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Abstract
The photogravitational restricted three-body problem in which the mass reduction
JSactors of two primaries qi, q: € —~o0,1] are studied and an analytic method 1o
estimate the number of libration points and to calculate their location is given in this
paper. The results show that in photogravitational restricted three-body problem, the
number of libration points is from one 10 seven for ;lifferenl qi and q,. As application,

the motion of dust grain like comet tail in the solar system is also discussed.
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I. Introduction

Stars (including the sun) exert not only gravitation, but also radiation pressure, through
corpuscular radiation etc., on the body moving nearly. Since radiation pressure F, has the
same form as that of gravitation F, that is, they are both inversely proportional .to the square
of distance, and directions of F, and F, are opposite, we could express the united action of the
both with an equivalent force, called a potogravitation. A small body (especially for dust
grain) in the solar system and stellar system generally moves under these two kinds of forces,
therefore the study of the motion of a small body under a photogravitation becomes a
realistical and important work.

A photogravitation could be written as

F=F,-F,=qF, (1.1)

where ¢=1— Fp/F,, which is a constant, called mass reduction factor.
From Eq. (1.1), we can easily get

q=1- apM (1.2)
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where M and P are the mass and luminosity of the star, a and p are the radius and density of
the moving body, and K is the radiation pressure efficiency factor of the star. A=3/16aCG.,
which is a constant. In the system of unit of C. G. S. 4=2.9838X10"". For the sun,

q®=l—5_7396x10'5%p~ (1.3)

For a general body such as a planet, since a is rather big, ¢~ 1; for a small body such as
an asteroid, a satellite, 0<<¢g < 1: but for a dust grain, since a is very small, it is possible that ¢
<0. For example, the II kind of comet tail in comets is formed by the dust grain with their
radii being microns, and in this case, —1.2<¢<0.5. When supernova is in cutburst, a lot of
energy is released in a short time, and then ¢ is able to be smaller. So the value of ¢ could be
taken in (—oo, 1]. Radzievskii et al. have studied photogravitational restricted three-body
problem and obtained the region in which there exist coplanar libration points!'"*! | This paper
further studies the photogravitational restricted three-body problem in which the mass
reduction factors of two primaries ¢ and ¢: € ( — oo, 1], and gives an analytic method which is
able to estimate the number of collinear points and coplanar libration points and to calculate
their location. Besides, we also apply the results to the solar system and discuss the motion of
dust grain like comet tail,

I1. Equation of Motion and its Special Solutions

Applying the method stated in Ref. [6] or [7), we can easily get the dimensionless
canonical equations of the particle under photogravitation of two primaries (their coordinates
are —and | —y respectively) in rotating system. and that is

dx JdH dy oH dz dH
dt —dp.’ dt ~ dp,’ dt dp;
, 2.1)
dp. __90H dp, _ 6H dp. _ 6H f (
dt — adx?’ dt ~ dy’ dt = 08z
In Eq., (2.1), generalized momenta
dx dy dz
Pe=cg Vs Py=gm kX, pr=—p (2.2)

and Hamiltonian function

q (1 —) + QZ#]
r Ty

1
H (X,U.Z.f‘n[),v/’:) =?(p;+p" + p1) +pr‘xP1—[

where =AM, (M, +M,)(M,<M,) and

r.:i(xw)‘+y=+:"’Jé,,rz=[(x+u—l)2+y’+z“}’l (2.4

There is an integral in Eq. (2.1) and that is
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g (1 —I‘)_ Q24 =C (2.5)

_l_-z .2 z_iz 2y
7 (F 4§ +2) — - (x* +y7) . .

In addition, there also is a group of special solutions. They satisfy

_a(—p)(x+p)  gaulxtp—1) oY
r!

X r: 3
Q1(1"‘li _ Qi
Y= YT y=0 ) (2.6)
Q(=H),, BB, _, J
ry ra

From Eq. (2.6), we can extract special solution and determine the location of libration
points in the photogravitational restricted three-body problem. When g, is the same signs as
that of g, the third equation of (2.6) gives 2=0, and therefore, all of the libration points are
situated in the xy-plane. The libration points corresponding to the condition of y=0 are
collinear ones and those corresponding to y=0 are triangular ones. When the signs of ¢, are
opposite to that of g, it is possible to get the solutions of y=0 from the second equation of (2.
6). This indicates that in the xz-plane, there exist also some libration points, called coplanar
libration points. If the relative motion between two primaries is an elliptical orbit, we can
obtain similar results from Ref. [8]. For exaiple, there are also coplanar libration points in
pulsating coordinate system.

III. The Estimation of Number and the Calculation of Location of Libration

Points

1. Coplanar libration points
The first and the third equations of (2.6) produce

QI(I:#)_*_QZSP =0 (3.1)
ry s
and
x+—%=0 (3.2)
r;:
From Eq. (3.1), we have
_ 173
r_x=_[_—ql(‘ “)] —k (3.3)
rs q:4

Since the sings of ¢, and g¢. are different, k is a positive constant.
From Egs. (2.4), (3.2) and (3.3), the locations of coplanar libration points are able to be
extracted, and they are

x=—2 ooy [n-Lita-ryny (3.4)
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where r. is the distance between a coplanar libration point and the smaller primary, and it
staisfies
(1 —=R)ri+ (2p—1)ri—2qu=0 (3.5)

Since ry—ri< 1, ri>[1+(1—4&*)r}P4in Eq.(3.4). For certain given factor u, ¢ and g, distance
r: could be calculated by the numerical method from Eq. (3.5). The location of coplanar
libration points in the xz-plane are then able to be gained by substituting r. into Eq.(3.4). They
are symmetrical to the x-axis. Since the signs of g, and ¢. should be opposite, we conveniently
take g:<0 and ¢.>0, without losing the generalization of discussion. Eq. (3.5) is a fifth-order
algebraic equation for r.. When &> |, namely, 0<qg:< — (1 —u)q/u; the signs of the coefficients
of Eq.(3.5) don’t change. Therefore, there is no positive real root in Eq. (3.5) and in such a
case there will be no coplanar libration points. When &< 1, namely, —pg./(1 —u)<gq <0, the
signs of the coefficients of Eq. (3.5) change only once. We are therefore able to get a positive
real root r; from Eq. (3.5) and then extract the locations of two coplanar libration points L,
and L. from Eq. (34). If >0, ¢:<0 and &< 1, namely, 0 <q, < —puq:/(1 — ), the signs of the
coefficients of Eq. (3.5) change twice. We are therefore able to get two positive real roots r;
from Eq. (3.5) and then extract the locations of four coplanar libration points Ls, L;, Ls and L,
from Eq. (3.4).
2. Triangular libration points

From the first and the second equations of (2.6), we can get the solution corresponding to
y=0andz=0, and that is

4 9 _all—p) g
rl ri_o’ ! rr =0 (3.6)

or

n=qi% ri=q}"* (3.7)

From Eq. (3.7), it is obviously shown that only when the mass reduction factors of the two
primaries satisfy ¢,>0. ¢:>0 and ¢!’ +¢!’>1, there will be triangular libration points in the
photogravitational three-body problem. We then came to the conclusion that coplanar
libration points and triangular libration points would not exist together at the same time in a
photogravitational restricted three-body problem. With Egs. (2.4) and (3.7), the locations of
trianguldr libration points are obtained as

x=5(14¢17=qi") —u
1 (3.8)
Y= i[q;/S _T(l __qlz/s_i__q:/S)z ]i

3. Collinear points
From the first equation of (2.6), the solutions corresponding to y=0 and z==0 have to
satisfy

_ =) (x+p)  gu(x+p—1)
* |x+pu® Ixrp—1[5 0 (3.9)
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There are two singularities in Eq. (3.9)) x=—pu and x=1—pu. We will then carry out our
discussion in three intervals I (—oo,—yu). H(—u. 1 —pu) and 111 (1 — pu,o0) separately. In these
three intervals, Eq. (3.9) becomes

. .=y QM
fi(x) =x+ Tk + (x+P_l)z—0 (3.10)
ex0lmp) s
Pr(x) =x— " T T (xpp—1)2=0 (3.11)
_ _Ch(l"#)_ Qi _
<p3(x)—-x (x+'u)1 (x+,u—l)z_0 (3_12)
From Eq.. (3.11). we get
Py L2l —p)  2qip
@3 (x) =1+ (x+h)° (x_'_“__])iy
(—p) (3.13)
iy - Sall—p)  6gpu
viix) (x+w)* T (x+pu=1)*
In intervals I, I and 111, the locations of collinear points are supposed as
xy=—pu—§&, Xe=l—p—§&, x;=l—p+¢, . (3.14)

respectively. Since xi< —pu, —p<x:<!—y and x:>1—pu, we have (>0, 0<é: <! and &:>0.
Substituting Eq. (3.14) into Eqgs. (3.10) —(3.12) respectively, we get

E+Q@+wI+ 0 +2)El +[(1—gq)p—gi(1—p) &} —29: (1 =) §1 ~q (1 —p) =0

(3.15)
§1—(B—wéi+(B—2p)éi—[(1—q) (1 —p) +qepulé} +2qapbs— qap=0

(3.18)
E+B—p)éi+@—-2wE +[(1—q) (1 —p) —q:u1E —2q2ps — qip=0

(3.17)

“Since ¢ and ¢: € (= oco.1], we can divide them four cases according to their signs.

(h 0<qi<1.0<g:<.

In this case. the signs of the coefficients in Eqs. (3.15) and (3.17) change only once. There-
lore. there is_only one positive real root in intervals I and III separately. In intervals II, from
Egs. (3.11) and (3.13) it is obvious that .\'—v—;l’: @A) —x; x> 17", gAx)—*+x, and ¢":
(v)>0. This indicates that there is only one real root in Eq. (3.11). So there are three collinear
points L. L; and L.. For the given values of ¢, ¢ and —u, thelocation of collinear points
could be calculated with the numerical method from Egs. (3.15)—(3.17).

() ¢:1<0. 0<gq.< 1.

In this case, the signs of the coefficients in Eq. (3.15) don’t change, but thosé in Eq. (3.17)
change once. Therefore, there is no positive real root in interval I, while there is one positive
real root in interval I11. In interval 11, it is obvious that x— — ", @s(x)— K x; x> 1—u", @:(x)
—+ x and ¢": (x)>0. If the value of x extracted from ¢': (x)=0 satisfied ¢:(x) <0, there will
be two real roots: if it satisfies @p (v)=0, there will be one real root; if ¢: (x)>0, there will
be no real root. In this case, there are three collinear points L., L» and L. at most. The
locations of collinear points could be calculated with the numerical method from Egs. (3.16)
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and (3.17).

3N 0<gi<!, g:<0.

In this case, the signs of the coefficients in Eq. (3.15) change only one time, but those in
Eq. (3.17) don't change. Therefore, there is one positive real root in interval 1, while there is
no positive real root in interval I11. In interval II, it is shown that x—»— y*, @s(X) »— oo, x—
1—u~, @s(x)>— oo and @} (x)<O0. If the value of x extracted from @; (x)=0, satisfies @; (x)
> 0,there will be two real roots; if it satisfies @y (x)=0, there will be one real root; if @2 (x) <0,
there will be no real root. In this case, there are also three collinear points L\, L. and L. at
most. The locations of collinear points could be calculated with the numerical method from
Eqgs. (3.15) and (3.16).

(4) ¢ <0, g:<0.

In this case. the signs of the coefficients in Egs. (3.15) and (3.17) don’t change, and
therefore, there is no positive real root in intervals I and III. In interval II, the signs of the
coefficients in Eq. (3.16) change four times. And Eq. (3.11) shows that x—»—u*, @;(x)—= 400
and x—1—py~ @3 (x)——oo. So. there are only one or three positive real roots which make <.
< 1. If the solution extracted from @; (x)=0 satisfies @z (x)>0, and the other satisfies ¢, (x) <
0. there will be three positive real roots. In this case, there are also three colinear points Ly, Lx
and L. at most. The locations of collinear points could be calculated with the numerical
method from Eq. (3.16).

IV. Conclusion and Application

1. Since triangular libration points and coplanar libration points will not exist together at
the same time, there are only seven libration points at most in the photogravitational restricted
three-body problem.

2. When ¢,>0 and ¢:>0, there will be three or five libration points. If ¢;* +¢}’ <1, there
are only three collinear points. But if gi’ +g:'>1, there are three collinear points and two
triangular libration points. When ¢,=¢:=1, the photogravitational restricted three-body
problem will become a classical one.

3. When ¢, <0 and ¢:>0. there will be 1 —3 or 3-S5 libration points. If 2> I, namely, g,
< —pg:j(1—u), there are only 1— 3 collinear points. But if k<1, namely, ¢:> —ug:/(1— p),
there will be 1— 3 collinear points and two coplanar libration points. .

4. When ¢,>0 and ¢:<0, there will be 3 —5 or 1— 3 and 5 —7 libration points. If k> 1,
namely, ¢, >—ug:/(1~ p), there are |—3 collinear points and two coplanar libration points. But
if R<1. namely. i<~ pug:/(1— p), there will be 1— 3 collinear points or 1— 3 collinear points
and four coplanar libration points.

5. When ¢:<0 and ¢:<0, there will be 1—3 libration points and they are all collinear
points.

In the following, we will apply the results obtained in this paper to the solar system and
discuss the motion of the dust grain like comet tail.

In the solar system, the motion of dust grain like comet tail under the effects of the
gravitational attractions of the Sun and Jupiter and solar radiation pressure could be treated
as a photogravitational restricted three-body problem. In this case, we have ¢g.=1, u=0.
9538 X 107" In addition, we take ¥ =1. Suppose the radius of some dust grain in interplanetary
space is 0.5X 107 %cm, and its density is 1.1474g/cm’, then Eq. (1.3) gives ¢:= —0.4532X% 107",
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From Eq. (3.3), we have k=0.7801. Substituting it into Eq. (3.5), the distance between
the coplanar libration points and Jupiter could be calculated by differential corrections method,
and that is r,=1.5973, or 8.3104 AU. Substituting them into Eq. (3.4), we get the locations of
L. and L,, and they are x=—0.2340X 10" or—1.2175X 10°AU, z==1.2461 or +6.4832AU.

Since ¢, <0, there are no triangular libration points. Substituting the values of ¢, ¢: and y
into Eq. (3.13), we get a solution x=0.0957 from @; (x)=0. Because of ¢ <0, ¢.>0, and x>0,
from Eq. (3.11) it is obvious that @, (x)>0 and there is no real root. This means that there is
no collinear point in interval II. Substituting the values of‘q.. g: and p into Eq. (3.17) and
using the iteration method, we have ¢,=0.0304. Substituting it into Eq. (3.14), we obtain the
location of collinear point L, in interval III, and that is x,=1.0295 or 5.3563 AU. So, in the
motion of this dust grain, there are only three libration points in all, and they are L, L. and
L.
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