
On the Stability of  a Nonhomogeneous  Differential Equation 
of  the Fourth Order. 

E. ~. C ~ K w I y  (Cleveland, Ohio)(*) 

S u m m a r y .  - In  previous papers EzEILO [3], HARROW [4, 5] had established stability results/or 
the  equations (1.3), (1.4) and (1.5). In  the present paper these results are extended to hold 
]or the equation (1.1). 

1 .  - I n t r o d u c t i o n .  

The equation studied here is of the form 

(1.1) x(" ÷ /(x,  2, b~,'&')'&'-4:-g(x,&,bi)~-~ h(x ,&) ÷ i ( x )  =p ( t , x ,& , '~ , '& ' )  , 

where 1, g, h, i and p are functions which depend only on the displayed arguments. 
Denote 

dx  d2x d3x 
d-¥ = ~ ---- y ' d t  2 - -  ~ ---- z ,  dt-- ~ ----- ~" = w ; 

then  equation {1.1) is equivalent  to the system 

(1.2) = y ,  ~ ----z, 2 = w ,  

~b = - - w / ( x ,  y, z, w ) - - g ( x ,  y, z ) z - - h ( x ,  y ) - - i ( x )  ÷ p(t ,  x,  y, z, w). 

In  what  follows, we assume the following derivatives exist: 

di(x) ~h(x, y) h, ~h(x, y) ~g(x, y, z) 
i '  ~-- dt ' h~ ~ ~x ' =-- ~ ' g~ ~- ~x 

~g(z, y, z) ~/(x, y, z, w) ~/(x, y, z, w) ~/(x, y, z, w) 

and tha t  

~', h~, g, g~, ], ]~, and p 

are continuous for all x, y, z, w and t. 

(*) En t ra t a  in Redazione il 16 novembre 1970. 

1 - A n n a l l  d t  ~Y[atematica 
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The main problem of in teres t  here is as follows: what  fu r ther  conditions on p, 
i, h, g and / guarantee  t ha t  every  solution of the  system (1.2) tends to  zero as t tends 
to infinity. This problem has been invest igated by  EZE~LO [2], [3] for  the  simple 

var ian t  of (1.1) given by  

(~.3) x(', ÷ ](~) "~ + a ~  + g(~) + a,x = p(t ,  x, 2, "~, "~') , 

where a2 and a4 are constants.  In  more recent  papers  ttA~lcow ([4], [5]) studied 

the equat ions  

(1.4) x (~) ÷ alx" ÷ a~i~ ÷ a3:~ ÷ h(x) ---- p(t) , 

(1.5) x(', ÷ aim + ]~(~) ÷ ]~(~) + h(x) = p(t) 

where al, a2~ a3 are constants.  These researches established the required stabil i ty 
resul t  under  the hypotheses t ha t  suitable generalizations of the well-known ROUmrf- 
ttLrRW~TZ condit ion are fulfilled. 

The present  paper  is a direct  re-examinat ion of [2], [3], [4], [5]. The main result,  
as s ta ted in Section 2, contains the earlier  results as special cases. 

2.  - S t a t e m e n t  o f  r e s u l t .  

I n  addi t ion to the  basic suppositions on the system (1.2), suppose 

i) h(x, O) = 0 = i(0), 

ii) i (x)  s g n x >  0 (x :/:0), i (x)  sgn x--> + co as Ixl-~ c~, 

i '(x)<~d for all x; d >  O, a constant ,  

iii) /(x, y, z, w)>  a for all x, y, z, q~; 

g(x , y , z )>~b  for all x , y , z ;  

h(x, y) >~ e for all x and y ¢: O, 
Y 

where 

iv) a~ b e are posit ive constants  such t h a t  

(ab - -  h~)c - -  ad/  > (ab - -  c)c - -  a"d ~ do > 0 

for all x,  y, z, w, 

Y 
h~(x, y) h(x, y ) < ~ l  
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for all x and y vs O, where ~ >  0 is a constant such that 

2dzJo 
ac 2 

v) F(z)  _ ](z,  y, z ) <  zo. 

for all z # 0 ,  where 

F(z) =f / (x ,  y, s, O) as, 
0 

~ is positive constant such that  

2d.  
oct< a2v  ; 

vi) dl --  i'(x) < eo(a~Do), 

where Do = ab-4-be/d, and co> 0 is a constant such that 

eo<e----min ; 16aeDo; 4--Do\a'e-a* ; ~ \ . a ~ - - - a x  

vii) The function f~ ]~, ]~, f,, g,, g,, g, and he satisfy (for y # O ,  z # O )  

1"1 > 0 for all x, w,  

Ao 
F2 < 2a-v for all x, w,  

1"a < ~- for all x, w ,  

/ ~ <  eAo for all x, w,  
4a 

where 

F~ = ~yg.(x, y,z) - -~ ~ g~(x, y, s) d~ + ],(x, y, s, 

0 0 

g 

I~ = ~ ( x ,  
o 

z 

1", = d~,(x, 
0 

0)ds] , 

y 

l[f f ] y., s, O)ds + ~ h~(x, s)ds + ~ sg~(x, y, O)ds ; 

o 0 

z • 

y, s, O)ds + ~,h~(x, y) + 1_ s]~(x, y, s, O) ils + ~ s.g~(x, y, s)ds 
z 

o 0 

d l = l A - e ,  d2 - d  a - - ~ + e ;  
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viii) For  all x, y. z, w, t, 

Ip(t, x, y, z, w) J<O~(t) ÷ O~(t)(y" ÷ z "~ ÷ w~) =/= + 6o(y = + z"- -}- w) ½ , 

where 0 < ~ < 1 ,  und ~o~0, and the continuous functions 0~(t)>0 (i ~-- 1, 2) 
satisfy 

max  O~(t) < c~,  fO,(t) < c~ .  
0 

Then there exists ~ constan~ ~ >  0 such tha t  if ~o<6, then  every solution 
(x(t), y(t), z(t), w(t)) of (1.2) satisfies 

(2.1) x=(t) ÷ y"-(t) ÷ z=(t) ÷ wO-(t) ~ 0 as t --> ~ .  

R E ~ K S .  - Observe t ha t  the hypotheses ii), iii) and the first par t  of iv) are sui- 
table generalisations of the well-known I~o~2I~-Hv~wI~z criterion: 

(2.2) a > O ,  b > O ,  e > O ,  d :>O,  a b - - e > O ,  ( a b - - e ) e - - a 2 d > O ,  

for the asymptot ic  s tabil i ty (in the large) of the trivial  solution of 

x (4~ + a'~ + bi2 -4:- e~ + dx = 0 .  

When (1.1) is specialized to (1.3) the result above, the LYAPuz~ov function V and 
the method of proof are similar to those of [3]. But  when (1.1) is specialized to (1.4) 
or (1.5) the result  above differs from those in [4] or [5] because the methods used to 
verify t ha t  V is positive definite and l? negative definite are different. Hypotheses 
vii) are introduced because of the general na ture  of the non-linearities. They are 
comparable to those in ~ thi rd  order system by S ~ A ~ o v  as pointed out  by  CART- 

W~IG~ [l]. 

3 .  - T h e  f u n c t i o n  V .  

The L~:aPu~ov function on which the verification of (2.1) rests is ~ direct exten- 
sion of the function V in ([3], Section 3), and is hereby defined by 

0 0 I 

z 

+ ~=f  sg (=, y, = )a s -  8=== + ~f#(x, y, =, o)a= + ~i~, = + 2~i(=) + 
0 o 

+ 26~i(~o) + 26,yf/(x, 9, =, o)d= + 2ol~h(x, y) + 2o=yw + 2~w, 
0 
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where 

(3.2) ~ =  1_+ , d a ~ - -~ e > O  

constant .  We shall prove in two stages t h a t  V is indeed a LYArv~'ov funct ion:  
L e m m a  I gives the required p rope r ty  of V; and Le mma  2 t h a t  of F. 

L E p t A  1. - Suppose t ha t  all the  condit ions of the theorem hold, then 
V(0, 0, 0, 0) = 0. ~ 'urthermore,  there  exists posit ive constants  DT~ (i = 1, 2, 3, ~4) 

which depend only on 5, b, 6, d, a~, ~2, e, and A0 such tha t ,  for all x~ y, z and w 

(3.3) V>Dlf i (s )ds  + D~y ~ + D~z 2 + D4w 2 
0 

P~ooF. - Since i(0) = 0 = h(0, 0) --= 0, i t  is immedia te  tha t  V(0, 0, 0, 0) = 0. 
I t  remains to ver i fy  (3.3). This is done in two stages: When z = 0, and when 

z ~ 0. I n  these calculations we need the following inequalit ies:  

1 
(3.4) ,~1- T > e ,  

(3.5) ~2-  ~ > ~ ,  

(3.6) b -- ~ i h ~ -  ~2]> A° -- DoE, 
no 

where 

bc 
Do=~ ab + -~ . 

for all x, y, z, w ; 

for all x and y ¢ 0 ;  

for all x, y, z and w ,  

To verify these inser t  the values of (~i and (5~ in (3.2) into (3.4), (3.5) and (3.6) re- 
spectively. 

Then 

1 + e -- ~- = ~ + -- > e ,  by  hypothesis  iii) ; 
Y 

-- -~- --= e + d - >~ e ,  b y  hypothes is  ii) ; 

b - O ~ h . ~ - 6 ~ ] = b  hy d/ e(h~+])>~_o e(h,+]) 
C aC 

by hypothesis  iv). Also by  iv), h~< ab, ]< be/d. and thus 

b-- ~lh~-- S j > - ~ - -  ab + E - ~ - - - -  Dos 
a c  
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where 

b~ 
D o  = ab -{- -~ . 

The three inequMities are now established. 
Next, (3.3) will be shown to hold when z ~ 0. In this case, recall that  

(3.7) 

Now define y(y) by 

(3.8) 

Then 

F(z) = f / (x  y, s O)gs. 
0 

h(x, y) y(y) = - -  
Y 

= h~(x, O) , 

y v a O ,  

y = O .  

(3.9) 

Now, 

2 V = ~ )  w 4- F(z) -1- 6,y 1 

Z Y 

0 0 

y 

÷ 26 g(x, s, O)ds-  61dy'-  6~2-z-y + 26, (s)ds y(y) 
0 0 

V1 =- 2~fi(s)ds - is(x) 
7(Y) 

0 

x x . 

o 0 

Since 1/e--1/y~O, by iii). Thus Vl>sfi(s)ds,  by hypothesis ii) and by (3.5), 
since i(0) = 0. o 

y 

f s  F(z) , V 2 ~ 2 ~  g(x,s, O)ds-  ~ ldy ' -  ~ - ~ - - y  

0 

y 

o 



E. ~.  CnvKwu: On the stability o/a nonhomogeneous di]/erential equation etc. 7 

But by hypothesis ii) the integrand 

So that ,  since 

y(y)  ~- h~(x, 01y) and F(z) ] ( 0 2 z ) 0 < 0 ~ < 1  
Z 

we have in using (3.5) and  (3.6), t h a t  

~ow~ let 

V~>[~c-Doe] d 2 -cY , by hypothesis vi). 

it 

V 3 = 2fh(x, s ) d s -  yh(x, y). 
0 

y y 

Since yh(x, y) :-- fh(x, s)d8 + fsh~(x, s)ds, 
0 0 

0 

sds 

so tha t  
y 

V2 + V3> [ av 2 c •1 sd s  

0 

by hypothesis iv) .  

But  2dod/ac 2-c~1> O. Hence, 

[ od 
V 2 -~ V 3 > y  2 Lac~ 

since by hypothesis vi) 

c [2zJod e~-~ L ~  -- ~l]/(dDo) . 

In much the same wa,y as above one soon obtains that  

z 

[2Ao ~' ~ [2~l fsg(x' y' s)ds --~'z2--~:Yz~] + [2 fs](x, y, s, O)ds --zF(z)] >~ 1 L ~  - 
0 0 

(i = 1, 2) 

~2] Z ~ ~ 0 
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since 

Finally,  

- -  ' by  hyphothesis  v i ) .  

V~ .~ ~1-  z w~ = ~1 ](x, y, Oz, O) w~ ' 

since F ( 0 ) =  0 implies 

Thus, 

Hence 

F(z)  = zl(x,  y, oz, o) (0<0<1). 

Vs ~> ew ~, by  (3.4). 

0 

e W  2 . 

Therefore, for the case z ~e0 (3.3)holds. 
The case z -  0 is trivial and the verification of Lemma 1 is complete. 

4. - The property of dY/dt. 

The required property  of the derivative I? is given in Lemma 2. 

LE~[~A 2. - Assume tha t  all the conditions of the theorem hold. Then there exist 
constants D~ (i = 6, 7, 8, 9) which depend only on a, b, c, d, e, eo and Ao, such tha t  
if (x, y, z, w) is any  solution of {1.2), then  

d 
(4.1) ~ - - ~  V(s ,y , z ,w)<-[D~y~+D,z~+Dsw~]÷Dg[lwl+[zI+ly]][ Ip( t ,x ,y , z ,w) l] .  

P•ooF. - Le t  (x, y, z, w) by any  solution of {1.2). Using the ident i ty  

dV bV bV bV ~V 
dt -- - ~  y + -~y z + ~-~-~ w + 7w [ -  ](x, y, z, w)w - g(x, y, z) z - h(x, y) - i(x) + p] 

in a straight-forward calculation, one obtains 

(4.2) _ ~z= V , +  Vo+  Vo+ 

+ (~[d - i'(x)]yz + l~,yz - [O~w + z + ~,y][p(t, x, y, z, w)], 
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where V,, V5 and Vo are identified below. 

V, = -- w ~ [8, ] - 1] - zw [](x, y, z, w) - 1(% Y, z, 0)] - ~yw It(x, y, z, w) - ](x, y, z, 0)] 

-~. - -  W2 [~11  + ZIw(Z, , y, Z, OlW ) + (~2yI~(X, y, Z, O~W) -- 1] (0<0 ,<1 ,  i ---- 1, 2),  

by the Mean Value Theorem. 
But  

Thus 
e .  e/ 

V4>e/+ O~y}=+ z f , ~  Q +  51> ~ ,  

where /'1 is defined in vii). 

Vs = z' [g(x, y, z) - ~lh,(x, y) - ~, ~ ]  - ~zzy[g(x, y, z) - g(x, y, O)] --? 

+ (~lzfsg.(x, y, s)ds + zfsly(x, y, s, O)ds . 
o o 

Since 

necessarily 

F(z) = ](O.z) o < 0 , < 1 ,  
Z 

[g(x, y, z ) -  ~lh,(x, y ) -  ~ ~-~] -=-[g- O~h,- ~,](x, y, z03, 0)]> A°ae - Doe. 

By the Mean Value Theorem, 

--O~zy[g(x, y, z)--g(x,  y, 0)] =--O~yg.(x, y, Oz)z ~ 

Thus 

V s > [ - ~ - - D o e ] Z ' + F 2 z ' ,  by hypothesis vii) .  

h(x, y) 
V~ = y~ ~, Y 

~ y , [ ~  h(x,y)y i ' ( x ) -F~]  

( o < 0 < 1 ) .  

[} o o 

] e c  
> ~ ,  e + y + (a - i ' (x))  - F~ , 

by hypotheses iii) and viii). 
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Thus 

by  hypothesis  vii). 
l~ow 

V ~ + ( ~ t d - i ' ( x ) ] y z +  F, y z > s ~ - y "  + - ~  y +  ec ] - ee 

[ ~ ] ~  6:z~[d--i'(x)] 
+ [d - i'(x)] y + -- 4 

Therefore, 

~ c  - Doe - - - -  

where /) ,  = ~fax [1, ~i, ~] .  
B y  hypothesis  vii) 

~0 
V 7 ~ Doe 2ac 

since 

Hence 

e 
- -~]w' + D,[Iw I + lz[ + IYl] IP( t, x, y, z, w)l 

-• Ao > f lo F ~ (~(d '(x))> 4aeae- Doe-- eoDo 
~O 8ao ' 

( a -  i ' (x))  Ao 
~ 4 < eoDo and e 

16avDo > " 

- - -  + D~[[wl + izJ + IYI] IP( t, x, y, z, w)I .  V<e h(x, y) Y~-- Aoz ~ e]w 2 
y 8av 2 

This proves the lemma for y ~= 0. The case y = 0 is trivial. This completes the 
proof. 

5.  - P r o o f  o f  t h e o r e m .  

The proof  of the theorem is now a straightforward ~d~ptation of EzE~o ' s  
([3], Section 3), and we shall only sketch it. F rom Lemma I a~nd Lemma 2 we deduce 
that 

(5.1) 

(5.2) 

f [y~(t) + w~(t) +w=(t)] at < ~ ; 
0 

x~(t) + y~(t) + z2(t) + w~'(t) < k~, where ko = ko(xo, Yo, zo, wo) 
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is a cons tan t  dependen t  only  on a~ b, e, d: Xo, Zo, wo, and  on how i(x) s g n x  -~ + o o  

F r o m  (5.1) and  (5.2) i t  is easi ly seen t h a t  

(5.3) y~(t) + z2(t) + w~(t) -+ 0 as t--~ c~.  

Then,  on in tegra t ing  bo th  sides of the  equal i ty  ~b = - - ] (x ,  y, z z ) w -  g (x  y~ z ) z -  
- -h(x:  y ) - - i ( x )  + p ( t  x~ y~ z, w) f rom t to t + l  and  uti l izing (5.1 L (5.2) and (5.3), 
one obta ins  

] i(x(t))  o as  t 

Since i ( 0 ) =  0, we conclude x(t)--->0 as t--> oo. The proof  of the  t heo rem is now 
complete .  

I~E~AnKS. - Observe t h a t  the  boundedness  resul t  in (5.2) above is the  generali-  
za t ion of ([5], T h e o r e m  2). 
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