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For interpolation of scattered multivariate data by radial basis functions, an ‘“‘uncertainty
relation” between the attainable error and the condition of the interpolation matrices is
proven. It states that the error and the condition number cannot both be kept small. Bounds
on the Lebesgue constants are obtained as a byproduct. A variation of the Narcowich—
Ward theory of upper bounds on the norm of the inverse of the interpolation matrix is pre-
sented in order to handle the whole set of radial basis functions that are currently in use.

1. Introduction

Interpolation by “radial” basis functions requires a function ®: R? — R, a space
P2 of d-variate polynomials of degree less than m, and interpolates data values
y1,...,¥y € R at data locations (“centers”) x,, ..., xy € R? by solving the system

N Y
Zaj‘b(xj - X)) + Zﬂlpl(xk) =y, 1I<k<N,
= =1
(1)
N )
Zajpi(xj) + 0 =0, 1<i<Q,
=

for a basis py,...,pg of PZ. where

0= (m—;+d>‘

See table 1 for the most commonly used examples. In self-evident matrix formu-
lation the system (1.1) reads as

(£ )6 -0)
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Table 1
All entries are modulo factors that are independent of r and A, but possibly dependent on parameters
of ®&. Unreferenced cases for G are treated in section 3, where we included the constants.

®(x) = ¢(r), r = || x|l F(h) G(h)
r?, B € R, (\2N h? h?
thin-plate splines [18] Rid=pg=1

[3, p. 419]: B € (0,2)
[13,§ VI: B =m —d/2, d odd

(=1)"*rBlogr, B € 2N h? h#

thin-plate splines [18] [13,§VI): B=m—d/2, deven

(v + %) BER\2N, e Re " [11,p. 90} y=1=B,d =2,

Multiquadrics §>0 he™®/" [3, pp. 422-423]: v =1 =4
[10] hP exp (—12.76vd/h)

e B>0 e h4e™" (13, p. 90): B = 1

Gaussians 6> 0[10] h~? exp (—40.71d*/( BH))

27réf? _ _ .

F(k) Kk_d/z(r)(r/z)k df2 h2k d th d

2k > d, as in [18]

Sobolev splines

and solvability is usually guaranteed by the requirements rank (P) = @ < N and
Mlal} < oMo (1.3)

for all & € RY with Po. = 0, where ) is a positive constant. The latter condition is
called “conditional positive definiteness of order m” if it holds for a specific pair
(m,®) and for arbitrary sets X = {x,...,xy} C R%. The condition rank P =
Q < N can be called “PgZ-nondegeneracy of X, because on such sets polynomials
from P¢ are uniquely determined by their values. Details can be found in review
articles by Powell [14], Dyn [7] and Buhmann [5].

If m =0, then P2 and P disappear. In this case || 47"||, < A™' holds in the
spectral norm. More generally, as we shall see in the next section, the quantity
A~! controls the sensitivity of the solution vector a with respect to variations in
the data vector y. Thus one is interested in lower bounds on A that are as tight
as possible. Such bounds were obtained by Ball [2], Narcowich and Ward [11-
13], Ball et al. [3], Baxter [4] and Sun [17], while lower bounds were supplied by
Schaback [16]. If the data are values of a function f, one usually considers a
fixed function space & and evaluates the error of the interpolant

N Q
5= Zajq’(’ - X))+ Zﬂlpl (1.4)
Jj=1 =1

defined by a solution of (1.1) with y, = f(x;). If # is defined via & itself in a natural
way, the space & carries a specific seminorm |- |z and the bound for the error



R. Schaback | Radial basis function interpolation 253

f(x) — s7(x) takes the form
| f(x) = s ()| < [f |# - P(),
where the power function P(x) just is the norm of the error functional on & evalu-

ated at x. Note that P depends on x, X, &, and &, but not on f. For the sake of
completeness, we note that # contains all functions f: RY — R with

f(x)=(@2m)™ /d f(w) e dw, xeR¢
R
where f is in L;(R?) and

. [ 1 W)
Iflf - R (P(U))

Here, ¢ denotes the d-variate generalized Fourier transform of ®. It is assumed to
be a positive continuous function on R?\ {0} satisfying a variational equation

/R‘{Adv(x)m@(x—y)dx dy= (277)—dAd ‘P(w)lU(W)|2dw (15)

for all test functions v in the Schwartz space of tempered functions that additionally
satisfy

dw < oo.

2@0)=0 foralla eN%,, |a|<m.

Note that ¢ coincides in the sense of Jones [8] with the generalized Fourier trans-
form of ® in the context of tempered distributions. This approach goes back to
Madych and Nelson [9], where (1.5) explicitly occurs. Table 2 contains the func-
tions ¢ corresponding to the various cases of ®. If ¢ decays at least algebraically
at infinity, e.g.:

0 < pw) < C(1+[[w])™,

then & contains Sobolev space

Wy (RY) = {f

Ad | f(w) 21+ ||w])p)* dw < oo}.

However, if ¢ decays exponentially, e.g.: for (x) = e‘“”x“z, then & consists of C*
functions. Further details can be found in Madych and Nelson [9,10], Dyn [6], and
Schaback [15].

Numerical observations and theoretical results have revealed that the error and
the sensitivity, described by P(x) and 7!, seem to be intimately related. In particu-
lar, there is no case known where the error and the sensitivity are both reasonably
small. There is a dichotomy: Either one goes for a small error and gets a bad sen-
sitivity, or one wants a stable algorithm and has to take a comparably large error.
This effect is reminiscent of the Uncertainty Principle in quantum mechanics, and
here it will take the very simple form

P3(x) - A7 (x) = 1, (1.6)
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Table 2
These table entries explicitly contain the relevant constants, though not in optimal form.
o(x) = ¢(r),r = || x|l () =pw),r=llwl} G(h)

o(%5)
r’,8 € R;0\2N PAME S 5 ra?

o(-3)

r (d + 4 ,
thin-plate splines 2 ) h 5
T
r(-g)r(§+ 1) 2%+1(6.384)

(=1)'*#*Plogr,Be2N  2#F-lpdT (——d “ZL g ) Blr?

d+p
(50 o
P(; +1) 2%4+2(6.384 ) #

thin-plate splines

e v
( +r1)P2,BE RN, —%—ﬂKu(’Y’)(‘zr,‘y) cl(ﬁ,d)h”exp( 27%4)
v=_(d+p)/2 F(_E)

e 1D
e
o

4/2
_6r? T —r2/48 6. 38d) (6 38d) )
©a0 (5) 22d+1r( )(

2192

T(k)

e "k h2k_d 1 hz —k
- K 2 14+r%)” 1+
e-ape(N)r/2) 1+ 2k+2d+1 d/21-\< ) (6.384 )% ( 162~8d2)
2

where \(x) is defined via (1.3) for the matrix 4, that arises after adding an addi-
tional row and column for 4 of (1.2) for the location x = x,. We shall prove
(1.6) in section 2 and draw several conclusions.

To explain the latter, we have to introduce some additional notation. First, the
known upper bounds for P(x) take the form

P*(x) < F(h(x)) (1.7)
where F:R,, — R, is decreasing and

h(x) := max min x 18
( ) ||y—x||z<p1<j<N“y ]H2 ( )

measures the density of centers x; from X around x. Note that 4(x) depends on X
and p > 0 (which is kept fixed), but not on ®. Equation (1.7) holds uniformly for all
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points x and sets X such that
h(x) < hOa

the positive constant 4, being dependent on d, m, p, and ®. It requires no additional
hypotheses on ® exceeding those we made so far. The function F is dependent on
the decay of the generalized Fourier transform ¢ of ® at infinity. This is equivalent
to being dependent on the smoothness of ®. See the references in table 1 for details
concerning the construction of F.

Secondly, the known lower bounds for A(x) take the analogous form

Alx) = G(gq(x)),
where g(x) is the separation distance within the set X U {x}, i.e.:

a() =4, _min_ [|% - %] (19)

where we set x, := x again. Table 1 contains references to some special instances;
section 3 will provide a general theory based on previous work by Narcowich
and Ward. No additional hypotheses on & are required. As A(x), the quantity
q(x) depends on X and x, but there is a major difference between the two: if A(x)
is small then there is a ball around x packed with centers from X of mutual distance
at most A(x), while a small value of g(x) may possibly be attained for || x; — x;||/2
with x; and x; far away from x. This difference is quite natural, because one cannot
expect P(x) to be boundable from above in terms of g(x), nor can A(x) in general be
bounded from below by 4(x). See definition 2.2 below for a situation where such a
bound exists.
Now our assertion (1.6) leads to a two-sided inclusion

G(q(x)) < Mx) < P*(x) < F(h(x))

that serves to provide new upper bounds on A(x) and new lower bounds on P(x). In
addition, we now have an easy possibility to check how tight the bounds from the
literature are in case of centers on the grid AZ?. Then g(x) = lh+ V/dh is possible,
and both \(x) and P?(x) should fit between

G(h) < F(hVd),

and we shall see that Fand G indeed differ only by a constant factor in case of thin-
plate splines. In other cases, there are additional powers of § that make a gap
between

G(6) = c6*F(8) < F(6vV/d), 6—0,k>0,

which leaves room for further research.

For the reader’s convenience, we list the known examples for functions Fand G
in table 1.

Another useful result of our analysis will be a bound on the Lagrange functions
u;(x),...,uy(x) corresponding to interpolation by (1.1) on X = {x,,...,xy}. In
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the above context, we get

v P F()
L2 w0 < 305 < Gy

and this serves to prove that the Lagrange functions cannot grow too badly in
regions where there are sufficiently many regularly distributed centers.

2. Basic results

First we assert that A\™' of (1.3) controls the sensitivity of the solution vector
a € RY of (1.2) with respect to perturbations of the data vector y € R". In fact,

ada =o'y
follows from (1.2) and implies
lall, < X7 2l
if (1.3) holds. Similarly, an upper bound
a"da < Alle]}, A>0, (2.1)
of the quadratic form induced by A yields

AL < el

and in case of a perturbation y + Ay of y that leads to a perturbation a + A« of a,
we get the condition-type estimate

I18all; _ AllAy]:
Tall. S X112

Since the determination of the other solution vector 3 € R? of (1.2) can be viewed
as a problem of polynomial interpolation, the main part of the sensitivity analysis
of “radial” basis function interpolation problems consists in finding good bounds
for A and A.

We now turn to the function P(x). Due to the special choice of the space # and
the seminorm | - | #, the function P2(x) can be explicitly written as

P%(x) = ®(0) -2 Z u;(x) ®(x; — x)

N N
+ Z Z uj () ue(x) D(x; — x),
=1 k=1
where u,(x), ..., uy(x) are the Lagrange basis functions for interpolation, i.e. (1.6)

equals

N
Sy = ,Z'; f(xj) U;
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(see e.g. Schaback [15]). We now set x, := x and add a first row and column to the
N x N matrix 4 in (1.2) to geta (N + 1) x (N + 1) matrix 4,. With
wu, = (1, —uy (x),..., —uy(x))T € RV
we then have
P(x) = uz A,
and simply use (1.3) for 4, in the form
AX) 73 < y4yy for all y € RM!

to get
N
A(x) (1 +> u,?(x)) < P3(x). (2.2)
=1
If we take (2.1) for 4 replaced by A,, then
2
Alx) < ———PNL < A(x).
1+ Z ujz(x)
=1
We can now read off a series of statements:
Theorem 2.1
For any PZ-nondegenerate set X = {x;,...,xy} and all x € R?\ X we have

1<+ XN: uf(x) < PA(x) A7 (x).

If X corresponds to 4 in (1.3), then
A < min {P}(x;)| X \{x;} is PZ-nondegenerate,1 <j < N}

where P; is the power function for X'\ {x;}. O

In all practically relevant cases we have bounds of the form
PX(x) < F(h(x)), A(x) = G(g(x)), (2.3)

with continuous and decreasing functions F and G for small arguments. The
relation between ¢(x) and A(x), as defined in (1.9) and (1.8), is

2(x) < | min_||x x| < A) (24)

but in order to relate the bounds in (2.3) we have to look at conditions under which
h(x) can be bounded from above in terms of g(x).

Definition 2.2
We call a set of centers X = {x,, ..., Xy} quasi-uniform for a compact set Q C RY if
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there are 6 > 0 and A& > 0 such that

(@) h(x) < hforall x € Q,
(b) 2g =min; ¢;,<nllx; _xk”2 = hé,
(c) each set X \{x;},1 <j<N,is Pd-nondegenerate

Then we call 4 the density and § the uniformity of X with respect to €.

Note that necessarily 0 < § < 1 due to (2.4), and that there are plenty of such sets
if A is small enough.

Theorem 2.3
For quasi-uniform sets of centers with density 4 and quasi-uniformity § we have
two-sided bounds

G(Lhe) < M(x) < PX(x) < F(h) (2.5)

for all x € Q with g(x) > }he. Furthermore, if (2.3) holds for arguments < 2hin F
and G, and if 24 < p for p in (1.8), then

G(3h6) < A< F(2h). (2.6)
Finally, F and G always satisfy
G(h) < F(hVd)

for sufficiently small arguments.

Proof
The bounds in (2.5) and the left part of (2.6) readily follow from the definition of
quasi-uniformity, while for the right-hand part of (2.6) we have to prove

min h( x;) < (2.7)

1<j<
if h; is defined as
hi(x) := sup min ||y — x|

1ISk<N
ly=xll<p Ty

like (1.8) after deletion of x; from X = {xy,...,xy}. For this, first take y € R with
h < ||y x;|| < p. Then there is some x; € Xw1thk;£] and ||y — x;|| < h < 2h,
proving (2 7) in thls case. If, however, y € R satisfies ||y — x;|| < h < p, then we
can find a z, € R with ||z, — x;|| = h+ € for an arbltrarlly small € € (0, 4] such
that y lies on the line between x; and z.. Then there is some k€ {1,...,N },
k # j, such that || z, — x || < h, and consequently

Iy =xell <y —zell +1lze = x| S h + e+ h,

proving (2.7) for this case, too. The last assertion follows from the fact that for a
uniform grid AZ? one has points x with

) = 1% = Vidg(),
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and thus

G(h/2) = G(q(x)) < Mx) < P*(x) < F(h(x)) = F(hT

The applications of these results can be read off table 1. For thin-plate splines,
the bounds in terms of F and G are of the same order, and the L, Lebesgue func-
tion 1+ 3% =1 uz(x) will be bounded 1ndependent of N for x inside sets of suffi-
ciently dense centers. Upper bounds of P*(x) and lower bounds of A\(x) are best
possible in terms of the order . The results of the literature do not cover the full
range of 3, and this is why we add a section on lower bounds for A(x).

The other cases show certain discrepancies between F(6v/d ) and G(6) by factors
6% that may or may not be consequences of insufficient proof techniques. But since
in these cases the bounds decay exponentially anyway, one should rather look at
the constants in the exponential in order to sharpen the bounds. As long as these
constants are not known, one cannot say whether the L, Lebesgue functions are
exponentially increasing, decreasing or constant.

3. Lower bounds for A

In this section we generalize the technique of Narcowich and Ward [11,12], to
provide table 1 with a full set of examples for the G function. The main difference
will be that we introduce Fourier transforms right from the start, which makes it
much easier to treat large values of m, the order of conditional positive definiteness
of ®.

The starting point is that any function ® of table 1 satisfies a relation

N N . N . 2
DD aad(x - x) = (2m)° /,,‘P(w) > "0y dw
j=1 k=1 R “a

for all PZ-nondegenerate sets X = {x;,...,xy} and all vectors o € R" satisfying
the second set of equations in (1.1). Note that (3.1) can be derived from (1.5), as
was shown by Madych and Nelson [9].

The left-hand side of (3.1) is the quantity o4« that we want to bound from
below, and we can do this by any minorant ) on R¢\{0} of ¢ that satisfies

o) =¥w)=0 onR\{0} (3.2)
and that itself leads to a similar quadratic form

>3ty -5 = @0 [ v()

j=1 k=1

(3.1)

dw (3.3)

N T

. ixjw
E aje
J=1
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for another ‘“radial” basis function ¥ and a weaker (or none) constraint on
a € R”. Furthermore, there should be an easy lower bound
a'Ba>Alalh
for the left-hand side o" Ba of (3.3). Then clearly for all @ € R” that are admissible,
a'da > o"Ba = M| a3, (3.4)

as required. The basic trick of Narcowich and Ward now is to make B diagonally
dominant, while v is obtained by chopping off ¢ appropriately. Before we proceed
any further, here is the main result:

Theorem 3.1
With the function
@o(r) = inf ¢(w), (3.5)
lwll2 <2r
we have
1 @(M) (M )d
A== (3.6)
() W

for any M > 0 satisfying

d 1/(d+1)
0 7rF2(-2—+l)
Mz =\ ——7~ (3.7)

(3.8)

or, a fortiori,

Proof
We start with any M > 0 and the characteristic function

(%) = { Lo lx] <M,}

0, else
of the L, ball with radius M. Then we define

M)T(id+1
W) = () = Ao

and use the calculations of [13] to get (3.2) via
supp (a) = {x € R*: || x|, S 2M } =: Cp(0),
2d7rd/2

r(id+1)

(X m * X m) (W)

X0 * X ar lloo < w0l (Cuy (0)) = M*
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The radial basis function ¥,, corresponding to v, is obtained via the inverse
Fourier transform

xul) = (571

d/2
— ) Jyp(M
27THX||2> d/2( ||x”2)

and the Convolution Theorem as

po(M)T(4d +1)

\IIM(x) = rdpfd ]2 (XM*XM)V(x)
eo(M)T(zd+1)
= I x (M | x 1)

with J, denoting the Bessel function, satisfying

2d/2

J;/Z(Z) < Tz z>0

1

. _—d 2
lim =" J42(2) = Sata 1)

(3.9)

as was proven in [13]. The second formula yields
__pM) (MY
Tul0)= L(3d +1) (4ﬁr

and we assert diagonal dominance of the quadratic form in (3.3) by a suitable
choice of M. We have

N
Tp. > 2 _ o
o Ba 2 ||l (‘I’M(O) lg}ast k§=l W (% xk))
Py

by Gerschgorin’s theorem, and the final bound will be of the form

M) (MY
>1 — @0 .
AZ2%u(0) r(id+1) (4\/7?) ’ (3.10)
because we shall choose M such that

 max kE=l Wy (x; — x) < 39,,(0). (3.11)

k#j

This is done by a tricky summation argument of Narcowich and Ward [13] that
proves (3.11) for M satisfying (3.7). It remains to show that (3.8) implies (3.7).
We use a variation of Stirling’s formula in the form

T(1+x) < V2mxx*e ™ e/, x>0,
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to get
2
gl-ﬁ (g_l_ 1) < %dd+l(28)—del/3d,
1/(d+1) 2y 1/(d+1)
(grz (g+ 1)) < d(fg_) (26)—d/(d+l) !/ (d(d+1)
m
<d——=e€"%<d-0.531
3V2e
such that
s 8%
q

is satisfactory for all cases.

d

Note that this technique completely ignores the additional conditions on « that
might lead to a larger lower bound. The advantage is that the result is fairly general
and can be applied in all of the cases. We incorporated the results into table 1 to
supply a number of missing cases. This was done by application of theorem 3.1
to the entries in table 2. To keep the formulae short, we used (3.8) instead of
(3.7), which would yield sharper, but much more complicated bounds. To treat

multiquadrics as a specific example, we have to evaluate ¢y (M ) via

— — _d+p
©1(R) .—0<nr1£RK,,(r)r , R>O,1/-—2-—.

We use equation (9.6.23) of Abramowitz and Stegun [1] to get
T(v+3)K,(r) /°° —rty 2 -1
— = (2 - 1) ar
VoD SR

> / e—-rt(t__ 1)21/—1 dt
1

00
— e—r/ e—rsSZV—l ds
0

=TQ2v)er*
and

I'(2v) \/7_re—RR—2u.

R) >
1(R) T(v+1) 2

By the doubling formula for the I" function this can be simplified to
@1(R) = 2" 'T(v)R™* e ™%,
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Then we have
2 d/2 ,
(M) =~ (27 (27 M)
r(-5)

2

27rd/2 2\vAv—1 -2yM —-2v
2 ——<(27) 2" T()e 7" (27M)

0

and

(d+ﬁ)
1 "=
A= M Pexp(—2vM)

22d+1 I‘(_ g)r(g 4 1)

as incorporated into table 2 with M = 6.38d/q. For 3 < 0 and large values of ¢
there is a better choice of M, but we leave this exotic case to the reader. Similar
tricks can be done in the Gaussian and Sobolev cases.

Acknowledgement

The author thanks the referees for a series of helpful remarks and suggestions.

References

[1] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions (Dover, New York,
1970).

[2] K. Ball, Eigenvalues of Euclidean distance matrices, J. Approx. Theory 68 (1992) 74-82.

[3] K. Ball, N. Sivakumar and J.D. Ward, On the sensitivity of radial basis interpolation to minimal
distance separation, J. Approx. Theory 68 (1992) 401-426

[4] B.J.C. Baxter, Norm estimates for inverses of Toeplitz distance matrices, J. Approx. Theory 79
(1994) 222-242.

[5] M.D. Buhmann, New developments in the theory of radial basis function interpolation. in:
Multivariate Approximations: From CAGD to Wavelets, eds. K. Jetter and F.I. Utreras (World
Scientific, London, 1993) pp. 35-75.

[6] N. Dyn, Interpolation and approximation by radial and related functions, in: Approximation
Theory VI, eds. C.K. Chui, L.L. Schumaker and J.D. Ward (Academic Press, Boston, 1989).

[7] N. Dyn, W.A. Light and E.W. Cheney, Interpolation by piecewise-linear radial basis functions, I,
J. Approx. Theory 59 (1989) 202-223.

[8] D.S. Jones, The Theory of Generalized Functions (Cambridge University Press, 1982).



264 R. Schaback | Radial basis function interpolation

[9] W.R. Madych and S.A. Nelson, Multivariate interpolation: a variational theory, Manuscript
(1983).

[10] W.R. Madych and S.A. Nelson, Bounds on multivariate polynomials and exponential error esti-
mates for multiquadric interpolation, J. Approx. Theory 70 (1992) 94-114.

[11] F.J. Narcowich and J.D. Ward, Norm of inverses and condition numbers for matrices associated
with scattered data, J. Approx. Theory 64 (1991) 69-94.

[12] F.J. Narcowich and J.D. Ward, Norms of inverses for matrices associated with scattered data, in:
Curves and Surfaces, eds. P.J. Laurent, A. Le Méhauté and L.L. Schumaker (Academic Press,
Boston, 1991) pp. 341-348.

[13] F.J. Narcowich and J.D. Ward, Norm estimates for the inverses of a general class of scattered-
data radial-function interpolation matrices, J. Approx. Theory 69 (1992) 84-109.

[14] M.J.D. Powell, Univariate multiquadric interpolation: Some recent results, in: Curves and Sur-
faces, eds. P.J. Laurent, A. Le Méhauté and L.L. Schumaker (Academic Press, 1991) pp. 371-
382.

[15] R. Schaback, Comparison of radial basis function interpolants, in: Multivariate Approximation.
From CAGD to Wavelets, eds. K. Jetter and F. Utreras (World Scientific, London, 1993) pp.
293-305.

[16] R. Schaback, Lower bounds for norms of inverses of interpolation matrices for radial basis func-
tions, J. Approx. Theory 79 (1994) 287-306. ‘

[17] X. Sun, Norm estimates for inverses of Euclidean distance matrices, J. Approx. Theory 70 (1992)
339-347.

[18] Z. Wu and R. Schaback, Local error estimates for radial basis function interpolation of scattered
data, IMA J. Numer. Anal. 13 (1993) 13-27.



