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Abstract: The models of the nonlinear radial flow for the infinite and finite reservoirs
including a quadratic gradient term were presented. The exact solution was given in real
space for flow equation including quadratic gradiet term for both constant-rate and constant
pressure production cases in an infinite system by using generalized Weber transform .
Analytical solutions for flow equation including quadratic gradient term were also obtained
by using the Hankel transform for a finite circular reservoir case. Both closed and constant
pressure outer boundary conditions are considered. Moreover, both constant rate and
constant pressure inner boundary conditions are considered. The difference between the
nonlinear pressure solution and linear pressure solution is analyzed . The difference may be
reached about 8% in the long time . The effect of the quadratic gradient term in the large
time well test is considered .
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Introduction

In the certain operations, the small pressure gradients may cause significant error of the
predicted pore pressure, such as hydraulic fracturing, large-drawdown flows, drill-stem test and
large-pressures pulse testing. However, classical pressure transient models are assuming small
compressibility or small pressure gradient, and the nonlinear quadratic gradient term is
neglected[” . In order to describe the effect of the quadratic gradient term, Odeh and Babu!?
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built the nonlinear pressure transient model considering the effect of the quadratic gradient term.
They discover that the absolute change in well bore pressure is different for injection and pumping
conditions, unlike what is predicted by the linear solutions. Finjord and Aadnoym presented
steady state and approximate psudosteady state solution. Wang and Dusseault'*! used the same
technique to predict pore pressure around boreholes. Chakrabarty et al. (5] showed a noticeable
effect of the nonlinear term for the constant discharge case with high injection rate and small
reservoir transmissibility. Tong Deng-ke“”s] discussed the flow problem of fluid in double
porous media including the effects of the quadratic-gradient term. But the exact solution in real
space has not given, let alone the constant-pressure producing and finite formations. Real
reservoirs are finite. Thus, it is necessary that the pressure transient model including the nonlinear
quadratic gradient term and well test theory be perfected.

In this paper, we give the exact solution in real space for flow equation including quadratic
gradient term for both constant-rate and constant pressure production cases from in an infinite
system by using generalized Weber transform. Analytical solutions for flow equation including
quadratic gradient term are also obtained by using the Hankel transform for a finite circular
reservoir case. Both closed and constant pressure outer boundary conditions are considered.
Moreover, both constant rate and constant pressure inner boundary conditions are considered. The
nonlinear transient pressure behavior characteristic of fluids through porous media including a
quadratic gradient term is analyzed. The sensitivity of the system response to the nonlinear
parameter and outer boundary are also examined in detail. Conventional well test model is a
special case of the nonlinear well test model with a quadratic gradient term (thatis, @ = 0 ).

1 The Nonlinear Pressure Transient Analysis Model Considering the Effect
of the Quadratic Gradient Term

The following assumptions are made in deriving the mathematical model considered in the
present study :

1) The porous medium has a uniform thickness h, and the radial flow takes place around
well bore with the well penetrating the entire formation thickness;

2) The porous medium is homogeneous and isotropic;

3) Porosity and permeability are constant;

4) Fluid compressibility is constant, and fluid viscosity is constant.

Analytical pressure-transient problem for single-phase radial flow of a slightly compressible
fluid into a well of the cylindrical-symmetry reservoir center with constant rate or constant
pressure production is described as follows:

?*pp 1 9pp app\*  Ipp
S - ela) -5 W
with the initial condition given by
pply -0 =0. (2)
The inner boundary condition is as follows:
e e (3)

or
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pDIrD=1 = 1. (4)
Considering well bore storage, the inner boundary condition becomes
Ipp Ipp
CDE ’=1—EI,D=1 = 1.
The outer boundary conditions are as follows:
J
a—pﬂ -0 (5)
Tp r
» =R
or Pplr -r =0 (6)
or limp, = 0. (7
For the constant rate production, dimensionless pressure and dimensionless compressibility are
defined as
_ 2xkh(p; - p) _ que
Pp = “q © 4T onkh
For the constant rate production, dimensionless pressure and dimensionless compressibility are
defined as
p _pi-p) « = clpi = py)
P pi-p’ ' v
The rest are defined as
r kt c
= T t = T4 5 C = 7 4 7
0 Tw b c¢)ur%,, D 2ne,hr?

where p, is the well bore pressure. k, ¢ are the porosity and permeability respectively. u is the
fluid viscosity, ¢ is fluid compressible coefficient, p; is the initial pressure.

The six typical initial value and boundary value problems for the nonlinear flow equation
with the effect of quadratic gradient term:

1) The flow Problem [ are made of Egs. (1), (2), (3) and (5) for the constant-rate
production with closed outer boundary condition;

2) The flow Problem [l are made of Egs. (1), (2), (3) and (6) for the constant-rate
production with finite constant-pressure outer boundary condition;

3) The flow Problem [ are made of Eqs. (1), (2), (4) and (5) for the constant-pressure
production with closed outer boundary condition;

4) The flow Problem IV are made of Egs. (1), (2), (4) and (6) for the constant-pressure
production with a finite constant-pressure outer boundary condition;

5) The flow Problem V are made of Egs. (1), (2), (3) and (7) for the constant-rate
production with an infinite outer boundary condition;

6) The flow Problem VI are made of Egs. (1), (2), (4) and (7) for the constant-pressure
production with an infinite outer boundary condition.

2 Exact Solutions for the Flow Problem of Fluid Through the Porous Media
Considering the Effect of the Quadratic Gradient Term

2.1 The exact solution for the flow Model [
Because the partial differential equation in Model 1 is a nonlinear differential equation, the
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equation can not be solved. Introducing transform
pp = - a 'lnx. (8)
Model 1 may be simplified as

FEA Tl T ©)
X |,D___0 = 1, (10)

Jdx
(5 - ax) 1,0 = 0, ()

dx
P (12)
The generalized Hankel transform™®’ is defined as

(s, ,tp) = erDB(snrD)x(rD,tD)er, (13)

1

where
B(s,rp) = [s,31(s,) + aJo(s,) 1Yo (s,rp) = [5,Y1(s,) + aYo(s, ) 3o (s,rp), (14)
where s, are the n -th positive root of the following equation :

[sJ,(s) + aJo(s) 1Y, (srp,) = [sY,(s) + aYy(s)1J, (srp.) = 0. (15)
Applying the Hankel transform to Egs.(9) ~ (12) yield
dx 2~ - 2a
mz—s""’ x“nsozmﬁ.

The above differential equation is solved, and one has
2a
- (ns’l)exp[—s ipl. (16)

The application of the inversion of the Hankel transformation to Eq.(16) yields
CXP[- sitD]B(snrD)J%(snrDe)
x(rp,tp) = ma ; (17
pop Z {5, 01 (s0) + ado(s,) 12 = (52 + &) (s,rpe) } )

Inserting (17) into (8), yields

expl ~ s%¢p 1B(s,rp) 1 (s,7p, )

po(rp,tp) = I"[MZ {[s,.J1(s,) + alo(s,) 12 = (2 + &®) B (s, rDe)}] (18)
The pressure solution of well bore (r, = 1) can be simplified as
1 h exp[— SZtD]J%(S TD,)
pw(ip) =~ ;ln[na; {05.00Cs,) + alo(s,) 1% = (5% + @) (s,r De)}] (19)

The inverse solution in Laplace transform for Model I with the wellbore storage can be written as

PD(TDJD) = - %ln{l - GL_I[KQ(TD\/;)Il(TDeJ;) + Io(rp*/;)Kl(er/;)] X

[s(Cps + a)A, + ssA, 171}, (20)
where A, = Io(Vs)K (rp 5) + Ke(Ws)L(rp, 45)s Ay = K (W)L (rp, 3s) -

L (/s)K; (rps).
2.2 The exact solutions for Models | ~ Model V

The other solutions are obtained by using the Hankel transform and Weber transform, and
listed in Table 1.
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Table 1 Exact solutions for nonlinear transient flow model including a quadratic gradient term

Type The pressure solutions in real space s, satisfied equation
¢ ) 1 I [ alnry, + 1 na(l - alnry, ) B, (s,rp) = [S,.Jl(s,,) + dJo(S,.)]Yo(S,,rD) -
1 Pottooty) == "IN 3T 1Y alnrg, + 1) % [, Y1 (s,) + a¥e(s5,) 10 (sarp),
i expl — 52ty 1B, (sarp ) 3 (5,70, ) ] s, is the n -th positive root of the following equation
{105 + a5 = (& + )R (s,mp) } B, (srp) =0.
polrpatp) = - %ln[ e’ +m(e” - 1) x By (sarp) = Yo (s, ) (sarp) = I () Yo (5,mp),
m “expl= 525 1By (5,70) F (5070 ) s, is the n -th positive root of the following equation
2T RO + B} Yo Cora) = Jo ()Y, Gora) = 0.
po(rp tp) = - %ln[ e+ lll-"e' Inry + By (s,7p) = Yo (8,00 (s,rp) = 3o (,) Yo (s,mp ),
De
.. 15 the » -th positi t of the followi ati
N (e 1){2 expl - s?.tp]Bs(s,.ru)JS(s,.me)] SB‘(S n) I:SI v root of fhe Tofowing equation
n - = 0.
¢ < {5 - Bsarn) 3T
po(roity) = - —m[ 1 - %j x P (5:318) = Yo ()L, () = T ()Y, (),
v (1 - expl - &’ tp 1L apoo(rp 1, u) + upy, (rp,1,2)]du where I, (2),Y, (%) 1's the ﬁrst.type and the
wllale () + udy (u) )% + LaYy(u) + aY,{a))° } second type Bessel function, respectively.
oo (rostn) =_%ln[eva +2(_e—_1;—_1) x
o0 lrpss) = JoGsrp )Y (s) - Yo(sry )l (s)
Vi J[” 000 (1,78 expl szt,,]ds] Po,0 D o Lsry ) Yy olsry )y
0 [B(s) +Y3(s)]s

2.3 The discussion of the solution for Model V
1) The solution in Laplace space
By using transform (8) and applying Laplace transform to Model V , yield
Iz _!_956 = $X, (—a—x—o@)

E.|.r‘)§g_sx 3 =0, limx = 1/s.

rD=l ipT®

The solution in the Laplace space is obtained

1 aKo(’\/;rn)

) = W) K W) @0
Substituting the Laplace inversion of Eq.(21) into Eq.(8) yields
1 ~1 Ko(‘/;rp) })
o(rpstpy) == —In|1 - oL . 22
Polro;to) @ n( ¢ {s[aKo(«/;) +V5K, (Vs)] (22)
The inverse solution of the Laplace Transform with wellbore storage is written as
1 o Ko (Vsrp) })
D D PD =-—1 1-eal . 23
Polroste) == "( ’ {s[<cbs+a)1<ow§>+m<l<m1 )

2) The approximate solution for the short-time
As s > o, the modified Bessel function K, (z) can be approximated as

K, (z) z&e". (24)

Using Eq.(24), Eq.(21) can be reduced to the following form:
1 aexpl~ (rp - D/s)]
s V(e +4s)s

Inverting Eq.(25) by using Laplace transform tables, one obtains, after simplifying,

(25)

.72(71),3) =
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x(rp,tp) = 1= r[erfc( )_

expla’ty, + a(t, - I)Jeﬁc(;b/% + aﬁ)] (26)

Substituting Eq.(26) into Eq.(8), the short-time approximate solution can be obtained

pp(rp,to)-——ln[l J— (ZJ—I)

1 2 'p — 1
expla’ty, + a(r —-1)]erfc( + aft )] 27
V rp P ? ° 2 tp ? (27)
3) The large-time approximate solution
For t, — o, such that s — 0, one obtains

Ko(s) = - (ln% + )’), K. (s) = l (28)

Substituting Eq.(26) into Eq.(21), after simplifying s
%(rp,s) = —E[l + a(]nﬁr” + y)(l + a(lng + y))+ 0((12)] . (29)

Inverting Eq.(29) by using Laplace transform tables, one obtains

a 4tn 2( 4z ) o’
x(rp,tp) = 1~ l ot lnCrD - 4 (30)
where C = e’ ,7 = 0.577 2 is Euler constant.
The large-time approximate solution can be written as
1 a 4tp a’ ( ﬂ) o’
po(rpsty) _——;ln[l— C2 t 1 lnCrD T 24 (3D

3 The Pressure Behavior of the Nonlinear Flow Model with the Quadratic
Gradient Term

In the present analysis, we have considered the nonlinear pressure distribution in an infinite
reservoir during constant-rate production. Fig.1 demonstrates the variation of nonlinear
dimensionless well bore-pressure with time for different values of C; , namely, 0 and 1000. The
nonlinear solutions are characterized by two values of «.

From Fig.1 it can be seen that irrespective of the effect of the dimensionless well bore
storage, the nonlinear and linear solutions show very small differences at small time. However,
the difference increases with time if a pressure value is controlled by the magnitude of a. From
Fig.1, the difference between the nonlinear solution of « = 10™* and the nonlinear solution of
a =10"%att, = 10°is 9%.

In order to quantify the difference between the linear and nonlinear pressure solutions, we define
the following term:

e =12 (32)

where pp, and py, are dimensionless nonlinear and linear solutions, respectively, for any given
set of boundary conditions. From (32) it can be seen that the greater the deviation of the term
“&” from zero, the more is the difference between the linear and nonlinear pressure solutions.
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Figure 2 exhibits the temporal variation of the error at different radii close to the well bore,
for two different values well bore storage. At early times, the error is smaller at different radii
closer to the well bore, for larger magnitudes of well bore storage. The error incrases with time.
Fig.3 shows that magnitude of the error at any radial distance would depend not only on the
values of « and C;, but also on time. The smaller the times (e. g.,atty = 10° ), the smaller
error is for the values of @ and C), . At larger times (e.g., at zb = 10%), the spatial distribution
of error is not affected by the value of C;, . At any time, the spatial distribution of the error would
increase with increasing distance from the well bore. At large distances, however, the error tends
to flatten out after reaching its maximum value. The maximum error would probably be of the
order of 10% .

During the constant-rate production, the error is affected by the values of a, rp, and C,,.
At any time the variation of the error between nonlinear and linear pressure solutions are affected
by the value of o . At early times, the error is smaller at the well bore. With increasing times, the
error increases. The larger is the value of o, the more is the error (e. g., fora = 1072 , the error
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at different Cj, : finite closed formation at different ry, : finite closed formation

reaches about 6% ). As « is small, the error may be neglected (such as « = 107*). From Fig.
5 it can be seen that the error is not nearly affected by the magnitudes of €, at early times. With

increasing times, the effect of € is more and more. The effect time of the error is earlier and

larger as the magnitude of C; is small. It can be seen from the Fig.6 that the error distributions

are affected by the values of rp, at any given time. The larger is the value of r), , the greater is

the error. Especially, the error is clearer at larger times for the value of r, .
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