
1 I n tr od u c t ion  
THE MEASUREMENT of blood pressure has long provided 
information of significant clinical value. To date, however, 
there is no technique for monitoring blood pressure over 
long periods of time which is suitable for both invasive and 
noninvasive applications. Problems with chronic direct 
measurement techniques include seal leakage, thromboem- 
bolisation and lack of a suitable pressure reference when 
implantation is desired. Chronic noninvasive indirect mea- 
surements require periodic cuff inflation and deflation and 
cannot provide pressure measurements on a beat-by-beat 
basis. 

Pulse-wave velocity, the speed at which a pressure pulse 
propagates along an elastic artery, depends on the prevail- 
ing (diastolic) pressure within the artery. Blood pressure 
can be monitored continuously with extravascular pulse 
pickups and time-domain techniques for determining 
pulse-wave velocity (GEDDES et  al., 1981). Accordingly, the 
objectives of this study were threefold: 

(a) to establish in situ, under controlled conditions, an 
accurate functional description of the relationship 
between pulse-wave velocity (PWV) and pressure 

(b) to evaluate the PWV predictions of the Moens- 
Korteweg equation, given measured pressure/volume 
relationships 

(c) to evaluate the inverse solution of the Moens- 
Korteweg equation, given a measured functional 
relationship between PWV and pressure. 
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It is well known that the velocity of a pulse wave in the 
arterial system depends on blood pressure, In 1878 MOENS 
and KORTEWEG independently derived an equation which 
describes the relationship between the elastic modulus of a 
thin-walled, distensible, fluid-filled tube and the velocity of 
a pressure pulse induced within it. The equation is 

c = (1)  

where c = pulse wave velocity, t = wall thickness, 
r = lumen radius, p = density of the fluid within the lumen 
and E = Young's modulus. The assumptions which under- 
lie the Moens-Korteweg equation, and their applicability 
to common carotid arteries, are addressed in the Dis- 
cussion section. 

POSEY and GEDDES (1973) developed an expression for 
the elastic modulus of a thin-walled tube in terms of its 
dimensions and pressure/volume relationships: 

E - (2) 
t d v  ~-s 

where V = tube volume, L = tube length, r = wall thick- 
ness and P = pressure. Substituting this expression into 
the Moens-Korteweg equation, one obtains an equation 
which describes pulse-wave velocity in terms of the volume 
V and compliance dV/dP of the arterial segment: 

c = ~ - ~  v (3)  

When pressure P is expressed in mmHg,  density p in 
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g cm-  3 and velocity c in m s- 1, this expression becomes 

c = 0.3652 f f  V (4) 

In this paper, eqn. 4 will be used to predict the velocity/ 
pressure relationship of an artery from pressure/volume 
data collected in vitro; these predictions will be compared 
with velocities measured in situ. 

It has been shown by GEDDES et al. (1981) that, for 
physiological pressures in the dog aorta, PWV is linearly 
related to pressure; therefore a specific relationship must 
exist between the pressure and volume of an arterial 
segment. Squaring eqn. 3 we obtain 

1 dP 
C 2 - -  V (4a) 

p dV  

Since velocity is a linear function of pressure, we have 

e = mP + b (5) 

where m and b are the slope and intercept, respectively, of 
the velocity/pressure relationship. Thus 

1 dP 
(raP + b) 2 - V (6) 

p dV 

Separating variables and integrating, one obtains 

1 k 
In V = + -  (6a) 

pro(raP + b) p 

where k is a constant of integration. The boundary condi- 
tions are 

v=vo  

Thus 

when P = 0 

1 k 
In Vo = - - - + -  

pmb p 

and subtraction of this equation from the previous one 
yields 

V _ el/Pmtll(b_ limP+b)] (7) 
Vo 

Eqn. 7 will be used to predict the pressure/volume 
relationship when the slope m and intercept b of the 
velocity/pressure function are known; these predictions 
will be compared with the pressure/volume relationship 
measured in vitro. 

2 M a t e r i a l s  and m e t h o d s  

2.1 In situ velocity~pressure measurements 

Six mongrel dogs were anaesthetised with sodium 
pentobarbital (30 mg kg-1 IV). The neck was incised bilat- 
erally to expose the cephalad and caudal aspects of the 
two common carotid arteries. Femoral artery pressure was 
continuously monitored with a pressure transducer 
(P23ID, Gould Instruments, Oxnard, California), while 
midaxillary safety-pin electrodes provided ECG signals. 

Following surgery, the animals were heparinised 
(1 mgkg -1) and the two ends of a single common carotid 
artery were exposed and ligated; a stiff-walled catheter was 
introduced into each end of the isolated arterial segment. 
Separation between catheter tips was made as large as 
possible by placing the cephalad catheter close to the 
carotid sinus. The caudal placement was typically under 
the first rib. Once placed, the catheters and artery were 
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respositioned in the incision to keep the arterial segment 
straight and to maintain normal tissue contact against the 
vessel. Special care was taken while placing the catheters 
and ligatures to avoid occluding other smaller vessels tra- 
versing the carotid sheath, helping to ensure perfusion 
through the carotid vasa vasorum. These precautions were 
taken to obtain an in situ, isolated arterial segment with a 
reasonable level of perfusion and innervation. Catheter 
diameters were selected which were as close as possible to 
carotid lumen diameters, l cm  of overlap between the 
catheter tip and arterial segment was provided; ligatures 
were placed at the point of maximum overlap so that the 
catheter opening would be within an arterial segment with 
viscoelastic properties uninfluenced by the isolation appar- 
atus. 

The apparatus for establishing bias pressure in the iso- 
lated arterial segment and measuring pulse-wave velocity 
is illustrated in Fig. 1. All tubing, including the arterial 
segment, was filled with heparinised (10mgl 1), lactated 
Ringer's solution (sodium lactate 77.5mgml -a, NaC1 
150mgm1-1, KC1 7-5mgm1-1, CaC12 5mgml 1; den- 
sity ~ 1-00 gm cm-3). The system was arranged so that it 
could be flushed and pressurised as desired. 

[ w ,.~ .o-o, _. 
- tra.sducer tr..sducer--I P rsbei?u2u tee 

--''U" J--AX  

Fig. I Simplified representation of the in situ preparation. Bias 
pressure may be manually applied by compression of the 
rubber bulb. The proximal transducer is at the cephalad 
aspect of the common carotid artery. A signal from the 
pulse injector is used to trigger the oscilloscope. 

A catheter-tip pressure transducer (Millar MIKRO-TIP  
model PC-350, Millar Instruments, Houston, Texas) was 
introduced into each end of the isolated arterial segment 
so that the sensing element was 1 cm into the vessel at the 
cephalad end (proximal to the pulse sou rce ) and  was 
immediately inside the vessel at the caudal end (distal to 
the pulse source). These two sensing locations were chosen 
to preclude displacement of the pulse peak which may 
arise from reflections. The position of the proximal cathe- 
ter tip is not critical; the delay time between the incident 
pulse and the arrival of the first reflected wave was several 
times greater than the pulse width (~25  ms). Consequent- 
ly, displacement of the pulse peak (due to superposition of 
incident and reflected waves) was not a problem at the 
proximal sensing location. At the distal location, the 
spacing between the catheter-tip sensor and the stiff-walled 
catheter introducer is more critical, since the introducer 
acts as a reflector. The impedance of this distal termination 
was designed to be large and real by obtaining small 
dimensional tolerances between the catheter transducer 
and the catheter introducer. Thus, when the transducer tip 
is slightly inside the vessel, superposition of incident and 
reflected pulses yields amplitude distortion but peak loca- 
tion (in time) is unchanged. This technique allows maximal 
transducer separation (for increased temporal resolution) 
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while errors in pulse peak identification (due to super- 
position of incident and reflected waves) are minimised. 

Pressure pulses were introduced into the isolated arterial 
segment by an electronically controlled, solenoid-driven 
syringe. The amplitude and duration of these pulses could 
be precisely controlled. Pressure-pulse signals were dis- 
played on a storage oscilloscope (Tektronix model 5115, 
Portland, Oregon). The height of a fluid reservoir was 
adjusted to establish a zero bias pressure inside the vessel; 
once established, positive bias pressures were obtained by 
pressurising this reservoir with a compressible rubber bulb. 
At a given bias pressure, five pulse-wave velocity measure- 
ments were made. The pulse (amplitude < 20 mm Hg) was 
generated by suddenly injecting a small volume of fluid 
into the arterial segment. By measuring the time delay 
between the appearance of a pulse at the two transducers 
transit time, the delay between the peaks of the pulses, was 
determined. Since the distance between transducers was 
known (typically 10cm), velocity was readily calculated. 
Bias pressure was raised in 20 mm Hg increments from 0 to 
200 mm Hg and pulse-wave velocity was measured at each 
bias pressure. 

After collecting data for one carotid artery, measure- 
ments were made on the contralateral artery. Then the 
arteries were measured for their in situ length, excised, and 
stored in cold lactated Ringer's solution ( < 2  days) until 
pressure/volume measurements were made. Four vessels 
were damaged during excision, rendering them unsuitable 
for in vitro measurements 

2.2 In vitro pressure~volume measurements 

Fig. 2 illustrates the apparatus used for determining 
pressure/volume relationships. Carotid arteries used in the 
pulse-wave velocity studies were tethered (in air, 25~ to a 
mounting device, taking care to stretch the vessel to its 
original in situ length. A catheter-tip pressure transducer 
(Millar Mikro-Tip model PC-350, Millar Instruments, 
Houston, Texas), introduced into one end of the vessel, 

was used to display pressure on a storage oscilloscope 
(Tektronix model 5115). The other vessel opening was con- 
nected to a syringe which served to introduce measured 
volumes of lactated Ringer's solution (density 1.00 g cm 3). 

Determination of Vo, the zero-pressure volume of the 
arterial segment, was accomplished by filling the segment 
with fluid until the pressure just began to exceed zero. 
Fluid was then withdrawn into a syringe until evacuation 
caused the vessel to collapse along its entire length. The 
fluid added to the syringe was taken as V o . Once Vo was 
established, a steady zero-pressure bias was readily main- 
tained and data collection consisted of injecting known 
volumes into the vessel and measuring the rise in pressure 
on the oscilloscope. The duration of a given volume injec- 
tion was short (<  lOOms) to minimise any decay in press- 
ure which may result from stress relaxation and fluid 
leakage through the vasa vasorum. In this study, a volume 
injection was repeated four times; volumes were increased 
incrementally until pressures near 200 mm Hg were 
reached. 

3 Results 

3.1 In situ velocity/pressure measurements and comparisons 
with predictions f rom in vitro pressure/volume measure- 
ments 

Pulse-wave velocity against bias pressure, measured in 
situ on 11 arteries, is listed in Table 1. Least-squares linear 
regression coefficients are found in Table 2. Correlation 
coefficients greater than 0.90 were obtained for seven of 
the arteries; representative data for a typical vessel are 
shown in Fig. 3. Note that the velocity/pressure relation- 
ship is essentially linear over the range of physiological 
pressures. Four vessels exhibited nonlinearity in the 
velocity/pressure relationship as shown in Fig. 4. For these 
vessels, linearity is evident up to pressures near typical 
diastolic; above this, the velocity/pressure relationship 
appears to follow a higher-order function. 

Table 2 . Linear equations for velocity/pressure curves 

Slope, Intercept Correlation 
oscilloscope volume Artery m s 1 mm Hg- i m s- 1 coefficient 

J f  s~ I [ 
syringe [ I 1 left 0"1331 - -  1.5954 0.8732 

l 1 right 0.0678 2.3559 0-9825 
2 left 0.0978 0.8864 0.8911 

~[..t._ Mitlar h ,I  3 left 0'1867 --4.3233 0"8336 
3 right 0"2343 - 8.3359 0'8998 
4 left 0.0831 0.2182 0-9411 
4 right 0.0875 0.1934 0.9500 
5 left 0-0576 1.9065 0.9784 
5 right 0.0463 2-4281 0-9882 

Fig. 2 Apparatus for determinin9 in vitro pressure~volume 61eft 0'0552 2.4264 0"9964 
relationships 6 right 0-0684 1.5081 0'9877 

Table 1 Pulse-wave velocity (m s-1) as a function of bias pressure. Each velocity represents a mean of five trials 

Pressure, mm Hg 

Artery 0 5 20 40 60 80 100 120 140 160 180 200 

1 left 1-55 - -  2.77 3.80 4.84 5.78 8.12 12.05 19.42 21.83 30-83 - -  
1 right 2.61 - -  4.67 5.39 6.20 7.25 8.13 9.57 11.70 13.13 15-08 16.83 
2 left 3.54 - -  4.79 5.53 6.11 6.68 8.05 9-21 12-50 16.00 19.27 25.64 
3 left 1.53 - -  3-50 4-31 5.36 6.89 8.97 11.75 14.89 23.75 34.08 42.75 
3 right - -  - -  3.30 4-59 6.03 7.25 9.80 14.25 16.86 25-65 37.84 48.73 
4 left - -  2.55 3.19 3.89 5-09 5.74 6-81 7.54 9.76 12.59 16.81 20.26 
4 right 2.75 3.30 3.98 4.98 5.80 6.98 8.41 10-72 13.98 16-80 21.07 
5 left - -  2-84 3.49 4.37 5.28 6-13 6.98 8-03 9.48 10.67 12.67 14.68 
5 right - -  3.02 3.69 4.24 5.24 5.95 6.74 7.37 8.55 9-59 11.07 12.46 
6 left 1-92 2.44 3.54 4.70 5-91 7.22 7.98 8.93 9.88 11.21 12.50 13.40 
6 right - -  2.19 3.35 4.42 5.60 6.90 7.90 8-83 10-28 12.02 14.30 16-34 
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Predictions of the velocity/pressure relationship from 
pressure/volume data  were calculated using eqn. 4. For  a 
given point  on the pressure/volume curve, dP/dV  was 
evaluated as the slope of the line between adjacent points. 
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Pressure~volume curve for a typical artery. Estimations of  
dP/dV are used to predict velocity/pressure relationships 

Fig. 5 depicts a dP/dV  estimation for a typical artery. 
Table 3 compares  measured slopes with predicted slopes. 
A two-tailed, paired-difference t-test indicates that  these 
paired data  are not  significantly different (~ = 0-05). 

To evaluate the ability of  the Moens-Kor teweg equat ion 
to predict PWV,  a propor t ional  linear regression analysis 
was performed. A linear regression line (of the form 
y = ax) was calculated for 'predicted slope' as a function of 
'measured slope' (Fig. 6). A regression slope of 1.0 is 

Medical & Biological Engineering & Computing 

Table 3 Comparison of slopes from in s i tu  velocity~pressure 
experiments with estimated slopes from in v i t ro  pressure/volume 
data 

Measured Estimated 
slope, slope 

Artery m s - 1 mm Hg-  1 m s a mm Hg-  1 

3 right 0.067* 0-057 
4 left 0.050** 0.057 
4 right 0.087 0.08! 
5 left 0'058 0.059 
5 right 0'046 0.037 
6 left 0-055 0-068 
6 right 0.068 0-077 
mean 0.0616 0-0623 
Standard error 0-0052 0-0056 
Standard deviation 0'0138 0.0148 

* pressure < 100mmHg 
** pressure < 140mmHg 
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Fig. 7 

expected when the predictions are exact. For  these data, 
a = 1.0047 and r (correlation coefficient) = 0.7925. 

It  is evident that  the Moens-Kor teweg equation, when 
expressed in terms of  pressure and volume (eqn. 3), pro- 
vides a good  prediction of  pulse-wave velocity as a func- 
t ion of pressure. 

3.2 In  vitro pressure~volume measurements and comparisons 
With predictions f rom in situ velocity/pressure measure- 
ments 

Pressure/volume data, measured in vitro on seven 
arteries, are shown in Fig. 7. Volumes are expressed as 
V/Vo to normalise the data  for undistended volume differ- 

M ay 1986 251 



ences among the arterial segments. In addition, the inverse 
Moens-Korteweg solution (as derived in eqn. 5) does not 
permit the determination of Vo; it is necessary to express 
measured volumes as V / V  o to compare the measured P / V  
relationship with the predicted one. 

Predictions of pressure/volume relationships from the 
velocity/pressure function are obtained from eqn. 5. Appli- 
cation of the Moens-Korteweg equation requires that the 
artery behave as a perfectly elastic tube at all pressures; 
definition of V 0 as the zero-pressure volume may be inap- 
propriate if the artery has not yet begun to be stretched. 
To determine the volume at which stretching begins dP/dV  
was plotted as a function of V (Fig. 8). d P / d V  remains 
essentially constant over small volumes. At larger volumes 
dP/dV  becomes a higher-order function. The volume at 
which stretching begins was estimated as the point at 
which d P / d V  begins to exhibit a positive slope. On 
average, this volume, occurring at a pressure of 9.2 m m  Hg, 
was 2.9 times the undistended volume. 
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dP/dV as a function of V for one artery. Estimates of the 
volume at which arterial stretching begins are obtained 

from these curves 

Fig. 9 compares the predicted and measured pressure/ 
volume functions when Vo is interpreted as the volume at 
which stretching begins. Each function appears to be an 
exponential and plots of In (P) a g a i n s t  V/Vo, i l lu s t r a te d  in 
Fig. 10, yield the least-squares linear regression slopes 
found in Table 4. Correlation coefficients greater than 0.96 

Table 4 Slope of In (P) against V/V o for measured and predicted 
cases. V o is interpreted as the volume at which stretching begins. 
Correlation coefficients greater than 0'96 were obtained in each 
c a s e  

Measured Estimated 
Artery slope slope 

3 right 3-330 3.099 
4 left 1.741 1.802 
4 right 1.803 2.066 
5 left 2.055 2.293 
5 right 1.362 2.081 
6 left 2.036 2.877 
6 right 3.198 2.321 
Mean 2.218 2.263 
Standard error 0.2841 0-1756 
Standard deviation 0.7516 0.4646 

were obtained in all cases. Comparisons between the mea- 
sured and predicted relationships were based on the expo- 
nential character of these functions. 

To evaluate the pressure/volume predictions, a paired- 
difference t-test and a proportional  linear regression line 
(Fig. 11) were determined for the data of Table 4. The 
paired difference t-test indicates that these paired data are 
not significantly (=0.05) different. A regression slope of 
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1.0049 (correlation coefficient = 0.6336) indicates that rea- 
sonably accurate predictions of pressure/volume relation- 
ships can be obtained when the coefficients of a linear 
velocity/pressure function are known. 
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Proportional linear regression analysis used to evaluate 
predictions of pressure~volume relationships when the 
slope and intercept of the velocity/pressure function are 
known. A slope of 1.0 is expected when the predictions 
are exact 

4 D i s c u s s i o n  
Many studies have investigated pulse-wave velocity in 

situ using natural cardiac pressure pulses; a review of these 
was presented by GEDDES et al. (1981). However, small 
errors are inherently introduced which are related to the 
presence of bulk blood flow. Flow velocities of the order of 
0 .25ms -1 are commonly found in large elastic arteries 
and must be subtracted from the measured values to 
obtain true pulse-wave velocity. Simultaneous changes in 
cardiac output and peripheral resistance may alter bulk 
flow velocity while pressure remains constant. Although 
these flow-related variations are small (typically < 10 per 
cent), they are not necessarily insignificant, especially at 
low diastolic pressures. Because it was desired to evaluate 
the Moens-Korteweg equation as a predictor of PWV, 
such errors were unacceptable for this study. In addition, 
we sought to evaluate the inverse solution of the Moens- 
Korteweg equation, given a functional relationship 
between pressure and PWV; this inverse solution requires 
an accurate measured relationship between PWV and 
pressure. 

The Moens-Korteweg equation predicts the relationship 
between PWV, modulus of elasticity and dimensions of an 
elastic tube. This equation is based on energy conservation 
principles and, as derived, requires three critical assump- 
tions about the elastic tube: 

(a) the fluid within the tube is incompressible 
(b) the wall thickness is small with respect to the lumen 

radius 
(c) the tube is perfectly elastic. 

At physiological pressures, incompressibility of the blood 
is a good assumption for all pressures within the arterial 
tree. The validity of assumptions 2 and 3, when applied to 
an arterial segment, depend largely on the region of the 
vascular bed from which an arterial segment is selected. 
The assumption of a small wall-thickness/lumen-radius 
ratio allows one to neglect the energy-consuming effects of 
radial wall acceleration. A small ratio implies that the iner- 
tial resistance of the vessel wall and the force required to 
accelerate the wall mass is negligible. In addition, an artery 
will behave more like a rigid pipe than an elastic tube as 
this ratio becomes large. It is well known that the large 
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calibre 'elastic' arteries near the heart exhibit a much 
smaller wall-thickness/lumen-radius ratio than the smaller 
peripheral 'muscular' arteries (Aa'TIN~ER, 1968). 

Assumption (c) is most applicable for the large central 
arteries but it is important to note that no artery is per- 
fectly elastic. To be perfectly elastic, the stress/strain func- 
tion must not exhibit hysteresis. Arteries do exhibit a slight 
stress/strain hysteresis; the area of the hysteresis loop rep- 
resents the energy lost in overcoming the viscosity of the 
elastic elements. However, the central 'elastic' arteries 
exhibit much less hysteresis than peripheral 'muscular' 
arteries BADER, 1963. As the amount of arterial smooth 
muscle increases, assumptions of 'perfect elasticity' become 
less valid. 

Common carotid arteries were selected for this study 
because they qualify reasonably for the assumptions just 
described. In addition, these vessels are readily accessible, 
do not have large branches where reflections could arise 
and are virtually uniform in diameter and wall thickness 
for long segments. Peripheral muscular arteries, because of 
larger wall-thickness/lumen-radius ratios and higher 
smooth muscle content, do not satisfy the Moens- 
Korteweg assumptions very well. In addition, it is expected 
that alterations in sympathetic tone may change their 
viscoelastic properties. 

The in situ studies described in this paper have demon- 
strated that, under controlled conditions, the velocity/ 
pressure function is essentially linear up to and slightly 
beyond typical diastolic pressure. In only four of the 11 
arteries, pulse-wave velocity increased nonlinearly at 
supradiastolic pressures. This behaviour is expected in an 
elastic tube as it approaches its elastic limit at high press- 
ures. For these vessels, estimates of PWV (obtained from 
pressure/volume data) were calculated only over the linear 
region. We have found that in this region the Moens- 
Korteweg equation provides a good theoretical model. 

Based on the coefficients of a linear PWV/pressure func- 
tion, the inverse solution of the Moens-Korteweg equation 
was evaluated. In the derivation of eqn. 5 it was necessary 
to assume that the vessel begins to stretch (i.e. behave as 
an elastic tube) as the pressure begins to exceed zero. This 
is, in fact, not the case; stretching appears to begin at some 
small non-zero pressure (typically < 10mm Hg). As a first 
approximation, one can obtain good estimates of pressure/ 
volume relationships from the linear coefficients of the 
PWV/pressure function. 

In conclusion, we have found that the Moens-Korteweg 
equation provides a good basis for prediction of the 
increase in pulse-wave velocity with increasing bias press-  
ure. In addition, we have found that the pressure/volume 
relationship of common carotid arteries is well represented 
by an exponential of the form V / V  o = Ke  ~f(P). 
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