
Transformations of  Minimal Surfaces. 

(By LUTHER PFAHLER EISENHART.) 

I n  a Memoir published by CALAPSO in the Annali (*), the au thor  has 
developed at length the theory and t ransformat ions  of a class of surfaces, 
discovered by GUIC~ARD (**) and characterized by the proper ty :  

Given a surface N of the class; (~ there exists a surface iV' having the 
same spherical representat ion of its lines of curvature as the surt'aee N, and 
such that  if r~, r2 are the principal radii of curvature of N, and r'~, r'~ the 
corresponding radii of N' , -one has 

r~ r'~ + r~ r'~ = const., ([) 

the constant  being different from zero ~. 
CALAPSO has shown that, if a surface be referred to its lines of curva- 

ture, the necessary and sufilcient condit ion that  it be a surface N is that  
either of the following conditions be satisfied: 

D" )2 
v~G - ~ - -  CF,-- = G --  E, 0I) 

VE- ~/E ~ )  = G-+  E, (III) 

where the functions E, G, D, D" are the  fundamenta l  quanti t ies of the sur- 
face. According as a surface satisfies the first or second of these conditions, 
it is called by CALAPS0 a surface of GUICHARD of the first kind or of the 
second kind. 

In the present  Note we show that one of the surfaces parallel to a min- 

(~) Alcune superficie di GUICHARD e le relative trasformazioni [Annali, ser. III, vol. XI, 
p. ~01-~5~, (~905)]. 

(~) Sur les Surfaces isothermiques [Comptes Rendus, vol. 130, p. ~59]. 
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imal surface satisfies (II) and that the surface N'  associated with it after 
the manner  of the above "theorem is a sphere. After deducing these results 
in § 1, we apply in the subsequent §§ the results of GUICItARD and GALAPSO 
to this group of surfaces of GUICHARD. We shall refer to these particular sur- 
faces as surfaces P. 

GUICHARD has shown that from a surface of the first kind one can de- 
duce an iniinity of isothermic surfaces referred to their lines of curvature 
each of which is the locus of a point A situated on an isotropic tangent to 
the surface _IV. In § 2 it is found that these transforms of a surface P are 
minimal surfaces; hence we have a transformation from the minimal sur- 
face, S, which is parallel to P, to new minimal surfaces, which for conve- 

nience we shall call the surfaces S. 

In § 3 we apply to the P-surfaces parallel to the surfaces S (call them 

the surfaces P) the G'UICI~ARD transformations and find that the determina- 
tion of all these transformations requires only quadratures. However, these 
new minimal surfaces are imaginary. 

In § $ we apply to the surfaces P the transformation of GUICHARD in 
which ~ - i  has been replaced by - - i  and vice-versa. Among the infinity of 

transforms of a surface P there is always one real minimal surface other 
than the original surface S. 

In this manner  we can obtain from a given minimal surface an infinity 
of real minimal surfaces, whose determination requires the solution of a 
pair of PtICCATI equations. The relation between the original surface and auy 
one of these transforms is perfectly reciprocal, so that when the transforms S~ 
of S have been found, one can get the transforms S ' ,  of the surfaces S~ by 
quadratures.  

CALAPSO has shown (*) that, given any isothermic surface, a surface of 
GUICHARD can be found by inverting the transformation of GUICHARD. In 
§ 5 we apply this inverted transformation and also its conjugate to the sur- 

faces S, and in both cases we find that all the transforms are imaginary. 

(~) L. c., pug. ~230. 
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§ 1. SURFXCES P. 

Consider  the minimal  surface S with the l inear  e l ement  

d s = -~- e ~° (d u = -~- d v~), (1) 

and  for which the coefficients of the second quadra t ic  form are  

D = - - I ,  D " =  1. (u) 

Now the l inear  e lement  of the spherical  representa t ion  is 

d s ''~ = e -~a (d u ~ -/- d v2), (3) 

and  the GAuss and  CODaZZ~ equat ions  are  satisfied, if 0 is a solution of the 

equat ion 
~ 0 ~ 0 

u ~ ÷ a - ~  --= e-~o. (~) 

If we denote  by X,,  Y1, Z1 ; X2, Y=, Z~; 'X, Y, Z tile direction-cosines 
of the tangents  to the curves v = const., u = const, and of the normal  to 

the surface respectively, we have (*) 

aX, 3 0 X~ e-O X, ~X~ ~ 0 ~X am e~ X1 - -  - -  ' a u  b u =  ' g-~ a v a--g =-a  -v x ,  - -  = e-o X ,  , 

aX,  a 0 aX,  a 0 X ,  + e-o X ,  a X  m e ° X~ ,  - -  = - -  e -°  X~ 
~ v =  ~v  ~ X~, a v  ~ u  ~ v ' 

(5) 

and  similar equat ions  in the y's and  z's. 

A surface parallel  to S at  the dis tance a is given by 

~ = x - - a X ,  ~ = y - - a  Y,  ~ = z - - a Z .  

The fundamenta l  quanti t ies  of  this surface are  found to be 

E = (e0 - -  a e-0)~, F = 0, ~ = (e 0 + a e-0)~, 

/)  = - -  e-0 (e0 - -  a e-°), D' = 0, D" = e -° (ee + a e-0). 

(~) BIANC~II, Zezioni, vol. II, p. 336. 

Annali di Matematica, Serie III, Tomo XIII. 33 
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These  express ions  satisfy equa t ion  (I1), if a - - 1  and only in this case. 
Hence  the surface det ined by 

[:x--x, =v-- 15 <=z--z, (6) 

is a surface of GUICHARDofthe first k ind;  we designate such a surface by  P. 

F rom above it is seen that  the fundamenta l  quant i t ies  for P are 

E ---- 4 sinh" 0, G = $ cosh ~ 0, D = - -  2 e -° sinh 0, D" = 2 e -° cosh 0". (7) 

CALAPSO has  shown (*) tha t  the necessary  and sufficient condit ion that  

a surface be a surface of GUICHARD is that  the l inear e lements  of the sur- 
face and its spherical  represen ta t ion  be reducible  to the respective forms 

d ~-~ = e "~' (s int f  o d u" -f- cos l f  o d ,W) 
(8) 

d z" = (cosh o -h  H sinh o) ~ d W + (sinh o -I- H c o s h  o) ~ d v ", 

the lines of curva ture  being parametr ic ,  and  the funct ions t, H a n d  o being 

solut ions of the sys tem of equat ions  

t ~H ( H + t a n h o )  ~ t ~ H  - -  ( H - ~ - c ° t h  °)  ~ ' 0 v  

u ~ 0 v ~ -+- coth o ~ d- tanb o ~ v ~ - -  s in l f  o ~ u ~ u ~ (9) 

1 ~ o  ~t  
+ cosh ~ o ~ v ~ v -t- (cosh o -t- H s i n h  o) (sinh o + H c o s h  o) = 0. 

In order  that  (3) may  take the form of the second of (8), we mus t  have 

cosh o + H sinh o = e -0, sinh o + H cosh o = - -  e -0, 

from which it follows that  

o = H = -  1. (10)  

Moreover, tile first of (8) reduces  to (l), if 

(11) 

In consequence  of (Q eq~lations (9) are satistied by the above values 

00) ,  (11). 

(*) L. c., p. ~214. 
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CALAPSO has  shown (*) that  the surface N', which is related to 2 / i n  the 
m a n n e r  s tated in tile theorem leading to the relat ion (I), is defined by the 
forms (8), where  now the funct ions t~, Hi ,  o, relat ing to N'  are given by 

' [  ] eosh o, - -  1 - -  H ~ eosh o (I -t- H ~) -t- 2 H s i n h  o . 

W h e n  the  surface N is a surface P, the surface N" is the  uni t  sphere  
upon  which the Gaussian representa t ion  of P is made.  

§ 2. THE TRANSFORMATION OF GUICHAllD. 

GUICHAaO (**) has  announced  the following t h e o r e m :  
Given a surface satisfying condit ions (8) and (9), a funct ion ~ can be 

de te rmined  in such a way that  the surface S defined by 

is isothermic.  
CaLAeso shows (***) that  the funct ion ~ is de te rmined  by the following 

pair  of illimitably integrable equa t ions :  

89 3o  
8 u + i  Ov - sinh o eosh (? - -  t) - -  

8 t  I 
- -  i tanh o 

Ov 

87 30 
i ~;~ + ~7~ = cosh 

e~-' (H ~ s inh o + 2 H cosh o), 

0 sinh (~ - -  t) - -  

8t  1 
- -  coth o 8 ~  + ~-  e~-' (H ~ cosh o -~- 2 H sinh o). 

(~) L. c., p. ~2[4. 
(~) L. c., p. 161. 

( ~ )  L. c., p. 2!4, 



~5~ Eisenhart : Trartsformations 

When the surface of GUmHaRD is a surface P, these reduce  to 

0 u ~-v ~-~ 2-  e~-° - -  e-v sinh 0, 

a 9 @ a 0  1 
i ~ ~-u ----- ~-2 e~-° - -  e-~ cosh 0. 

03) 

In consequence  of (5) and  (6) we get f rom (lO~) by differentiat ion 

(1 ) 
x _ 2 sinh 0 X~ -+- eV (X, -~- i X,) ~2- ev-° ~ e-~ sinh 0 - -  ev -° X, u 

- -  : 2 c o s h  0 X2 - -  
a v  

ie~(X~÷iX2)(le~-O--e-fcoshO)+ie~-OX, 
(1~) 

so that  

E = :~ \a u]  e %  :~ O u  O~vv - -  \a ,v] = e~" (15) 

From (14) we tind tha t  the direction-cosines, X, ~. Z, of the normal  to 

the surface S are of the form 

x = e-~ ( x ,  - -  i x~)  q -  x .  

By different iat ion we get 

aX 3 x 

so that  

(16) 

OX ~ ~" (17) 

~ ;  g-u - -  J' 0, = 1. (18) 

Hence S is a minimal  surface, and  the l inear e lement  of its spherical  

represen ta t ion  is 
d s '~ = e -~  (d W -[- d v~). (19) 

Denoting by X,, Y1, Z,; X2, Y~, &,  the direction-cosines of the tan- 

gents  to the curves v = const., u---- const, respectively on S, we have 

- -  a £  - -  O N  
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which in consequence of (i~) reduce to 

X--1~--- (-2 e~-O ÷ e-~ sinh O) X ~ ÷ ( l  e~-O -- e-~ sinh O) i X~ -- e-O X, 

i X~ = ( l  ev-e -- e-V cosh O) X, ÷ ( l  ev-O ÷ e-V cosh O) i X~ -- e-O X. 
(020) 

If e be replaced by p, equations (13) take the RICCATI form. Hence there 
exists a family of imaginary minimal surfaces depending upon a parameter, 
transforms o f / )  and consequently of S; and the complete determination of 
these surfaces requires the integration of a pair of RICCATI equations. 

§ 3. Guicm~nD TRANSFORMATIOlCS OF S. 

Since S is a minimal surface, we have a new surface P parallel to S. 
From (6), (102) and (16) it follows that this surface is defined by equations 
of the form 

= ~ + ev (x, + i x,) - e-~ (x, - i x~) - x. (021) 

We apply to P a transformation of GUICHARD. From (12) it follows that 
the transform S, is defined by equations of the form 

(~) 

where ?, is a solution of the equations 

--02 eW-V --  e-v, cosh 9. (023) 

In consequence of (°20) and (021) equation (0202) is reducible to 

x,  = ~ +  (1 ÷ e~,-9 [e~ (x ,  ÷ ~  x~) - -  e-~ ( x ,  - i x ~ ) ]  - (02 e.~,-0 + 1) x .  (02~) 

On replacing ~ ÷ X by x in this equation, we get a transformation in- 
volving two parameters, which changes the original minimal surface S into 
another minimal surface S,.  
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tf equations (23) be written in the form 

1 

and be compared with (13), it is seen that a solution of them is given by 

= - -  e o .  

Hence, since equations (~23) are of the RICCATI type, they are integrated 
completely by quadratures. Therefore, the complete determination of the 
(louhly-infinite group of surfaces S~ defined by (~4), requires the solution of 
a pair of Rmc~vrt equations and quadratures. 

Evidently the transformation determined by (~5) leads to S itself. We 
inquire whether any of the other surfaces S~ are real, when S is real. 

I1 we put 

? = ~.__Li ~, 

where ~ and ~ are real, equations (13) are replaced by 

~ (1 ) D~ (~_e~_O÷ ~ =  ~-e  ~ - ° - e  -~s inh0 cos~, ~ v - -  

O u ~v --~ e~-° ~- sinh 0 sin ~, 

O~v ~u--80 ( I e , _ 0 _ e ~ _ e o s h O )  cos~" 

e -~ cosh O) sin ~, 
\ 

,, 

./ 

Ill like manner, if ?, is real, equations (23) can be written 

~:¢ (1 ) __ (~_ ef,_,. @ e_e, eosh :¢) sin ~, u ~- e~,-" - -  e-~, eosh :¢ cos ~, a ~. 
av  

u ~ v --  g en-~' --  e-f, sinh ~ cos ,3, 

) v  -}- ~ = --  (~- eV - -~ e-v, sinh :¢ sin ~. 

In order that the first two equations of these two sets be consistent, 
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we must  have 

1 1 ~-0 2- eV, -~ - -  e-~, cosh ~ - -  ~ e -+ e -~ sinh 0 = 0, 

1 I e~_ 0 ~- e~, - ~  -}- e-~,  c o s h  ~ + ~ -+- e - ~  c o s h  0 : 0, 

from which by addi t ion we get (°25). Hence of all the sitrfaces defined by (24) 
S is the only real one. 

~. CONJUGATE GUICHARD TRANSFORMATIONS OF S. 

We apply now to the surface -~--, defined by (021), the conjugate transfor- 
mat ion of GUICI-IARD, that  is, tile t ransformat ion  with ~ - i  replaced by - - i .  

Now the equat ions analogous to (023) are 

~ 0~ i ~ 9 1 .dO1 ~ 9 le°,-v-~-e-°,cosh % (027) a u ' - -  g v = - 2  - e ° ' - v - e - ° ' s i n h %  * ~  ~u------- 

and the coordinates of the t ransform S~ are of tile form 

~ = ~ + eo, ( 2 ]  - i x-~), 
which reduces to 

x, ---- i + e~ (x, + i x~) + (eo,+o -- I) e-~ (X, -- i x~) -- X. (02s) 

As in the preceding case, if ~-~-X be replaced by x, this gives a trans- 
format ion from one minimal  surface, S, to a double-infinite family of sur- 
faces, S~. Later we shall tind a part icular  solution of equations (27); hence 
the complete determinat ion of all the above t ransforms of a surface S re- 
quires the solution of an equat ion of I:[ICCATI and quadratures.  

We inquire whether  any of these t ransforms are real. On the assump- 
tion that  02 is real equations (27) can be  writ ten 
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00, 013 
Ou +Uv 
0 o~ 013 

- - = ( l e o , - ~ - - e - ° ,  s inh  :¢) cos  13, 

= ( 1  e°,-~ + e-°, sinll ~ ) s i n ~ .  

(30) 

In o rde r  tha t  e q u a t i o n s  

m u s t  ]lave 
1 

o2- co1- - -  e-Ol 

(029) be  c o n s i s t e n t  wi th  the  t i rs t  two  of  (026), we 

i e~_ o +. e-  ~ s inh  0 ----- O, cosh  ~. - -  -2- 

1 o , -~  I e~_ 0 _ e _  ~ c o s h  0 = 0 ,  ~-  e + e-O~ cosh  ~ - -  ~ -  

which  r e d u c e  to the  single e q u a t i o n  

e 0, -= 02 cosh  ~.  e ~-~. (31) 

It  is readi ly  foun~l t ha t  th is  va lue  of  0, sa t is f ies  e q u a t i o n s  (30). 

S u b s t i t u t i n g  in (028) a n d  rep lac ing  ~ by  x ~ X we  get  the  e q u a t i o n  

x,  = x + ~ e ~ (cos 13 321 - -  sin 13 X~) - -  02 32, (302) 

a n d  s imi lar  e x p r e s s i o n s  for  y~ a n d  z~ wh ich  def ine  a real  t r ans fo rm,  S , ,  of  a 

g iven  sur face ,  S. 
B y  d i f fe ren t ia t ion  we  ge t  

Ox, _ (d~_ o cos 0213 _ e _ 0 )  X, - -  e ~ - °  s in 02 13 X~ - -  2 e ~-° cos 13 X, 

u (33) 

x~ _ e~_0 sin 02 ~ X~ + (e ~ - °  cos  °2 ~ -t- e -°) X~ - -  02 e ~-° sin ~ X. 
Ov 

F r o m  these  a n d  s imi la r  e x p r e s s i o n s  in yl and.z ,  we  der ive  the  fo l lowing  

va lues  for  the  d i rec t ion-cos ines  of  the  n o r m a l  to S, 

1 
X '  ~ t a n h  :¢ X -+- c o s h  ~ (cos 13 X~ - -  s in  13 X~). (34) 

And  the  
u = const ,  o n  S~ a re  of  the  r e spec t ive  f o r m s  

X ', - -  2 cosh  ~. (e~ cos 2 13 - -  e -~) X~ - -  e ~ sin 2 13 X~ - -  °2 cos  13 , 

e ~ sin 02 13 X, - ?  (e ~ cos  02 ~ + e -~) X° - -  02 sin ~ • 
" 02 cosh  ~ 

di rec t ion-cos ines  of  the  t a n g e n t s  to the  curves  v- - - -cons t . ,  

(35) 
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and 

From (3*2) and (3~) we get 

z X ( x ,  - -  x )  ----- - -  *2, z X '  ( x ,  - -  x )  = o., 

( ~ , - x )  ~ - -  ~ (~:~ + 1). 

(36) 

Hence the line joining corresponding points on two surfaces S and S~ 
makes equal angles with the normals to the surfaces at these points. As this 
angle is not a right angle, the transformation is different from the one due 
to THYBAUT (*). 

From (.%) it follows that the direction-cosines of the line of intersec- 
tion of the tangent planes to S and S~ at corresponding points are 

sin ~ X, -[- cos ~ X~, ain ~ Y~ -I- cos ~ Y~, sin [~ Z, ~- cos ~ Z~. 

Hence this line is perpendicular to the projection upon the tangent 
plane to S of the line joining the points of tangeney on S and S , .  

Denote by " ~., z, ~ the coordinates of the point of intersection of these 
two lines. Since we must have 

if we put 

it is found that 

x (~ - ~ )  = o ,  ~ x '  (~ - x ' )  - -  0,  

= ~ -t- ?. (cos ~ X~ --  sin ~ X~), 

;~ = .2 cosh ~. 

From the foregoing discussion it follows that each pair of solutions of 
equations (*26) gives a real transform of S. The form of these equations is 
such that the arbitrary constant entering in the complete solution appears 
in both ~ and ,~. From (3*2) it is seen that the points, on all the transforms, 
corresponding to a point on S lie in the plane parallel to the tangent plane 
to S and at the distance *2 from it. 

We inquire whether  the normals to the surfaces S and S, at correspond- 
ing points meet. In order that this may happen two functions ), and ~,. must  

exist which are such that 

Wo : x -~  ), X - - -  x~ -~  ~. X ' .  

and similar equations in y ' s  and z' s. 

(*) BIANCtt[, Lezioni, vol. II, p. 334. 
Annali di Matematica, Serie III, Tomo XIII. 36 
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If the above values  be subs t i tu ted ,  it is found  tha t  these equa t ions  are 
satisfied when  

9' ~ V" = - -  2 e ~ eosh ~. 

This  resul t  sugges ts  tha t  this t r ans fo rmat ion  which  we have found  coin- 
cides with one previously  d iscovered by BiAxcm (*) as an  ou tcome  of a 
t h e o r e m  of GumHam). i t  is readily found  tha t  the two t r ans fo rma t ions  a~e 
the same (**). F r o m  the inves t igat ion of B~A~(;m we know tha t  the locus of 
the  po in t  (Xo, yo, Zo) is a surface appl icable  to a pa rabo lo id  of revolut ion.  

5. I~v~¢s~ TRANSFORMATIONS OF (~UICHARD. 

Car,apso has  show'n (***) tha t  the t r ans fo rma t ion  of GUICHAtlD can be inver- 
ted, tha t  is, every i so thermie  surface ean be cons ide red  as der ived from a 
Gummu~D surface by means  of the cons t ruc t ion  indica ted  in the theo rem of 

GumuA~m. We shall  apply this inverse t r ans fo rmat ion  to the surfaces S. 
In the first place we solve equa t ions  (16) and  (20) for X, X,,  X, ,  get t ing 

) ........ 
Xt --~ e-S s inh 0 X~ I e ~  -o - -  e-~ eosh 0 i X.,@ e-~ X, 

1 0 ,iX.,.=-- (~-e~----e-~sinhO)X~ '/1~- t~_ e,,-o + e - ,  eosh 0)i-,Y~-~-e-~ ~'~: (37) 

X =- - e - ° (X~- - iX~) - t -X .  

In consequence  of  these re la t ions  equa t ion  (12) can be wri t ten  

x --~ ~ q-  2 (sinh 0 X~ -~- cosh 0. i X~ -~- X). (38) 

If S is any min imal  surface and  the l inear  e l ement  of its representa-  
t ion is wri t ten in the form (19), the func t ion  ? m u s t  satisfy equa t ion  (4). But  

(~) Lezioni, vol. II, p. 333. 
(~e) The formulae of comparison are 

~ ~ e  acosh~, cosfl _ 

W cosh 

( ~ )  L. c., p. 930. 
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this is the eondi t ion  tha t  equa t ions  (13) be cons i s ten t  in 0. Hence  (38) is the 

t r ans fo rma t ion  f rom a surface S to P as well as equa t ions  (i2) define the 

t r ans fo rmat ion  f rom P to S. But  since equa t ions  (13) are complete ly  inte- 
grable in 0 for a par t icular  9, it follows tha t  each of the surfaces def ined by 

.~1 = x - -  2 (sinh 01 X--~ q-  eosh 01 i 27~ -~ )C-), (39) 

where  O, is any  so lu t ion  of 

~u  ~ v - -  2 e f - ° ~ - - e - v s i n h 0 ~ '  i ~ - ~ u - -  2 eV-° ' - - e -Vc°sh01 '  (~0) 

is a surface of GUmHARD, P , ,  which  is an inverse of the surface S, deter- 
mined  by the  func t ion  % 

F r o m  (37) it is seen tha t  the  direct ion-cosines of the no rma l  to P,  are of 
the form 

X'  - -  - -  e -0, X~ ~ e -0, i X~ -/- X. (~1) 

Denot ing  by S~ the min imal  surface parallel  to P1, we have 

p t • 

which by m e ans  of (39), (&l), (12) and  (20) reduce  to 

x, = x -t- (1 - -  e°, -°) [e~' (X1 -t- i X~) - -  e-r (Xl - -  i X2) - -  2 X], (&2) 

and  similar  express ions  for y, and  z~. Since 0 is a solut ion of (~0), the com- 
plete de te rmina t ion  of the  doubly-infini te  Nmi ly  of t r ans fo rms  of S defined 
by (~2) requires  the solu t ion  of one pair  of RmcaTt  equa t ions  (13) and  quad- 
ratures .  

If the  differential  quo t ien t s  of ? be e l iminated  f rom equa t ions  (13) and  
(4~0), we get 

1 e: (e- 0, _ e-0) + e- ~ (cosh 0, - -  cosh 0)] sin 9, 

v 0 = g-  e~ (e 0, . _  e-0) _ e ~ (sinh 0, - -  s inh 0) sin ~ -t- 

-~ i [ !e ' ( e  -°, - -e -° ) -~-e-~ '  (sink 0 1 -  s inh 0)] sin ~. 
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F r o m  this  it fo l lows t h a t  for (}, a n d  0 to be real  we m u s t  have  

1 
- - e'- (e -e, - -  e -e) q -  e- ¢ (cosh 0, - -  cosh  0) = O, 
2 

1 
- e ~ (e -0, - -  e -0) - -  e -~ (s inh 0~ - -  s i nh  0) = 0, 

2 

which  reduces  to 0 , - ~  0. Hence  all the min ima l  sur face  t r a n s f o r m s  (~2 )o f  S 

are  imag ina ry .  

We pass  i inal ly to the case. in which  we apply  to the  surfi tces S the  

con juga t e  inverse  t r a n s f o r m a t i o n .  Ill p lace of  e q u a t i o n s  (44)) we have  

97  ~ 3 0~ 1_ er_0, _ .  e_v s inh  0 ' i9~ ~¢), 1 

a n d  the e q u a t i o n s  of  t r a n s f o r m a t i o n  are of' the  form 

x,  = x 4 -  eV (X, ÷ i X~) - -  e-v (e0,+0 4 -  1) (X~ - - i  X~) - -  2 X. 

Proceed ing  as  in the  fo rmer  case, we l ind t h a t  the cond i t ion  tha t  O, be 

real  is 

e0, = - -  e -0 + 

which  ev ident ly  is impossible .  

Princeton University, January, I906. 


