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Abstract:  For the solitary-wave solution u(8) = u(x - vt + &) to the
generalized Pochhammer-Chree equation ( PC equation)
Uy — Uy + Ty — (aqu + aqu’ + ayu®), =0, r,a; = consts(r % 0),

) (1)
the formula _[:[u'(e)]zde = ﬁ(c*- C_)(3ay(C,+ C.) +2a,], C, =
‘Llin. u( &), is established, by which it is shown that the generalized PC equation
(1) does not have bell profile solitary-wave solutions but may have kink profile
solitary-wave solutions. However a special generalized PC equation

Uy = Uy, = (@yu + au? + a;u’),, = 0, a; = consts ()
may have not only bell profile solitary-wave solutions, but also kink profile solitary-
wave solutions whose asymptotic values satisfy 3a;(C,+ C_.) + 2a, = 0.
Furthermore all expected solitary-wave solutions are given. Finally some explicit
bell profile solitary-wave solutions to another generalized PC equation

Uy = Uy - (agu + azu® + asu®), =0, a; = const ()

are proposed .
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Introduction

Pochhammer-Chree equation (PC equation in short)
u, - um-un—%(u")“ = 0, ¢))

is used to describe the propagation of longitudinal deformation waves in an elastic rod, where
p = 3orp = 5 reflects two possible constitutive choices for the material!2] . Bogolubsky'!! and
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Clarkson et al.!?] gave some solitary-wave solutions of (1) with p = 2, p =3 p=>5and
studied the interaction of two solitary-waves numerically. Moreover Clarkson et al. 2} considered
the Painlevé property for the generalized PC equation
Uy = Uy — (0(u)) o = 0, (2)
and pointed out that in order that (2) be of Painlevé type, o ( w) must necessarily be of the form
' o(w) = ag + ayw + a,w? + azw’.
In this paper, we would like to present solitary-wave solutions of the following generalized
PC equation
Uy = Uy — (@1u + agu® + a3u®), = 0, a; = const, (m
when a; % 0 or a3 % 0. Because the dissipation usually needs to be considered in practical
problems, we would also seek solitary-wave solutions of
Uy = Uygy + Ty — (@yu + aqu? + a3u®),, =0, r, a; = const (r ¢ 0), (I)
which is more important. There have existed some studies on Cauchy problem of the equation
describing the propagation of longitudinal deformation waves in an elastic rod and possessing the
dissipative term u,,, (e.g.[3]), but it hasn’t been found that there exists any result on explicit
exact solitary-wave solutions of the generalized PC equation ( I ), as far as we know. Finally we
shall propose some explicit solitary-wave solutions to the following generalized PC equation

Uy = Uy — (ayu + asu’ + asu’®),, = 0, a; = const. (m)
1 Exact Solitary-Wave Solutions of ( I )

Traveling-wave solutions u(x,t) = u(x - vt) = u(§) to the first generalized PC equation
(I ) must satisfy

v?u"(€) - v2u® (&) - (&) - (ayu + ayu® + asu’), = 0. 3)
If we seek solitary-wave solutions of ( I ) to satisfy
u'(€), u"(€), u"(€) >0, | §1—>+ =, (4)

then after integrating (3) twice, we find that u(€) has to satisfy

<
2 1

u<e)+—-u(s)+ u(s)+——2u2<s)+—;u’(s) (5)

where C is an integration constant.

For PC equation (1) with p = 2, p = 3, Bogolubsky ") and Clarkson et al.!*) gave bell
profile solitary-wave solutions with the same asymptotic values. Does there exist any bell profile
solitary-wave solution to the generalized PC equation ( I )? In order to answer this question, we
first make the following analysis. Let

C,= limu(¢), C_= limu(§). (6)
s tow

Multiplying (5) by u’ (£) and integration over ( - » , &) leads to
@+ £ [w(o)lee s

2(5) +

138 + 25ut(6) = u(e) + €. (7)
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Making the limit of (7) at § —=— o gives

2
a; - v ay 3 a3 4 '
—_ —— -—=C ,

207 3vzc"+4vzc' v? ®)

and then substituting (8) into (7) and making the limit of (7) at § =+  yields

C%+

C1=

LA R 83 82003 _ o3
L[ lw () Pag = 5(c- €4 + 7501 € +

2
G- 2_c2y_Sic
" ‘(C_ ¢ - 5lc.- .. (9)

Now let us set £ >~ o, £ —>4+ « in (5) respectively and then we have

C = (a, - v2)C_+ a,C%+ a;C%,
{ : 2 3 (10)
C = (al - vz)C++ a2C++ 036*,
which leads to
{c =-[a,C, C_+ a3C, C_(C,+ C.)],
a; - v =-[a,(C_+ C,) +a3(C_C,+ C*+ C%)].
Substituting these quantities into (9) and then we obtain upon simplification
+ ® 1
[Tt @rde = (e, - €.Bas(Cos €L) + 2a5]. (1)

By (11), we obtain the following results on the generalized PC equation ( I ):
(i) u'(¢) is square integrable over ( - ®, + ), i.e. J [u' (£)]%d¢ exists.

(ii) When C,, C_ and r are fixed, the smaller | v | is, the steeper the solitary-wave
generally becomes. When C,, C_and | v | are fixed, the smaller | r [ is, the steeper the solitary
wave generally becomes.

(iii ) The generalized PC equation ( I ) with r s« 0 does not have any bell profile solitary-
wave solution (because when C, = C_, we have u(€) = C, = C_, which is not a solitary-
wave solution), but it may have kink profile solitary-wave solutions ( with different asymptotic
values) . However the generalized PC equation ( [[ ) with r = O may have not only bell profile
solitary-wave solutions, but also kink profile solitary-wave solutions possessing 3a3(C,+ C_) +
2a, = 0.

In what follows, we would like to present solitary-wave solutions expected in the third result
above. In order to obtain kink profile solitary-wave solutions of the generalized PC equation

(1), we assume that (5) has solutions of the form
Aet(6+€)

u(g) =1—:-;-(?;5—n)-+0, (12)
where A, a, D are constants to be determined and & is an arbitrary phase shift. We easily have
, Aaea(f-rfn) " AaZ(ea(E+$°) - e2«(€+5°))

W (€) = (g V(8 = T ey (13)

Substitution of (12) and (13) into (5) may yield
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a3D* + a;D* + (a, - v*)D-C =0,

v2a’ + vra + 2a,D + 3a;D% + (a; - v?) = 0,

(14)
a;A% + (a; + 3a;D)A - v2a® - vra = 0,
(ay +3a3D)A = 3v%a® + vra.
By solving this system of algebraic equations, we obtain four sets of solutions
1 rl vl a2
ey =P,A=0,D,=-%5Q~-—5 -7, (15)
1 1 Q 1 2 Q «/—_1_8_0;0 3(13
where C = a;D} + a,D? + (a, - v?) D, is chosen;
1 rlovl a3
a, = P, A, = - , D =‘-‘Q+—'—"“—"—‘, (16)
: 2 ¢. b, 2 - 18a3v 3a,
where C = a3;D3 + a,D} + (a; - v%) D, is chosen;
1 rlvl )
a3y =-P, A3 =Q,D3=-5Q + ——— -7, a7
3 3= @, Dy 5 Q i8a,0 3%
where C = a3D3 + a,D} + (a; - v?) Dy is chosen;
1 rluol a
a; =—- P, Ay = - y Dy = =0Q - ——— + -, (18)
¢ * ¢, D 2 ¢ V= 18ayv  3a3

where C = a;D} + a;D? + (a, - v*) D, is chosen. In the above formulas, we have used the
following '

e 2 Z_a%] _\/-2_[2 .y, 298]
P.\[e}vzr-—6(a.1--11)+a'3 , @ = ,_,’asr-G(a,—v)-f-a’3 . (19)
Note that {12) may be written as

u(§) = %th[%(& + eo)] + (D + %) (20)

From the above four sets of 4;, a;, D;, 1 < i <4, we can generate four solutions u;(£),
1< i<4by (20). But u;(&) = u,(&), u,(&) = us(€), since thx is an odd function.
Therefore we arrive at the following result.

Theorem 1 Let » be a constant wave speed and

2a}

a3 < 0, r2—6(a1—v2)+a—<0. (21)
3

Then the generalized PC equation ( I ) has the kink profile solitary-wave solutions
1 1 rlovl a
PO b 'th—P(x-vt+E)—_"""}_—2
upc,r = % {2 Q [ 2 o ] /:—1‘8" a-gv 3a3’ (22)
where P, Q are defined by (19).
By now, we have obtained the kink profile solitary-wave solutions of the generalized PC
equation ( I ) to satisfy (11).
The situation of r = 0 of the theorem above gives rise to a special result.
Theorem 2 Let v be a constant wave speed and



670 Zhang Weiguo and Ma Wenxiu

2

2
a5 < 0, 6(s* - a)) + =2 < 0. (23)
3
Then the generalized PC equation ( I ) with r = 0 has the kink profile solitary-wave solutions
S Wy P 24}
Upc = = 2\/30'3 6(1) - al) + as X
1 [-1 2a§] } ay
th{ L —[ 2 a3, - -2 2%
{2«/302 6(v* ~ a;) + a (x - vt + &) 3a, - (24)

It is easy to see that the solutions shown in the theorem above satisfy the relation of asymptotic
values: 3a;(C,+ C_) + 2a, = 0.

2 Bell Profile Solitary-Wave Solutions of ( I )

In this section, we want to -give bell profile solitary-wave solutions of the generalized PC
equation ( Il ) expected in the last section, except the kink profile solitary-wave solutions in
Theorem 2.

The traveling-wave solutions of the generalized PC equation ([ ) u(x,t) = u(x - w) =
u (&) to possess the condition (4) must satisfy
a a C
u(§) + ;‘zz'uz(é) + v—:u3(€) = (25)

a,—vz

u"(§) +

)
where C is an integration constant. In order to search for bell profile solitary-wave solutions of

(Il ), we assume that the equation (25) has solutions of the form
Aet(6+8)

1+ ea(E+E,,))2 + Be®(E+é,

where A, B,a, D are constants to be determined. A direct computation gives

u(f) = ) +D’ (26)

. 16 =)
u'(¢) = [(1+ 7%+ BT (27)
2(8) = A [9- Q2+ B)n*-67°-(2+ B)n* + ns]’ (28)

[(1+9)*+ By)
where 7 = e*{¢*%)_ Substituting the above three equalities into (25) and noticing the linear
independent property of e*(¢*&%), 0 < k < 6, may lead to

a3D* + a;D* + (a, - ¥*)D - C = 0,

v*a? + 2a,D + 3a3D? + (a; - v%) = 0,

(a; +3a3D)A -3+%*(2 + B) = 0,

a34* + (2 + B)(ay + 3a3D)A - v*a*(2 + B)? - 8v%a* = 0.

When D solves a3 D’ + a,D* + (a, - v*)D - C = 0, the above system of algebraic

equations has the following two sorts of solutions.
1) If we assume that

{az +3a3D % 0, a; - v? + 3a;D* + 24,D < O,
20-% - 9(13((1] - 112) - 9a§D2 - 602030 > 0)

the system (29) has two sets of solutions

(29)

(30)
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[ 1
a =%
l v i

4oy 6v2(a; - v* + 3a;D% + 2a,D) | a3 + 3a,D |

* V205 ~ 9a;(a, - %) - 9aiD” - 6a,a;D(a; + 3a,D) (31)
2¥2 1 a; + 3a3D |

V262 - 9a3(a; - v2) - 9a2D? - 6azas D

\/- (a; - v? + 3a3D2 +2a,D),

B=-2z%

2) If we assume that
a; +3a3D =0, a3 >0, a; - v* + a,D < 0, (32)

the system (29) has two sets of solutions

a =+ 1 «/—(al'—vz+a2D),A=1J:;§(a1-v2+a2D),B=-2. (33)
3

T el

Note that (26) may be written as

Asechz[%(f + 60)]
D. (34)

u(§) = . +
4+ Bsechz[?(f + 60)]

Therefore the above discussion engenders the following result.
Theorem 3 Let v be a constant wave speed and D be a constant. Then
1) If the condition (30) holds, the generalized PC equation ( II ) has the bell profile
solitary-wave solutions
. 3«/§(a1 - v +3a3D* + 2a,D) | ay + 3a,D |
upc = | F p 3 Y X
: V2a} - 9a3(a; -~ v?) - 942D - 6aya3D(ay + 3a;D)

Sech2[2 llu | «/“’ (a; - v* +3a;D% + 2a,D)(x - vt + &Q]J/
[2+ s V21 a; + 343D | )

V262 - 9a3(a;, - v?) - 9a2D? - 6a,a;D
Se°h2[2 llv ' «/— (ay - v* +3a3D% + 2a,D)(x - vt + Eo)]:l}+ D;

(35)
2) If the condition (32) holds, the generalized PC equation ( Il ) has the bell profile
solitary-wave solutions

:\/Ta_gz(ax -t 4 azD)sechz[—l—_—J‘ (ay - 0"+ 6, D)(x - wt + Eo)]

2191
J—(al—vz+a2D)(x—vt+$o)]

+D =

ll,lfc=

2 - sechz[2 llv I

1
| vl

i«/—TE(a‘ - vt 4+ azD)sech[ v =(a; - v*+ a,D)(x - vt + Eo)] +D.

(36)
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By now, we have obtained the kink profile solitary-wave solutions and the bell profile
solitary-wave solutions of the generalized PC equation ( II )} expected in the first section.

Remark 1) Since sechx is an even function, the solutions with
a=x(1/1v1)4/ = (a; - v* +3a;D* + 2a,D)
are the same, which are displayed as a solution in the above theorem.
2) The solution ujc( &) defined by (35) is a bounded analytic solution. Moreover the solution uz( &)
defined by (35) is also bounded and analytic provided that a; > 0.
Let us now provide with some special examples. We first choose ¢, = 0, @, = 1, a3 = 1 and the
integration constants C = 0, D = 0. This moment (36) gives a solitary-wave solution

/3
up(z,t) =2 +/2(v* - 1)sech 2 _l(x—vt+E°), v>0

v
to a particular PC equation
Uy = Upe — (u + %), =0,
which is the same as the one defined by (11) in [1]. We second choose a, % 0, a; = 1, a; = 1and the
integration constants C = 0, D = 0. This moment (35) gives a solitary-wave solution

2(1 - v? v
P AU Dol ol L ST e )]
maz 21 v

u,fc(x,t)= ﬁ )
- G2 2 3
2+ ltm)sech[2I”|Vv—1(x—vt+$o)]

to the generalized PC equation (Il ), which possesses the zero asymptotic values.
3 Bell Profile Solitary-Wave Solutions of (Il )

The solitary-wave solutions u(x,t) = u(x - vt) = u(£) to the generalized PC equation
(') to possess

u(€), v (§), v"(8), u”(§) >0, 1 §1— (37)

must satisfy

Gl—vz
v

W(€) + =5 u<e>+%u3<e)<+§u5<e)=o. (38)

In order to seek explicit solutions, make a transformation

u(€) = vV 8(8). (39)
Then ¢ (&) has to satisfy

24(6)9"(8) - (#(8)) +

4ay

() + 222g3(¢) +4—:-;¢4<s> - 0. (40)

4(a; - v?)
v? v?

Similarly we assume that (40) has solutions of the form

Aec($+fn) AseChz %(s + EO)

$(¢) = MIZYAEY al€rE) =
(1+e ”')? + Be ° 4+Bsech2%(5+fo)

where A, a, B are constants to be determined and &, is an arbitrary phase shift. Therefore the
equality (40) may be reduced to
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v2a® + 4(a; - v?) =
2034 + 4(a, - v*)(2 + B) - v*2*(2+ B) = 0, (42)
-5v%a +2(a; - v*)[2 + (2 + B)?] +2a3A(2 + B) + 2a54% = 0.

This system has the following solutions

7 7y2

v° - a 3(0»1 - v°)
= ’ = 8 ]
@, = %2 v? A=t \/30,% - 16as(a;, - v?)

24/3 ajs
v 3a} - 16a5(a; - v2) .
Therefore the equation (40) has two solutions

- 3(01 - 1)2)2
4 h?
\/3a§ - 16as(a; - vz)sec

Bz=-2:h

Plx - w4 o)

$,(¢) = , (43)
‘/50'3 2 a)
24+ -1+ sech 7 (z - vt + &)
V3a2 - 16a5(a; - v?)
2)\2
_ 4\/342 f(fs‘{(’; )_ S5y seck’ al(x - v+ &)
#,() — (44)

(x-—vt+5o

o[ LD h?
- sec
\/3a3 - 16as(a; - v*

Note that the solutions with a = - 2./ (22 - al)/v2 and a = 24/ (v* - a,)/v? are the same and

thus they are incorporated into a solution. It is easy to check that if »> — a; > 0, then the
condition a; > 0, a5 = Oora; <0, as > 0 guarantees that $,(§) > 0, but $,(¢) is generally
negative since $,(£, a;) = - $,(€, - a;). Noting that — u (&) is also a solution to (38) while
u( &) is a solution to (38), we can obtain the following theorem.

Theorem 4 Let v denote a constant wave speed and v — a; > 0. If the condition a; >
0, a5 = Oor the condition a; < 0, a5 > Oholds, then the generalized PC equation ( [l ) has the
bell profile solitary-wave solutions

3(a; - o* 2
4 sech x - vt +
\/3a§ - l6a5(a1 - ? ( €o)
u.(x,t) = *
ﬁaa 2
2+ ~-1+ sech (x-vt+Eo)
«/3a§ - 16as(a, - v*) v

(45)
If we choose a; = 1, a3 = 1/3, a5 = Oora; =1, a; = 0, a5 = 1/5, the above result
leads to two solitary-wave solutions

u(x,t) =+4/6(s% - l)sech[ / ”zv; l(x - ot + So)] )
1
2

;l(x-vz+$o)]} ’

ulx,t) =+ [«/H(Tl—)sech[z
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corresponding to PC equation (1) with p = 3 or p = 5. They are in agreement with the ones
defined by (12) in [2].
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