. T, N =D EF

\ _ _(—1)"Briexp[innu, /2K ]-exp[ —naK’/K ]
e, N (BE=1) (B + R A

Je,

and

J.b + [, =0

RAK)

Thus from the Cauchy integral theorem. it follows that
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rx explinmu/2K] . —2fnsin (nau,/2K) [14+ (—=D"exp[—nxK’/K]]
—2x 1—fcnu =y PFr—1) (BE+EEy  [1—(—1)"exp[ —naK’/K]]

28nsin (nuy/2K) AW m) ,
N E-DELEF  BWem 0

This immediately validates the formula (II1.1.2).
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