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Abstract  
hi this paper more than ninety of  the Fourier series of  rational fractions of  Jacobian 

elliptic./imctions sn(u,k), enOi,k) and dn(u,k) are listed, which cannot be found in the 

handbood Ill and Ref. [2]. For the detection and study of  chaotic behavior and subharmonic 

b(furcations in a two-dimensional Hamiltonian system subject to external periodic forcing 

hy Melnikov ~ method, and for study of  some problems of  physical science and engineering, 

these.formulas can be used. 

I. In troduct ion  and N o t a t i o n s  

In recent years, the study of a strange attractor and chaotic motions in nonlinear dynamical 

systems is as ref. [3] pointed out: "Indeed, there is an 18th or 19th century flavor to some of this 

work that is refreshingly concrete in this era of staggering abstracti6n." Except for physical and 

numerical experiments, Melnikov's method is one of the few analytical methods available for the 

detection and study of chaotic motions in time-periodic perturbed integrable systems. The 

equations of  a continuous family of  periodic orbits of  an unperturbed integrable system can usually 

be expressed as rational fractions of  Jacobian elliptic functions. For example, we can calculate the 

parameter equations of all cubic closed curves and some quartic circuits in terms of  elliptic functions 

(see refs. [5], [6]). Thus to determine Melnikov's functions, we must calculate integrals of 

combinations of functions consisting of rational fractions of  elliptic functions with products of  the 

triangle functions sinncot and cos~,c~t. This implies that the Fourier coefficients of  rational 

fractions of elliptic functions need to be evaluated. In ref. [1], these results can not been found. 

Considering the new interest in earth satellite orbit theory, earth-moon'trajectory theory and close 

binary star system, in 1980, paper [2] gave some Fourier expansions. Unfortunately, the 

fundamental parameters a:  and /4 in elliptic functions were confined within certain ranges. 

The formulas given in [2] did not completely suit the needs of  applications. In the present paper we 

give more than ninety Fourier series of Jacobian elliptic functions differing from those in [1] and [2], 

in order to avoid unnecessary repetition of the amount  of  labour. These formulas can be provided 

for various application. 

* Project Supported by the Science Fund of tile Chinese Academy of Sciences. 

541 



542 Wan Shi-dong and Li Ji-bin 

We note that the notations and definitions of the elliptic integrals of the first, second, third 
kind, and of the Jacobian elliptic functions follow the convention in'[i] and [2]. For the sake of 
simplicity, we write 

Wo= z K '  ~r(K'--uo) W~= rc(K'--uo/2) 
2K ' W =  2K ' 2K (1 .1)  

where u 0 depends on the following formulas. We define the further notations: 

A(z ,n )=exp[nz]+( - -1 )"exp[ - -nz] ,  B(z ,n)=exp[nz]+(--1)"+lexp[--nz]  (1 .2 )  

E x p a n s i o n s  o f  F o u r i e r  S e r i e s  

According to five different kinds, we give the expansions as follows. 

(I )  T h e  p o w e r  f u n c t i o n s  o f  s n ( u , k ) ,  c n ( u , k )  a n d  d n ( u , k )  

K-- E ~2 | nml 
I . 1.1 sn~u= k2K kZKZ ~.ncsch2nWocos" K 

l lm l  

~T 
I . 1 . 2  snSu = 8kSK s - ~-~[4K~(l+kZ)--(2n+l)2srZ]csch(2n+l)Wo 

n~O 

�9 sin- ( 2 n + l ) z u  
2K 

I . 1 . 3  sn4u - -  

I . 2 . 1  cnZu = 

I .  2.2 cn 3u= 

(2+k~)K--2(l+kZ)E3k'K + 3k*K ~~ [( n__~__~ ) z 

J n ~ u  + 6n + (4- -  2k z) �9 csch2nWo- c o s ~  

E--k'ZK = 
k~K + k~K z ~'-~ncsch2nWocos nzu K n = l  

,~ co 
8kSKa - ~ [ (2n+  1)~=~ 4KZ( 1 --2k z) ]sech(2n + 1)/4/'o 

�9 cos (2,+l)zru 
2K 

I .  2.3 

1 . 3 . 1  

I .  3.2 

(2__3k"-)k,ZK+2(2kZ 1)E jr ~ ~o nz 2 1 
cn%t---- 3k4K + ~  ~__f(--~-= ) + 4 ( 2 _ k  z) 

nn 'u  
�9 esch2nW'o �9 cos K 

Z m 3Tz co 
dn u-- - -~+---~-~-  ~ ncsch2nWocos nzu 

nffil K 

) nJru dnSu=, ~r(2 - k ~ )  = n~ 
�9 4K + - - ~ -  + 2 - - k  z sech2nW0cos 

K 
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2 ( 2 - - k ~ ) E - - ( 1 " ~ )  K ~r~ ~-~. F/ mr \3 
I .  3.3 dn~s= 3K 4 -  6KZ 2~".n~(T] +4<2--k~) ] 

J 

n ~ ' U  
�9 csch2nW0cos - K 

1 E ~ ] 3.4 d - '~ '~ -=  k'--7~K-K +--k-~--K T -  . ~  (_l)~ncsch2nWoco s nzeu 
�9 n -  1 ' J ~  

1 (2--k ')sr  sr ~" [(__~ f ] 
I . 3 .5  dn3u -- 4k,sK- + 2kTSK ~ ( - - 1 ) "  + 2 - k  z 

71=1 

n ~ u  
seeh2nWo cos K 

1 2(2--kZ)E--(1--kZ)  K zz ~ FI mr \z I . 3.6 dn'u -- 3 k " K  + 6k,,/s 5~ (-1)"hiLT) 

+ 4(2--kZ) ] r  

(II) The  f u n c t i o n s  o f  (l_+flsnu) -~, ( l = 1 , 2 )  
Case 1 0 < f l < k  []r u o by d n ( u . , h ) = h ' / ~ /  1---fl z , O<uo<K.  

: rz (#~,k)  + ,#= ~,, 
I I.I 1-{-#snu- K jr<',,/. (11_--~-)(kZ /~2) ~,,., sin nzuo2K 

�9 o s c h , W o ( ~ O S ~  , ,~ , ,  _ . , ~  . , , ~ u  e o s - ~ - - +  s ,n--~-s ,n --~-) 

1 co fizz r [ mru, 
~sch nWo n=_ cos I .  2.1 (l+,Ssnu) ~ = T ' K - -  K( f - - f l b ( k~ - - / 3b  . - ,  2K 2K 

( 2 k Z - - f l Z - - k Z f l  ~) �9 ~_~_~7z  n~ n~u 
# ~ / ( i _ # ~ ) ( k ~ . ~  ) s,. zK ]U~162176 

where 

n,,'V . n n ' u  \ 
~ s i n  2 s ,n--~--)  

[ .  3.1 

4 
co= (l_fl2)(kz_fl2) [ ( l--flz)(2kZ--flZ-kZflZ)ll(flZ,k )--fl2E + (fl2--ka) F] 

c n t ~  x~ ns t ' u  o [ 

1 +_ flsnu -- K ~ ~..t s i n ~ s e c h W o (  
flJl~ nxfu 

s in -~ - -  cos 2--K-- 

~ .  4.1 

~ o ~ - - ~ -  s.-,~) 

( l " + f l s n u ) Z -  K ~ ( k S  ;gz) ~,., 
f f ~ U  o 

2K 

- ~ s , n  2--W- A s,.-y-~os~K 
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1 . 5 . 1  

I .  ~;.1 

~ .  7 . 1  

F n~r . nnu \ c o s - - u -  s m - - ~ - - -  ) 

dnu z g ~  n,~Uo , . z n~  
l + f l s n u  = ~ ' , x , ~  ~ eos----~---seclanW0~ cos  2 

- -  7 / - 0  

ngt ;  ~ . ?l~ . n~'~, \ 
�9 c o s - - - ~ -  + s i n .  2 

d n u  

( l + f l s n u p  
.. ,8= 5-' ~ n=  ':" s e c h n / 4  o ( ~  " nsruo , M" k Z - - f f  

�9 

c n u d n u  ~ .22_, . . - v  f n z u  o . . n a ~  nrru 
1--+-flsnu -- _.~-::r ~ . .~cschn l l ,  0 2 c o s  s m ~  2 K  21 K" . . ,  T 2 

8 .1  

C a s e  2 

l + ( - t ~ - ~ . c o s ~ c o s - - - U -  j "s~n~j.n~uv 

c n u d  nu  sr ~ : ,  n~Uo 
(1 q / ] - ~ n u )  2 = I ( . . . /  ( 1 - - f i Z ) ( l ? - - I  3a) ~ s i n  2 - - ~ - ~ s c h n l ' V ' ~  

- - -  n ~ |  

- { -cos  rl~ 11~1~ n ~  /l~'tt \ �9 - 2 c~ 2 s i n T u )  

k</ / - - -~  1. l ) c f i n c  u,, by  d n ( u o , h '  ) = h / f l .  O...1uo..~K . . . .  ' . 

11 .1 .2  

][ o 2 

1 +_/~n,, :- 

11 ( [-F-, k )  /4:r " 

I (  + I x ' , , '  (1-- /F-~(/q"- .--hz~ s h  n~u02K 

' 'f" [ n.:'r tl.rrt \ 
�9 C S C I l r l !  " o ~ k C ( ~ S . . . . . . . . . . . ~  ~ n T ( b l  _ _  . ?1."s :, e o s 2 T (  + s , n  ." s i n ~ /  

Co --L ~ 2 , . ~  r 11,'I Ig 0 . 

(1 + [ : s n u ) ' - '  - -  .1I'(. ' i < ( l _ / 3 z ) ( , , ? . _ , f f , . )  ~ - ~ , c h ~ c s c h n / l  o 
- -  n - I  

I " 2 , )2 F n : r  ( I T - - - 2 , ~ - - + - h / ,  ) 
"| ~CTC + /q j  (1-/<-~,,~:--~, ~) 

~i~cre  c,, is the  sunac as  II. 2.1. 

I/ vrr t;sru __ .nJ~ .7_  s i n  n n u  c o ~---3-,-- c o s - - ~ - ; -  + sl  

C I ] ; J  

K . 3 . 2  1 - F / l s n u  

II 1.  '2 

\ - 1'1~1~ o ( " , ,  -. 

�9 cos-- ' /K~. + ~ in  ; ' s t n - -v~ . .  I 
2 t \  - 2 2.1\ �9 

cnu p';r t '' \ - ~  . r "  l l . ' l "  / | T r u  o 

- ., " -  ~ ~-=" s e c h n l l  oL_q--~-(ct~ 2 /x -  ( i .  ~ 1?',IlI1"):' - - - ~ ( ' ( J , - - I v ) , ,  ~ - - j F  ,,'-2i 

r 
k \ '  1--13" , n.'r% I/ �9 n.'r n.-ru nz  n.'ru'~ 
,- - - r : -  =,ql-  7 , - , . - -~ - I / sxn- - - - : - c~ , s -  + . . - i  , ' , , s  . . . .  i , ~ [ ~  

P,, fl --:.-k=' 2 ~  .Ix 2 21~. ,.. 
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1 .  5 . 2  

I .  6 . 2  

I .  7 . 2  

I .  8 .2  

C a s e  3 

I .  1 .3 

I .  3 .3  

dnu  az _ ,'~" t , n ~ h t  o / n f f  

l+ , e snu  "-If,,:' "i--l:" - ' - - ~ ' : J ' T s e e h n W ~  c~ 2 
- -  t,) - l) 

rL,'Z'U. _ _  . I'IYr . Y/~HI  \ 

~osTR-  + s, n--~- ,:, nTK 3 

dnu  
(1  + f l s n u )  ~ 

)--- t  . " rLr~ 
f l ~  s e c h n l l "  o i ' - ~ - s h  n u u o  K ( 1 - - f l z ) ~  ' ~  2K 

- ~ c h  n~Uo __7[-cos n~ n,~u n~ . n#u 7 
By '  1 - B  ~ 2 K  JL 2 c,,s--.~-p.t, Ts in  :e sin 2-~-R-J 

c n u d n u  
l + B s n u  - 

Sg ~ ~ f f .7[U o . T/J'~ 

2 i l k  ~ c s c h n W o t 2 c h  2-"2-K--Sin 2 

n;~u _ [ 1  + ( " n#uo n# 
�9 c o s - - - ~ - +  - -1)  - 2 c h - - - - U K - - - c o s T ]  s ' n T R - J  ~ n # u  

enudnu  ~r ~._] cschnH..os h mruo 
(l_+_flsnu) z = K M  (1--fl"-)-(flZ--kZ) . = ,  2 K  

i - +  nat n~ru . nat . nzru I 
�9 - - s l n - -  s l n - - ~  - [ L - ~ ~ 1 7 6  2 zK _i 

l < ( f l < + o o .  Define u. by . e n ( u . , k ) = k ' / & / f l t _ h  z , O ~ u o ~ K .  . 

1 H ( f l  z , k) f l# , % nrCUo 
l_+flsn:, - K - K j ( / 3 z - - 1 ) ( / ~ Z - - / r  '.') - -  s i n - - 2 - f f - -  

n - I  

n z  turn  _ . n:r . n ~ u \  
�9 c thnlVo cos  2 _ 2 2/~ / cos--~-~-~- + S 1 n, S t n---...-~-/ 

. I'L*'C n."T 71 cnu .,r n # u o  , c 
l + f l s n u - - K x /  f l Z - - k =  - -  \ cos---~-~--K t l tn l I  sm--g--cc)s .  

I . 

l .  

5 . 3  

7 . 3  

+ C O S  r L ~  . n.'r~L \ 
- 2 

dnu :r 
] ~ . ~ / " ] g  n 1, . . . . . . .  L s i  n ~ u ~  ( rl.R" n ~ U  - K . v  f l " - - I  n ~  t h n K a  c~176  

I i - - i  

-a-sin-- " mr sin n.,ru 
2 T U !  

cnhtdnu . ~" .-: . . . . .  ( ,.rrtlo nn 
'l + Bsnu = = ~  " c s c h n l V  ~ 2 c ~  c h n l f / ~  o 

m r u  [- mruo . . . .  n.-r I . m r u  3 
�9 c o s -  , - . - ~  l (  - 1 ) "  + 1 - ' , ~ o ~  ~ - < , n ) ~  : o ~ - - - - ,  ~, 

l l  2 - t~$  - j " " 2t~ 2 .I 2 / x  -- t. 
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(III) T h e  f u n c t i o n s  w i t h  (1+fiChU) -~, ( I = 1 , 2 )  

Case  1 0 < f l < ' l  .Define u, by c n ( u o , k t ) = f l ,  O < u o < I r  ~.  The Fourier series of  the 

hmctions 1 /  ( l _ +  f l c n u ) ,  1 / ( l _ + f l c n u )  z, s n u / ( l + f l c n u ) ,  d n u / ( l + f l c n u ) ,  c n u d n u / ( 1  

+fiChU) can be found in ref. [2]. 

llI. 4 .1  
OO 

snu -T-st V '  1 { n~rfl~/ l__flz 
( l+ f l cnu )  ~ -- K ( 1 - - ,  8~) (kZ+k 'Z f l  ~) ~ A ( W v , n )  " 2 K  

~[. 6.1 

k 2 ( 1 - - f f ) ~ B ( W  T n ) }  s i n - ~  

dnu rc ar 

(1 +fiChU) a -- 2K ' ( l_ f l z )  N(ka+kt~flz)-rr + 'K(1-- /~,)  (~+k ,~ f l )  

o o  

�9 2 2 [  " ' ~ # ' / k ~ + k ' ~ #  ~ R ( ~ ;  ~ n )  
. - ,  L 2K 

(kZ + k'Zfl ~) ] c o s ( m r u / 2 K )  
i__fl2 A(I4Z; ~ n )  . A ( W o , n )  

l I .  8.1 
snudnu ,r z 

( l+-/3cnu) z 2 K z J  (1--)~Z)(k~-Fk'Z/~z) @ n B ( W . - T - n )  nuu �9 _ , s i n T K -  72-~ B-(W0,.) 

Case  2 l < f l - ~ . + ~ . D e f i n e  u, by c n ( u o , k ) . = l / f l ,  O < u o < K  �9 

1 sv flat ~" A(WI~,  -T-n) 
t[ .  1.2 l •  -- ( l ~ f l Z ) K  --K,,,/(fl,_l)(k"-.+h,2fl2)-.~,~.~ B ( W o , n )  

. l g ~ / , J  o r g , r ~ / J  

�9 s m---~-K-- cos 2 K 

snu = "" B ( W  , -T-n) n~Uo n,vu 3.2  ' - ' - ~  �9 1 +_fiChU = q-[d-~'~e"-+ k'at9 ~ 2 . -  " A ( W v  n) c o s - - - 2 ~  sin 2-~" 

dnu .z ~'-'., B(II ' - ,  -T-n) mruo nreu 
][[ .S. 2 I +/3c nu + . . . . .  \ - -  cos----~-~/s s in -2K �9 . --  - / , .  , , , ' ~  77_-, A (ll'0,7~) 

}H 7.2 snudnu . :v ,~'\ [ I + ( - - 1 ) " - - A ( W  T n ) ]  c o s ~ s i n 2  K _ _  _ l _  r _ _ ~ 5 _ 7 .  �9 _ = . , T I ~ U  n ? ~ U  

�9 1 -bl3cnu -- K/J B(l'f"o ,n) 
- -  r l = t  ' 

(IV) 
Case  1 

where 

The  f u n c t i o n s  wi th  (1-_~fldnu) -e, ( I = 1 . 2 )  
0-. t-I..5.1- Define u, by d n (uo, te' ) ~ I'/ . ,  "-12Z)e ? @2 , 0~uo<-~ ['," 

1 co 2fist 'x"; n.,'ru. . ~. mru 
I --/Idnu - -  2I( + l;(v' (1--fi  z) (1 ~le':~i; a) s h ~ c s c h 4 n l l  ~ c o s T  

2 I i y'k~ i~  13T 
~~ ~-#-~ 1 t ~ , ~ ~ 1  ,,/ o-#")(~-k'~Y-T 
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7. 

where 

I f  o 

where 

If. 

where 

2.1 

3.1 

4.1 

1 co 2fl~: ~ r n f l ~  . n~CUo 
(~+Zd~)~ = ~  -+ gO_Z~)O-~,'Z~, ~ : - - ~  K 

_ / ( 1 _ ~ ) = ( : _ } , ~ / ~  sn---K-- j, csch4nW'0cos K 

2 ( f l z E - K )  2(2--2f l~+kZfl  ') H/ flZkZ , \  
(1- - f l  z) (1--k"Zf i  2) + (1--fl'~)z(1--k"2/5'z) L ~ ' ~ e ]  

+ fl~(2--2fl z+ f l zkz )  

E ( ! - - f l  ~) (1--  k'~fl ~) I "y" (l--flz) ~ ( I- k'~fl ~) are tg,v~ I --fl~ 

1 Co 

1--fldnu - -  2K + ~ /  
2~ 

(!--flz) (]_k' ,~fl ,)  ,,. sh4nW,eseh4nWoeos K 

co-- l _ f l z  ~,flz 1 , / ~/  (l_flz)(--l_kt2flz) 

1 Co 2P~ ~ n ~  
(1--fldnu)' = - - f f - K - + K , , /  ( 1 - ~ ' ) ~ - - - ~  ~ { - ~ c h , t n W ,  

2--flZ--k'Zfl2 sh4nW,} csch4nW~cos nzu, 
+ , , / ( i - ~ ) ( i . ~ ; ~  ~) . K 

If. 5.1 

1V. 6.~ 

2(~'E-m 2(2-2~+~k') rt(z.k. .k) 
c ~  ~ ( 1 - k ' ~  ~) ~ ( ~ - ~ )  ~ ( ~ - k ' ~  ~) . ~ -  

flz(2 -- 2fl 2 + flZkZ) 
[ (1 _f12) (1 --k"2fl z) ]�90 "~ 

2kfl z flk 

snu 2z ~ (2n--1)zuo 
l+ f ldnu '  = kK.x / -1- -k '2~  z ~_~ch 2K 

�9 csch2(2n--1)Wosin. (2n--1)~vu 
2K 

snu  

( l + f l d n u )  ~ 
. - ,  . [ ( - 1 )  ~ - 1 ] n p ~  n~uo 
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snu 2x 
1V. 7.1 1--,Sdnu --: k K ~ / ' l - - k ' Z f l  z ~ i  c h 2 ( 2 n - 1 ) W ' e s c h 2 ( 2 n  

1V. 8 . 1 .  

_ 1)Wosin (2n-- 1)zu 
2K 

snu z .-~,f[l--(--l)"]n,Sn" . . 
- 

n ~ u  
q ~/[1-+l--k'2/5~(-'Z1) "] ch2nW~ csch2nWosin 2K 

cnu 21 o~ CZn - -  1 )ZUo 
..9.1 (l+#d,,,> - kK.-  sh 2K 

IV" .I0.i  

IV . I I . i  

~ . 1 2 .  r 

I~.13.1 

�9 c seh2(2n_ l )W0cos  (2n--1)~ru 
2 K  

CaU 2= ~ - , f  ( 2 n - - l ) f l =  (2n-- l)zuo 
(l+"fldnu) 2 - - - -  k K ( 1 - - f l 2 )  ~'~.~1. 2 K ~ / ' l - - k ' ~ f l ~  ch 2K 

1 sh (2n.1)aruo 1 - 
s ~  2 K  + M-1 ~fl~ ~-/~ "-j~escla2(2n-- 1)W0co ( 2 n - - 1 ) z u  

c n u  2 1  , o  

1--/3dnu = - k - K - ' ~  ~ sh2(2n-- 1 )Wtcsch2 (2n -  1)W0cos ( 2 n -  1)~ru 
n - t  ' 2K 

cnu 21 ~__,f (2n--1)flz 
( l_ f ldnu)Z  -- k K ( l _ f l z ~ - ~ . - { ,  2K,v/~l~-~kt~fiz ch2(2n,--1)I,V~ 

-- ~ - ~ y  sh2 (2n-- l )W1}eseh2 (2n--1)WeCOS ~(2n-2K1)zu 

snncnu 2at ~ F . . . . .  mruo "1 . .p. n:ru 
l + f l d n u  f l kZK snenwo--  cla csc tt4n/'t osin" 

1~.1~.1 
snucnu 2~2 oo n~uo 

( l + f ldnu ) Z ----- k~ K ~ /  ( l _ fl2 ) ( l _ k , z fl2 i ~_~ nsh-- - - -~--csch  t nguK 

]Y. 15.1 
snucnu 21 ~ n~u 

-- [ ch2nW~-- sh2nW, ] c s c h 4 n W o s i n T  1--fldnu f l kZK , .1 

.16.1 snucnu 2~rZ n s h 4 n W l c s e h 4 n W o s i n  K 
( z _ f l a ~ ) ~  = k ~ K ~ / ( i _ # ~ ) ( z _ k , , f l ~ )  . . ,  

Case 2 l < f l < l / k  t . Define u o by d n ( u o , k ) = l / f l ,  O < u o < K .  
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IV. 1.2 

where 

1V'. 2 .2  

where 

IV. 3.2 

where 

]Y. 5.2 

lV. 6.2 

1 Co 2flz~ n ~ u  o 

l + f l d n u  =-~---K~/ ( f l 2 - - 1 ) ( 1 - - k ' ~ f l z )  ~ s i n -  . K. 

�9 csch 4nW0cos n,m 
K 

fl~k' ,k) 

1 co 2flJr ~ f nfl~r mrUo 
( l + f l d n u )  z --'-2--K--- K ( , S Z _ l ) ( l _ k , ~ f l z )  z . , ] . ~ e o s ~  K 

( 2 - -  flZ - -  k t Z fl z) . n~ruo "1 . n~ru 
'~/ ( f l z _  1 ) ( 1 - -  k '  z f lz)  : s i n T f  esela4nPV0eos,_K___. 

2 ( # Z E - - K )  
c o =  ( l _ f l Z ) ( l _ k t ~ f l z )  Jr 

2(2--2flzq-flZk 2) ~ flzkz ,, 
'(l__flz)~(l__k,Zflz) H ( ~ , k )  

k# ~ , #k + d #~- i- 
(fl~_i)~(l_k,~2) tnfl-~ fl2-i 

1 Co 2~r v ~ ~  nz~uo _ _ n~u s i n - ~  cth4nWocos-~,-- 1--fldnu -- 2K ----K--Z~. I 

snu 2Jr ~ ( 2n -- 1)~Uo 
l + f l d n u - - -  k K ~ / 1 - - k ' ~ f l  z .cos" 2K 

11--! 

�9 csch2(2n-- 1)Wosin (2n-- l)zm 
2K 

snu 2~ 
( l+ f ldnu )2  ~ - -  t ~ K ( l _ k , Z f l z )  

~.,{ (2n- 1 ) # ~  . 
2 K ~  sin- 

(2n--1)~uo 
2K 

1 (2---  !)zm, }esch2(2n-- 1)Wosin ( 2 n -  1)~u 
- - 4  l_k~zf l  2 .cos 2K 2K 

~. 7.2" 
snu 

.1--fldnu 

2~ oo (2.--I)~"0 

= k K ~ / l _ _ k , ~ f l  2 ~_~ cos 2K 
n - - I  

( 2 . - - l ) ~ U  
�9 c th2(2n--  1)W0sin 2K 
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cnu 2= ~'" (2n--  1)zm0 
IV. 9.2 l + f l d n u  -- k K .  az/--hs---'~ ~ ]  sin 2K ' w H - - - t  = 1 

lV .10 .2  

~r. 11.2 

�9 eseh2(2n--1)Wocos-  (2n- -1)=u 
2K 

cnu 2~ ~_~f (2n--l)flx (2n-- l)m~.~ 
( l + f l d n u ) Z  --  k K ( f l 2 _ ] )  z-~,'[, 1 2 K , ~ / 1 , k t z f l 2  t;os 2K 

1 s~n" ,, (2n--t.)mt~2K ' ' ' } c s e h 2 ( 2 n - - 1 ) W ~ 1 7 6  (2n--1)aU2K 

c n u  

l--fldnu 
2= oo . (2n--  1)=uo E Sin' 

k K  ~ . ,1  2 K  

(2 . - - ' l )zu 
�9 cth2 (2n--1)Wocos 2 K  

snucnu 2= . .  ,,~ mruo ) n=u 
-- slx2nw".0-- cos----~-~ csch.4nWosin K ~ . 1 3 . 2  " l + f l d n u  flk~I~; 

~r. 14.2 
s n u c n u  2 av.z 

; ( i+ f ldnu)~-_  k~K. / (fl~_lj(l_k,Zfl~) : ~ n s i n  .=uois 
n - I  

n = t ~  
�9 csch4nWosia K 

lV.15.2 
~=Uo } snucnu 2= .~'-, c o s ~ c h 4 n ~ V o - - s h 2 n W o  

1-- ,Sdrm -- flkZK ~,L", 

n = u  
�9 c s c h 4 n W o s i n ~  

Case3 

1V .1.3 

where 

1]/-2.3 

1 /k  ' < f l <  + oo.  Define u o. by dn (uo, k ' )  = k f l /~ /13  2 5-- 1 ,  "0 < u o <  K t 

1 Co 2/3= 
shn=- u~ csch4nWo cos .=u 

. .~ K K 

_ 2 H i  ~k~ k~+ p,t 

i Co 2fl= . x~,. (n f= ..mr% 
' ( i  + f ldnu)'  = ~  + K (flz-- 1)(k ~ ~ f - ~  t--  1)" *1,"~ ca K 

+,x /  (2--flZ--k'Zfl~) , nauo'l - - . .  has  
cseta4nWoeos K 

(f l i - -  1) (k 'zf l  ~ -  1) 
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w here 

r[ .3.. 3 

where 

~ . 4 . 3  

where 

tg o ~--- 
2 (B=E --  K)  

(.i-:/~ ~) ( i -k,~/~ ~) .~ 
2:(2--2f12.+j~k z) , fl2k= , 

, 

f l (2 f l k+  ~ f l ~ - - I  ). 1 in ~"flz--- 1 --,Ok 

+ / ~ = ( 4 - 4 f l ~ + 3 f l  *~=) 

2 E ( f i =  1) (&'Zfl a -  1) ]~ 

2flSk z Bk 
arctg ~/. ~-~ 

E (flz- 1) (kraft z- 1) ]~ 1 

1 -- Co 2fl=. ~-~ (__ 1).+,sh4nW ' 

csch,lnW0cos - K 

' (f l~--  1) (k'~B ~ -  1) 

~ _ Co 2fl:r ~ { _ ~  
(1 , f ldnu)= - - -~ - - -+  K ( f l Z _ l l ( k , Z f l Z l  )- ~ ( - -1)"  ch4nW, 

~ 1  

. . . .  " ' sh4nW csch4nWo cos,---K-- ~/ (BZ-- l )  (k'~fl z -  1) 

2 ( f l Z E ' K )  
co= ( 1 _  Bz) (l_k/,.zfl~) 

2 (2--2flz+fl2k ~) .Lr( fl2k~ 
(1--/~z)Z(1--ktZfl ~) f lz--1 ; k ) 

/ ~ ( 2 P h + ~ -  1 ) + 1 

(#~-  ~)~ (k, -p~-  1) 2k (#~-  z) ~ 
1 d - f l~ - - I - - i l k  

fl,~ ( 4 -  4fl"+ 3fl'k~) ~ k  
.i[ (f l2--1) (ktZflz--1) ]'~ a r c t g ~  

1~ . 5 . 3  
snu ~ 2~ ~-~ . n~; . tl~U o , . T t ~ U  

- -  ~ k ' K  ~ ~ R ~ 1 ' Z . .  l+~dnu ~ , - 1  sza ~-sn-~-cscll2nWo sin 2K 

.6.3 2:. r , = , , o  
( l+~dnu):  -- kK(k'=~=:--l) ~,'~.. 2 K ~  c" 2N 

1 .nzmo~ . nor csch2nWo sin mm --~kt2~2--isn-2-'gfSm 2 2K 
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IV .7.3 
S i l t /  2 ~  z~ . n ~  . n ~ ' u  

t--fldnu =-- kK~/k'~fl~-- i ~ sm-'z-sh2nWlcsch2nW~ 
n = 2 Z Z I ~ .  

iV .8.3 
snu 2z ~i { nfl~z 

( l_f ldnu)  z -  k K  (kTi-flz--1) . 2K  flzM--~-~- I ch2nW' 

1 "1 . n ~  . n ~ u  
~/k ,zflz_ 1 sh2nWi f ,  sm-~-csch2nWosm 2K + 

IV .9.3 
CI lU 2~ oo nzu 

.-  2 sm-~cn-~--csca2nw0 cos 2K 

IV .10.3. c n u  2= ,~ f nfl~v ~n~vuo 
( l+fldnu) z _ k K ( f l Z _ l )  L.~z[-o 2K~/k tZ f l z_  1 sn 2K 

1 .n~uo ~ ~csch2nWo nzu ca--~.K-j~ sin cos 2K" 

g. l~ .3  
C l l f f  

1 --fldnu 

2Yc X ::1, n n "  - r n z U  
--" kK,C flz--1 ~:-" sin--~-ch2ng ~csch2nW.cos- 2K 

]Y .12.3 cnu 2~ ~1 ~ 
(1--fldnu) z "-:kK (flz--1) 2K~/ktZf l  z -  1 sh2nW, 

1 } ~ n ~ U  
+ ~ ch2n I,V~ sin --~-csch2nWo cos 2K 

1V .13.3 
snucnu 2~z 

1 +fldnu -- flkZK u•l[ . n ~ U  o 7 . n ~ U  - -  sh2nW,-- (-- 1)" c n ~ J c s c l a 4 n W o  sin K 

IV" .14.3 snucnu 2uz ~ ,  (-- 1) ~+ln 
( l+fldnu) z -- k 2 K # ( f l  2 - 1 )  (karl  - 1) . . ,  

�9 s ~ c s c h 4 n W o  sin- K 

1V .15.3 
snucmu 2u c~[ ] 

---- -- z ~ sh2nW0-- ( - -  i)*ch4nWt csch4nW, sin n:ru 
1--fldnu ~ ..~ K 

1V .16.3 
OO 

snucnu 2n~ ~. :  ( -- 1)'+tnsh4nWx 
(1--fldnu) 2 --  / ~ K d  ( / ~ - - l ) ( k n ~ - - l )  . 

�9 cseh4nW, s i n ~  
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(V) T h e  f u n c t i o n s  w i t h  (1-kflZsnZu)-Z , ( /= 1,2). 

In the case f l > 0  , the expansions of  ( l+flZsn2u)-Z , (1= 1,2) were given by ref. [2]. The 
following formulas are-new. We see that 

l+flZcnZu=(.l+fl2)(1 - 1 + ,  62flz sn 2u) 

l + f f d n ~ u =  ( l + f l z ) ( 1  fl zkz snZu)  
1-t-fl = 

and 

1 1 
1-- f l  zsn2u =~[ I 1--f lsnu q l + f l s n u ' ]  

Then using the formulas of  [2] and I I -  IV in this paper, we can easily obtain the expansions of 
Fourier series about  ( 1 ~  fl2cnZu)-Z and ( l~fl~dnZu)-Z , (l= 1,2). 

Next, we suppose that f l ~ 0  , and define u 0 by cn(u0,k  t)  = f i / ~ / l + f  z , O%uo%K t 

snu ~ ~ s h ( 2 n - - 1 ) W  
V . 1  1 '-fl%n ~u =Ix",,~ ( l+f l") (k2+f f )  .=~ 

�9 csch (2n--  1) W,sin (2n-- 1) zu 
2 K  

V o ~  

snu z :'~ f 2 k Z + ( l + k 2 ) f l  z . . . .  W 
( 1 +  flZsn"u) ' 2K (1 + fl z ) .  (kZ+ fl " ) ..o'~ L~/(1 + fl . . . .  -5"fgz,, L-U~, - z )  (k + f l  ) ca ( 2 n -  t )  

(2n--1)flo~ sh(2n_ l )Wlcsch(2n_ l )Wos i  n (2n=-l)ozu 
2K" 2 K  

c n u  

g .3 ( l + f f s n 2 u )  2 = K ( l + f f )  (kZ+fl  2) ~.~{ . ( 2 n - 1 ) ~ f l d  l + f l f s n ( 2 n _  1 )W 
2 K  

+ fl~+ (l+2kz)fl~+2kZch(2n~/-~f+ flz -- 1) W }sech (2n--  1)Wocos-(2n--  1) Z U 2 K  

u  d n u  
1 + fl2s~i~u = 

�9 g 7t n~u  ch2nWsech2nWo cos, 
2 K ~  q- K . / - ; - ; - ~ -  ~ ~/ I + P  ~ . - I  K 

V.6 

V.r  

dau ~[,8~ + (2 + kDfl~+ 2k ~] 
(1-l-ffsa%) 2 = 4 K ( k Z + f f ) J  ( 1 + ~ )  s~- 2 K ( l + f f )  (KZ-t-ff) 

O O  

.~-1{ nfl~r'v/'~-'l-fl~ K snzn~v ~ . . . . .  -t- f l '+  (2"t- k2)flz'{- 2k: eh2nW} cos---~,~n~u 
d ;  1+fl2 

snuenu = ~,seeh2nWosh2nW sin mm 1--I-.82sn.Zu K . 8 ~  .-1 K 
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V . 8  
snuenu ~ ,,o [ K  f l n ~  ch2nW 

(l~flZsnZu~ z = 2 K  fl ( kZ.+ fl~ ) ~,.. , sech2nWo 

~2  . n . f fu  

Vg. snudnu  z ' "  [ nfn'. . 
(l_~8%nZu)~ = 2Kfl~.-lq_flz) ~..~sech(2n--1)Wo.=~ , 2 K ~ h ( 2 n - - 1 ) W  

+ ~ sh (2n-- 1)W ] sin. (2n-- 1) ~VU2K 

V .10 
enudnu 

1+ flZsnZu 
= ~  e s e h ( 2 n -  (2n--1)~u r  "~n-l" " 1)Wosh(2n--1)Wcos .  2 K  

g .11 enudnu z , ~  . . . . . . .  nflzeh (2n-- 1) W 
(i  + flZsnZu>Z = - ~  a2~.~esc" (2n-- 1)rvo [" 2KM (1 + i f )  (k 2 + i f )  

+ s h ( 2 n - - 1 ) W ' ]  cos (~n--1)zu 
2 K  

III. M e t h o d  o f  t h e  E v a l u a t i o n  o f  t h e  F o u r i e r  Coef f i c i en t s  

To obtain the preceding formulas, the fundamental method used was the evaluation of the 
Fourier coefficients by contour integration and computation of residues in complex plane. The 
contour integrals are taken around some fundamental parallelograms. The choice of a 
parallelogram is based on the property of the expansion function. Now let us give two examples to 
illustrate the dmails of evaluating the loop integrals. 

E x a m p l e  1 Consider the formula (IV.!.I), namely, in case 0 < f l < l  , and calculate 
the expansion formula of the function ( l + f l d n u ) - t  . 

Write 

] (z) = [ 1/(1  + fldnz) ] exp [ i n z z / K  ] 

and take the contour as Fig. 1. 

-K 

41K '  

~K, 
Zl 

~Fig. | 

K 

l 
l) 

2 i K  ' . 1~ .'% z,. 

c, I c ' , /  

-aK -'t ~ .r._ 17 2K 
[ 

Fig. 2 
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By using the double periodicity of  the elliptic functions, + we seethat  insidethe parallelogram, 

the functioa../(z) has two simple poles at  

zl = i ( 2 K  4 - u 0 )  , z z=i (gK i q-uo) 

wh e re we de fi ne u 0 b y d n (u0, k p ) = k / d  I - -  k '  ~fl~, 0 <u0 < K  t .  Computi ngdresid ues at z I and z~, 

we have 

R e s [ f ( z ) ,  z~ ] = - - f lexp[  - - 2 n n K ' / K ] .  exp[nxuo/K]/( i  ~/ ( 1 - f l z )  ( 1 - k ' Z f l  z) ) 
Re s [ f (Z )  ,zz] = f l e x p [  - - 2 n n K t / K ]  �9 exp [ --n~Uo/K]/(i M ( 1 - - f l  z) (1---k'zfl z) :) 

Around four sides of  the parallelogram in Fig. 1 to express the integral off(z), we obtain 

_ fx  exp [imm/K]du k+I,, :~ I,, 
Then by the theory of residues, it follows that 

.. fx exv[in=u/K] 
(1 - -exp[ - -4nzK IK]~j_ x l + f l d n u  du 

4flzrsh (nzruo/K) -exp[ -- 2nz~K ' / K  ] 
= ~ /  (1-- f l  z) ( 1 - - K ' ~ f l  ~) 

This gives the Fourier coefficients in the formula (IV. i.1). 

E x a m p l e  2 Consider the formula (III. 1.2), namely, in case t < / 5 ' < +  oo , andr the 
Fourier series of the function (1 - - f l cnu ) -  

Let 

/ (z) = (1 --f lcnz)  - lexp [ imrz/2K ] 

and take the contour as Fig. 2 

The function f(z) has four simple poles at 

Z I - : - - u o ~  Z 2 ~  0 

z..=2IC--uo-F 2iI<', z4=2K +uo+ 2iK t 

From Fig. 2, we find that the functionf(z) has singularities at points z~ (i = ! - 4) on two sides of 
the parallelogram. By introducing four small half-cycles ci(i= 1 - 4),flz) can be made regularization 
(see Fig. 2). 

Using the results of the complex analysis, we have 

j ,, /'.~,'~ xpt]in~c+~,,/2K 
C', == --JC: .... ~"(/3z-1) (kz+ h'Z/32) 

.(CI : -- ]i'C, -- ( -  I)"/-]aiexp [ inazuo/2K;, exp[--nazK i l k  ] 
., . J ( # ~ - i )  ( k ~ + k ' f 1 8 9  

and 

]b -F.!G = 0  

Thus tYom the Cauchy integral theorem, it f.ollows that 
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I zlr exp[ insru/2K ] 
-21s 1 - f l e a u  

du 

Wan Shi-dong an d Li Ji-bin 

-2fl,=sin(nzUo/2K) [l+(--!)"exp[-n.=K'/K]] 
d ( / 3 z ' l )  (k~+te'zfl~)- " [ 1 - - ( - - 1 ) " e x p E - - n = K ' / K ] ]  
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This immediately validates the formula (III.l.2). 

A(Wo,n )  
B(Wo,n)  (n~O) 

2fl~rsin ( nsruo/ 2 K  ) 
= -- d (3 ~ -  1) (h~ + k'~3 2) 


