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ASYMPTOTIC INFERENCE FOR AR(1) PROCESSES WITH (NONNORMAL) STABLE ERRORS

J. Mijnheer (Leiden, The Netherlands) UDC 519.2

This 1s the first of several papers in which we consider problems related to the asymplotic distribution of the least
squares estimale of the parameter v in the AR(1) model

Xe =vXp-1 4+, k=1,...,n,

where €, are independent identically distribuled (1.1.d.) random variables in the domain of attraction of a stable law.
In §1 we give a summary in the case € is in the domain of atiraction of the normal distribution. In §2 we consider
errors in the domain of attraction of a (nonnormal) stable distribution. In §3 we prove a result in the case of the
completely asymmetric stable distribution with o = 8 = 1.

1. The Case ¥ = 2

In this section we consider the autoregressive AR(1) model

Xe = 7Xe-1 + €, (1.1)

where €¢, k = 1,...,n, are i.i.d. random variables, Xy = 0 a.s. For a summary in the case Xy # 0 a.s. and the case
with a drift and trend see [13]. In the case £ has a stable distribution with a = 2 the random variable has a normal
distribution. In this section we also consider random variables in the domain of attraction of the normal distribution.
The least-squares estimator of the parameter ¥ is given by

-1 n

oo = <Zx,§’_l) kZX,cxk_l. (1.2)
k=1 =1

In the case ¢, is normally distributed the estimator 4, given in (1.2) is also the maximum likelihood estimator. AR(1)
models are studied in [9] with £ having a negative binomial distribution and in [1] for random variables with a Poisson
distribution. See also [14].

1.1. The case |y| < 1. In this case one speaks of “root outside the unit circle.” In [2] it is called the stable case.
Under the assumption that the €’s are i.i.d. and o%(ex) < 00, it is proved in [2] that for n — o0 /n(¥n —7) has a
limiting normal distribution.

1.2. The case |y| > 1. This is called an unstable case. In [16] it is shown that (%, — v)|7|*(7¥® = 1)~ has a limiting
distribution for n — oo.

1.3. The case |y| = 1. White proved in [16], under the condition that the random variables ¢, are i.1.d., that for
n — oo

1 | 1
(3 — 7) LO/W(t)dW(t)/O/vv?(t)dz,

where {W(t): 0 <t < 1} i1s a Brownian motion.
1.4. The case 7, = 1 + hn~!'. This case is called nearly nonstationary. For obvious reasons we use this term
instead of nearly unstable. The model is given by

{ Xn,k:7an,k—l+€n.k’ k= L., (13)

Xno=0, a.s.
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Now we have for n — oo

n(¥n = n) —D-'/lY(t)dW(t)//lW(t)dt,

where {Y(t): 0 <t < 1} is the Ornstein—-Uhlenbeck process.
For results for the AR(p) model see [12].

2. The Stable Case a # 2

In this section we consider the models (1.1) and (1.3) in the case where the random variables €, are either i.i.d. with
a stable distribution or i.1.d. and in the domain of attraction of a stable law. We apply the notation of [10]. There
exists a rather extensive literature on time series analysis in the case of errors with an infinite variance. For references
see [7]. In [3, Example 12.5.2] we find a simulation of the AR(1) process Xi = 0.7X,_y +€¢, k =1,...,200, and {e¢)
i.1.d. Cauchy distributed. They describe the performance of the estimator v,.

We make the assumption that €¢, & = 1,...,n, are 1.1.d. and in the domain of attraction of the stable law

F(-;a,p—q), 1e.,

P(lex] > z) = 27 L(z), (2.1)
where L is slowly varying at infinity and
P(er > z) Per < —z)
»p and > 2.2
Plecl>2) F P(ecl>2) (22
for z — oco. Let
a, = inf{z: P(je1| > z) < n7}, an = inf{z: P(Je1e2| > z) < n7'},

and

Hn = E€1€21{|e1e;|_<_&,.} .

I - oo for n — o0o. In Theorem 3.3 they prove

n n
- -~ D
(anz Y elagt > (erersr - ;zn)) — (50, 51),
k=1 k=1

where Sg and S; are independent stable random variables. Random variables S; and S; have distribution functions
F(-;a/2,1) and F(-;a,2p?+2(1 — p)® — 1), respectively. This result is proved by using point-processes techniques and
is independent of the AR model. Note remarks 1-3 in [7] at the end of §3.

2.1. The case |y| < 1. In [7, Example 5.3] it is proved that

In [7, §3] it is shown that if E|e,|* = oo we have a,a;

(n/logn) % (3 — 1) — (1 = ¥*)(1 = v°)~1/=5, /S,

for n — oo.
2.2. The case |y| > 1. We can follow the proof of the result given in {2, 1.2] in order to obtain a limit theorem for

Y-
In the following two cases we make the following third assumption:

Eer =0, if ae(l,2),

€x symmetric at 0, if a=1.

2.3. The case |y| = 1. In [6] it is proved that for n — oo

1 1
n(im - 1) 2 /x-(t)dxu>//x2<t)dz,
0 0
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where X~ is the left-hand limit of the stable process X.
2.4. The case v, =1 — hn~!. Theorem 1 in [4] gives for n — oo

1 1
i —10) 2 [¥-@axe [ [y
0 0
where Y (t) satisfies the stochastic differential equation

dY (t) = —hY(t)dt + dX(t),  Y(0) =0,

1.e., Y 1s a stable Ornstein~Uhlenbeck process. In another paper we shall study these stable Ornstein~Uhlenbeck
processes.

3. Tail Behavior of an Integral

The tail behavior of the integral in the numerator in the limit distribution in 2.3 is given in [15] in the symmetric
case and in [11] in the completely asymmetric stable case with 0 < « < 1. The case a = 8 = | is more complicated
because the stability property in this case has the form

Xn. =61+ +en = ne+(2/m)nlogn. (3.1)

In [10] we give limit theorems for sums of independent random variables with this distribution. We also proved limit
theorems for the completely asymmetric stable process.

In this section we state and prove our main theorem. This case is excluded from Theorem 3 of [5]. We apply the
notation as introduced in [10].

THEOREM. Let T;; = 25 ,_, €k Xk—1, where X is defined in (3.1) and €,,...,6; are i.i.d. with a completely
asymmetric stable distribution function F(-;1,1). Then

1

P(n~2T;/logn—logn > z) = cz™! for z — 0.

Consider the random variable Y with probability measure

y~!, fory>1,

HY>w:{ (3.2)

1, else.

The r.v. Y is in the domain of normal attraction of the law F'(-;1,1). Obviously we have that Y ~! is uniformly
distributed on (0,1). Let T, be the r.v. defined in the same way as T,; but now £, has the same distribution as Y. It
is easy to prove that n~2(logn)~!(T, — T}) converges in probability to a (finite) constant as n — oo.

Using some arguments from the theory of order statistics we obtain that T,, has the same distribution as

L e A LAY Ll /il A At
where Vi,...,Vh_ are, given U = u, i.1.d. with a uniform distribution on (u, 1) and the r.v. U has density g with

n(l — u)(r-1), for0<u<l, .
g(u) = { ( ) (3.3)
0, | else.

The proof of the theorem is based on the expansion of the characteristic function of T},,. Let ¢, = (logn)'/2. From
the density g of U as given in (3.3) we obtain

Plp;'! <nlU <p)=1—-p7!' for n— .

Thus we may restrict ourselves to values for u satisfying

pl < nu < pp. (3.4)

Given U = u we have
p=EV = (1 —u)"(-logu), EV, > =u™!
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and

ol =a* (VY= u™! for u— oo.

We write V,:l = pu+ oY;. Then, given U = u,

n-—1 n-—1 2 n-1
To=2u"'(n=Du+(n—-1)(n-2)u*+ {2u“10-l—2(n--2);w}ZYIc +02{(Z Yk) - Ykz}. (3.5)
k=1 k=1

k=1

Using the central limit theorem, the law of large numbers, and the boundaries for u as given in (3.4), we obtain that

2(logn)~! 2{(}:)@) —gv,f}

converges in probability to zero for n — co. The subscript V means we take the expectation or the variance with
respect to the product measure P(y,,  v,_,) and fixed u. From (3.4) and (3.5) we have for n — oo,

n~2%(logn)"'EyT, ~ logn

and

(T)~4n2 2 2

Proof of the Theorem. We consider

h(t) = Eexp{it(n~2T,/logn — logn)} = EyEy exp{it(n~T,/logn — log n)}

= Ey [{Ev exp{itn™*(T, — EvT,)/ logn}} exp{it(ﬁ'zEv-Tﬂ/ logn — logn)}].

Given U = u and t fixed we have

Ey exp{itn™%(T,, — EyT,)/logn} = 1 + O(t*n~*(log n)~20% (T>))
for n — oo. For the behavior of h(t) for small t we consider

-1
n ¥n

n / exp{it(n"2EyT,/logn — logn)}(1 — u)"~! du

—_ -1
n=ley,

or using (3.4) and (3.5)

n"lya
n / e2it(n) ™! (] _ yyn=1 gy
n=le!
and also
Pn
/ 2™ =Y gy (3.6)
Ya'
For the real part of h(t) — 1 we consider
¥n ¥n Pn
/(cos(‘Zty‘l) —1)e7Vdy = /(cos(‘).ty'l) - De Ydy+ /(cos(2ty) - l)e'l”nly"2 dy. (3.7)

¢:l 1 1

The first integral on the right-hand side of (3.7) is O(t?) for ¢t — 0. Using the well-known integral for ¢t > 0,
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/x"z(cos(t:z:) - der = ——
0

see (8, p. 334], we have for the second integral on the right-hand side of (3.7) for t > 0 the order

—7t +o(t?¢) + o(1)

for, respectively, t small and n — oo.
For the imaginary part of h(t) — 1 we consider

Pn Pn Pn
/ sin(2ty~')e Y dy = /sin(?ty‘l)e"y dy + /sin(?ty)e_"-lg,/'2 dy. (3.8)
ot 1 1

The first integral on the right-hand side of (3.8) is O(t) for t — 0. The second integral on the right-hand side is equal
to 2t log((2t)~!) + O(t) for t | 0. Thus we have shown |

h(t) — 1 = —|t| — 2itlog|2t| + error (3.9)
for [t| — 0.

Estimation of the error in (3.9). Above we gave the error terms in (3.9) related to and appearing in the computation
of the integral in (3.6). We still have to estimate

Ey{t*n~*(logn) %0 (T,) exp{it(n~T,/logn — logn)}}.

For u in the range as given in (3.4) it follows that o2 (T},) ~ 4u~!n%(logn)?. Thus the error behaves like

n"lon
12 / (nu)—le2it(nu)"‘(l _ u)n—l du

n=lpy!
or for large n like
©n
n=142 / y—le2:ty le Y dy
wn'

We easily see that we can neglect this error.
Finally we notice that the right-hand side in (3.9) (without error) is the exponent of the characteristic function of

F(-;1,1). Our assertion stated in the theorem follows from the tail behavior of F(-;1, 1) as given in [10, Theorem 2.1.7,
Part II].
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