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. 

In 1934 J. Schauder (see [14]) proved his well known theorem on the existence 
of classical solutions to linear elliptic partial differential equations of second order. 
In this article we shall establish the following improvement of Schauder's theorem: 
A classical solution exists, if the given data (coefficients, boundary values, right hand 
side) are uniformly continuous and their modulus of continuity is bounded by some 
function 0 which owns the following two properties: 

i) f~  O(z)/z dz < ~. 

ii) There is an 0 < ~ < 1 ,  such that 0(0/~ ~ is monotonically decreasing on 
some interval (0, T]. 

For notations we refer to 16. below. We shall always use the summation con- 
vention. 

. 

In order to give a precise statement, let us introduce the following notions: 
Let ~: [0, ~o)~[0, oo) be a monotonically increasing function, limt-~o+ ~(t)=0,  
( (0)=0,  if(t)>0, if t > 0 ;  B a real Banach space equiped with the norm II'llB, 
ACRn a nonvoid, open set. C~176 B) is the set of all bounded con- 
tinuous functions f :  A ~ B ,  for which 

(2.1) [f]~:= sup Ilf(x)-f(y)llB/((llx-yl]) 
x,  yEA, x ~ y  

is finite. It is easy to prove, that C~ becomes a Banach space under the norm: 

(2.2) Ilfilo, r := Ilfllo+[flc. 

I f  k~N, let CK'g(A) be the set of k-times uniformly continuously differentiable 
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functions f :  A-+B, such t h a t f a n d  the derivatives up to order k -  1 are uniformly 
Lipschitz continuous and any derivative of order k is in C~162 On Ck'r we 
shall use the norm: 

(2.3) IIfllk, ~ := IIfll0 + Z~-~ lal-~k [IDPfllo + Zlpl = * [DPJ~. 
Indeed C k'r is a Banach space. I f  ( = t  =, 0<a<=l,  we shall simply write I]'llk,= 
and C k''. 

. 

We formulate our assumptions. 
i) Let 0: [0, oo)~[0, co), 0(0)=0, 0( t )>0,  if t>0 ,  be a monotonically increas- 

ing Dini-function; that is: f~ O(t)/tdt<oo. We assume that there is a T > 0  and 
aE(0, 1), such that O(t)/t ~ is monotonically decreasing on (0, T). 

ii) Let Y2cR" be a nonvoid, open, bounded and connected set. We make 
the following assumptions about its boundary 0f2: To any xE0f2 there exists an 
open neighbourhood Ux and a C2-diffeomorphism ~o~=: U~-.-B(1) with the 
properties: 

a) ~o~(x) = 0, q~(UnO) = B+(1) = {yEB(1): y" > 0} 
q~x(U~nOt2) = {yEB(1): y" = 0}. 

b) q~ is in C2"~ ~o~ -1 is in C2'~ Further we shall assume, that there 
is a constant d l>0 ,  such that the Lipschitz constants of q~x, of (p~l and of all their 
derivatives as well as ][~ox][2, o and [] q~;1[]2, o are bounded by all. 

iii) There are n 2 + n + l  functions mij, mi, mEC~176 R), i , j = l  . . . . .  n, m(x)~0,  
mis(X)=mji(x), and constants 0<eo<e~,  such that for any ~ER n, xEt2: 

(3.1) e0" II ll <-- m i j ( x ) "  ~i~j ~ el . ]l~[i 2. 

For any wEH2(O) write 

(3.2) Mw(x)  := mlj(x) . wx,~(x) + mi(x) . w~,(x) + m(x) . w(x). 

. 

The theorem to be proven is 

Assume 3.i)--3.iii), let hEC~176 gEC~'~ then there exists a unique 
wEC2(t2), such that Mw----h on f2 and wlOf2=g]Of2. For any Xx, x2Ef2, l<=i,j<=n 
the estimate 

. fllxx-x21l 
(4.1) [ux,xS(Xl)--ux,xJ(x2) i ~ C 1 O(t)/tdt aO 
is valid. 



a) 

b) 
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Remarks.  

If  O( t )= t  ~, this is Schauder's theorem. 
Recently Burch [1] proved Weyl's lemma for equations in divergence form, the 
coefficients of which satisfy some Dini conditions. 
Obviously it suffices to prove the theorem for g -O.  
Choose 0 < a < l < f l ,  then the function 

,[(-In t) -a, if 0 < t <_- exp ( - f l /a )  

O(t):= [(fl/a)_a ' if t ~ exp(-f l /a)  

satisfies 3i), since for 0 < t < e x p  ( - f l / a )  

DtO(t) = ( f l / t ) ( -  ln t) -p-1 >= O, 

1 
0 (t)/ t  = ~ D t (-- In 01- P, 

D,(O(t) .  t -~) ---- t - ~ - l O ( t ) ( f l ( - - l n t ) - l - - a )  <= O. 

o 

i) Let ~ be as in 2. We shall call ( an a-function, 0 < a < l ,  on (0, T] if ( ( t ) / t  ~ 
is monotonically decreasing on (0, T], T>0.  This implies: 

(5.1) ( ( t ) < - t  ~.z -~.((z),  0<z<_--t-<_T. 

Inserting t = c. z, c > 1, we obtain: 

(5.2) ~(c.z) <_- c ~. ((z), 0 < z <_- Tic. 

ii) Now let 0 be as in 3.i), that is: 0 is itn a-Dini function. We introduce the 
function 

(5.3) 6(t) := t-l.f  0(,) dz. 

Since 6(0<=0(0  and 

(5.4) Db(t)  = t - l ( O ( t ) - 6 ( t ) )  >= O, 

6 is a monotonically increasing, absolutely continuous Dini function. Integrating 
the inequality 

(5.5) O(z) >= t -~O( t ) . z  ~, O < z <-- t <-_ T 

with respect to z over (0, t), we obtain: 

5.6) 6 (0  >= O(t)/(1 +a),  0 < t <- T. 
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We infer, that 

(5.7) t .D f ( t )  . O(t) 
- -  I t  ~ - - ~  ~ ~, O < t < = T .  

6(0  

Multiplying (5.7) by t - ' -x ,  we arrive at D(t-'6(t))<-O, O<t<-T, 
that 6 is indeed an ~-Dini function. 

iii) We need the auxiliary functions 

(5.8) ,o( t )  = f~O(Tl/vd~, a(t) = f~,~(O/vdv. 

From (5.7) we infer by integration: 

(5.9) 6 ( t )<=~ .a ( t ) ,  0< t - -<_T 

while (5.3) and (5.6) imply, that 

(5.10) a(t) <- co(t) <= ( l+c0a ( t ) ,  0 < t ~ T. 

iv) Observe, that by (5.2): 

(5.11 ) co (c. t) = fo' 0 dr 

= O(c.s)/sds <= c~. co(t), 

and the same inequality holds for a. 

which implies, 

c > l ,  O < t < T / c  

. 

i) An open set 0 ~ A c R "  is said to own the property C, if there exist two 
positive constants K, Oo, such that for any xEA and 0 < 0 ~ o :  

(6.1) .~ (B(x, Q)n A) >-_ K.  Q". 

It is easy to prove, that any open set with compact Lipschitz boundary owns the 
property C. Thus 3.ii) implies property C for ~. 

ii) I f  fEC~176 then for any xEA, 0 > 0 :  

(6.2) v(f, x, O, A) <= 2co, [f]~. 0"" 02(0) 

(see (16.3)). The proof  is obvious. 

iii) I f  A owns property C, fEL=(A, R), 0 a Dini function (see 3.i)) and (6.2) 
holds for any xEA, 0<0=<0o, with 2co,[f]0 ~ replaced by some constant L ~, then f 
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coincides C~-almost everywhere on A with an uniformly continuous function f ,  for 
which the inequality 

I f  ~"x-y't ) (6.3) I f (x)- f (y) l  <= c2 . O(t)/t dt +O(2 Ilx-yll) 

e2=c3(0o, K, n). (L+llf[[o), holds whenever x, yEA. 

Proof. Let 0<0<=0o, xEA, 

F(O) := f 2  f n(~,onaf d.~ dr ----- f ,(=. o)na (o - I l x -  zll)f(z) d ~ z  

(6.4) I(0) := •(B(x,  Q)nA) 

g(o) := ~of~/(r) dr  = -,~f-(~,o)na (O --IIx -- zll) d Y ' z .  

The property C implies: 

(6.5) 
We calculate: 

(6.6) 

where 

(6.7) 

g(o)>- K.o"+l, O < Q ~ O o .  

g(o) " f B(x,q)na f a l l -  I(Q). F(~) 

= fB(~, Q)n~ f (z) .  (g(o) - I(Q)(Q - - I Ix-  zll)) d ~ f z  

= f,,x o)~ f (z ) .  ~ (z) d.o~fz, 

f B �9 (z) d.Wz = O, 
(x, ct)AA 

SB(=, o)na ~2 d&~ =/2(Q) ~ SB(x, Q)NA (e - - I Ix-  zll) 2 d.o~z- l(Q) g(Q)2 

-.~ 0,)3. ~)3,+2 

We derive: 

(6.8) 

and 
(6.9) 

f B(x,Q)naf(z). ~(z) ds z 

= f, , . . , ,na (f(~)-m(2; x, o, A)).~(~)a~o~ 

<= v(f, x, O, A) 1/z " f ~2 d-W~/2 
,t B(x,O)f'lA 

<= --n~'~3/2. ~1+3n/2. V(f, X, ~), A) ~12 

[Dq(F(Q)/g(O)) I 

= g-2(e) g (0) . fB(~,q)nafd~-- l(q). F(e) 

~z= \t"vn("'3/21e213 ~ elTrJ/2) * v(f~ x ,  e ,  A)  1/2 

~--c4"L'0(Q)/Q, 0<Q<--Qo. 
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-< :7  ~ �9 Integration implies for arbitrary 0 01= 03= 00. 

F(e2) F(O0 I f~2 (6.10) 
I g(02) g(01), <=c4"L'--~ 

O(e)/odo. 

Thus the limit f(x):=lim~-.o F(o)/g(o) exists and equals f ( x )~ -a lmos t  everywhere 
by Lebesgue's theorem. From (6.10) we derive 

(6.11) If(x)-- F(0)/g(0)l ~= c,. L . f~o o (t)/t at, 

and from (6.6), (6.8): 

(6.12) 

0<0_-<00 

Ira(f, x, O, A ) -  F(o)/g(o)[ 

-~ g(e) -~- l(e) -~ �9 w,- ~/~ �9 O ~+~"'~ �9 L .  e "/~- 0(~,) 

<=c5.L'O(o), 0 < O ~  0o. 

For x, yEA, 0:=2[Ix-yil--<Qo, we have 

(5.13) K1/~.(O/2)"/21m(f, x, 0, A ) - m ( f ,  y, 0, A)I 

<= f B Ira(x, o ) -m(y ,  0)]2d~ 1/2 
(x,~?/2) N A  

(~,o)na ( f -  re(x, 0)) 2 d,L~'l/2+ @,o)na ( f - - re(y ,  0)) 2 d.C- c:1/2 

2L.  0 "/2. 0(0), 0 < 0 ---< 00. 

From (6.11), (6.12), (6.13) we derive (6.3) for some specific constant (2~ as long as 
IIx-yll <-- 00/2- If  IIx-Yll>00/2, 

(6.14) ]j'(x)-f(Y)l <= 2llfllo0-1(&).O(211x-yll). 

This implies the statement. 
iv) If  0 is an ~-Dini function, we derive by some simple argument (see (6.14)) 

from (5.6), (5.9), (5.10), (5.11) the estimate 

(6.15) If(x) - f (y)[  <= Ce, (L + ]If [l o) o9 (llx ~ y I I) 

co = co(K, 00, n, ~, T): 

v) Remark. Spanne's result (see [15]) might be useful to obtain a slightly better 
estimate in specific domains. 
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o 

i) If  f ,  gEC~162 then f .gEC~162 and obviously: 

(7.1) IIf" gllo,r <= 211fl[o r Ilgllo,r 

ii) If  f :  A ~ R  is a bounded uniformly continuous function and there is a 
~x>0, such that  x, yEA with IIx-yll<-ol implies ]f(x)-f(y)l<-M.~([Ix-YlI), 
then fEC~162 and obviously 

(7.2) [f]~ <- max {M, 2[Ifllo" ~ ( 0 1 ) - - 1 }  �9 

iii) If ~ is an a-function on [0, T] (see 5.i)) and fEC'P(A) ,  a<-fl<=l, then 
fE C~162 and 

(7.3) [f]r <= max {llfllo,~" T, 2llfllo}/O(T). 

Indeed, if x, yEA, O~llx-yll<-Z, then by (5.1) 

I f (x ) - f (y ) l  <= Ilfllo, p" IIx-ylt ~ 

IIx-yll ~ 
<= Ilfllo, a" IIx-yll a-~ ~(llx-yll) -C(llx-yll) 

<-- Ilfllo, p �9 TP-~(T~/~(T)) �9 ~(IIx-YlI). 

Now the statement comes from 7.ii). 
iv) If ~ is an a-function, fEC~162 ~: B-~A Lipschitz continuous with Lip- 

schitz constant L, then f o 0 E C  ~ ;(B) with 

(7.4) [fo0] r <- max {[f]~. L *~, 211fllo" ff(T/Z*)-~}, 

L* = max {L, 1}, 

Indeed, if x, yEB, IIx--YlI<=T/L*, then by (5.2): 

I f (0  (x)) - f ( O  (y))] -< [f]r ( (L*. II x-y l l )  <= [f]~. t*~" ~ ( l lx-  yll). 

Now apply 7.ii). 

8. 

I f  (f0vEN is a bounded sequence in ck'r O r  ~ bounded, open and 
connected, then there exists a subsequence (fv.) converging in Ck(A) (see (16)) to some 
function foe C k'~ (A) with 

(8.1) [DPfo]~ <= sup[Daf~]r Ifll = k. 
vs 

Proof by induction. 
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In the case k = O  this is essentially the Arzela- -Ascol i  theorem. Assume the 
theorem to be proven for j=k- - l_ ->O and f~ECk';(A), yEN. Then  for any 
i = 1  . . . .  , nf~,~,ECJX(A) and thus a subsequencef~,~, converges in CJ(A) to a func- 
t ion f~ECJ(A), i = 1  . . . . .  n. Certainly for  some xoEA there is a subsequence f~,, 
o f f , , ,  such that  f~.(x0) converges. Now the s tatement  follows f rom a familiar theorem 
(see [3, 1.3.6]). (8.1) is obvious in any case. 

. 

i) Assume, that 0 is an ~-function and ~ satisfies 3.ii). I f  fEC~176 then 
there exists a sequence of  uniformly Lipschitz continuous functions on ~ converging 
uniformly to f and 

(9.1) IlLII0,0 <= d=llfl[o,o, d~ = d2((2). 

I f  f is nonpositive, so is any fv,  yEN. 

ii) Proof. Assume first, tha t  gEC~176 ~) and  has compact  support ,  then the 
functions g~ (x) :=re(g, x, 1/v) (see (16.1)) are Lipschitz cont inuous and converge 
uniformly to g on R", fur ther  

(9.2) Ilgvllo, o <- Ilg[Io, o, vEN. 

iii) N o w  cover ~ by a finite number  of  open sets f2i, i = 0 ,  ..., k, such that  
OoCf2 and each f2z, i = 1  . . . . .  k is in the domain  o f  a boundary  chart  ~o i (see 3.ii)). 
Let  be q iECo( f2 j )nC=(R") ,  rh=>O, such that  Z ~ - ,  qi(x) 2=1 for  any xEf2 (see 
[2, 1.4.1], [4, p. 35]). N o w  set 

(9.3) [h(z) := f(q~i-l(z)), i = 1, ..., k, 
zEB+(1).  We shall use 

z, if  zEB+(1) 

s(z) := (z 1 . . . . .  z n-l,  - z  n) if zEB(1)\B+(1)  
and define 

(9.4) hi(z ) := h,(s(z)). 

Since qoi -1 and s are Lipschitz continuous,  we infer f rom 7.iv) 

(9.5) 

Fur ther  define: 

(9.6) 

I[hl[o,o ~ c7. []fl]o,o, c7 = cv(dl, T, ~). 

/~[((D-I(z))" hi(z), if zEB(1) 
gi(z) := [0,  otherwise, i = 1 . . . . .  k 

~qo(z).f(z),  zEf~o 

g~ := [0,  otherwise. 
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By (7.1) giEC~176 ~) and 

(9.7) Ilgillo,0 <= c8"llfllo, o, ca = ca(d1, T, ~, th). 

iv) Now approximate g~ by Lipschitz continuous functions g~,,, 
described above and set 

yEN, as 

1,7,(x). g,,&o,(x)), xce, 
f~,~(x) :-- [0, otherwise, i = 1 . . . . .  k 

(9.8) 
~lo(x).go,~(x), xEQo 

fo,~(x) := (0, otherwise. 

Certainly fi, ~ is Lipschitz continuous and converges uniformly on f2 to f .  ~/~. Further 
by (9.2), 7.0, 7.iv): 

Ilf~,~llo,0 = c9-Ilfl[0,0, C9 c9(dl, T, a, th) , yEN, i = 0 . . . .  , k. (9.9) 

Now define 

(9.10) L (x) := 

and the statement follows. 
v) Later we shall need the following remark. If  (mij(x))~,j=~ is the matrix func- 

tion of 3.iii) satisfying (3.1), and any coefficient mij, l<=i,j<=n, is approximated 
by Lipschitz continuous functions m~) as described before, then (3.1) holds for any 

(v) n (m~j (x))~.j=a, yEN, xEf2. Indeed the settings in (9.3) and (9.4) do not change 
the ellipticity constants co, ex, (9.6) changes both by a factor rh(q~-~(z)) or t/o(Z), 
which might be zero, the approximation in 9.iv) does not change ellipticity constants, 
since (3.1) stays unchanged by taking means. (9.8) again alters the constants by a 
factor th(x ), which is observed to be the same than the one before. The sum in (9.10), 
however, implies, that all the factors accumulate to 1, since t/~ is a partition of unity. 

10. 

I f  the bounded open se t  0 # A c R "  has Lipschitz boundary, then for every 
e>0,  there exists a c(e, f2)>0, such that for every fEC~ 

(10.1) n Z ~ I  Llfx'llo ~ ~'~i=x [fxd~+c(~, g2). Ilf[10- 

Proof. We first recall a proposition in [6, p. 136, 6.7.ii]: There are two positive 
constants L, ~ol such that for any yEA with dist (y, OA)<=Ol and any O<Q<=Ol 
there exists a xEB(y, 6) such that B(x, o/L)c f2. Now choose e at least so small, 
that ~(Q(I+I /L))~e .  I f  dist(y, OA)>Q~, there are for every iE{1 . . . .  ,n} two 
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points Yl,Y2EOB(Y, O) and a yEB(y, ~), such that 

00.2) Ifx,(Y)l = -~o If(Y~)-f(Y~)J <= Ilfllo/e, 

thus 

(10.3) If~,(Y)[ <- [f~,(Y)l + If~,(Y) -f~,(Y)l 

<= Ilfllo/~+[f,,]~" ~(~). 

If  dist (y, OA)<=Q~, there are Yl, y2EOB(x, p/L), ~E B(x, ~/L): 

(10.4) If~,(Y)l = ~-~ If(Ya)--f(Y2)l <= Zllfl}o/e. 

Since Ily-Yl[ ~l ly-xl l  +Hx-Yll <-e(1 +l /L) we conclude 

(10.5) lf~,(y)[ <--If:,,(y)-f~,,(Y)I +If~,(Y)[ 

<- if(e(1 + l/L)).  [f~,]~ + L  Ilfll0, 

which finally implies the statement. 

11. 

The proof of the theorem proceeds as follows: 
i) We approximate the coefficients mo., ml, m and the right hand side h by 

Lipschitz continuous functions m~f, ...i"'(v), m (v), h (~), yEN as described in 9. 
ii) Any equation ~t(v),,(o._,~(v).,(~) • u(Ol0f2= 0 owns 

an unique solution u(~ by Schauder's theorem. 
iii) We shall prove below, that 

(11.1) S;y=~ ru(O a [ x~xJJ,, 

ds=da(~ ,  6, #(v)) where 5, ~ are the same in 5.i) and 5.iii) and 

#(~):= max {Jim (~)1 Ilmk(~)llo, o, Hm(~)l[0,~}. X ~ i , j , k ~ n  i j  0 , ~  

Here as later we underlined the quantity /z (v) in order to emphasize, that dn 
depends monotonically increasing on #(o. 

iv) Now we apply (lO.1) with f = u ( 9  i = l  n and r small and infer: 

(11.2) ~ u (~) < / - ~ , o  ( ,  f2)-2'x~_~_.ilus Z l - - i . j ~ = n [ l  xixJIlO = / ~ ' Z l ~ i . j ~ .  % (~) ' ] '2 t -C E: 

thus the terms u (~ in the brackets on the right hand side of (ll.1) may be x i x j 0 

dropped on changing from d3 to a constant d4=d4(f2, 3, #(~)). 
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v) Now choose p : = n / ( 1 - o  0 and recall 

(11.3) 11u(V:lln+,p <= d~.(llhtV)tlL,+llu(~>llL~ ) 

d4 = d4(~, #(~:) 

from [9; w 3.11, line (11.8)], [7J, [8] and [10; chap. 36J. From [13; w 3, Th. I] we infer 

(11.4) ]]U(~)I[L~ ~ Clo(g?)" []#_(~)l[o <= ds" ][M(V)ut~)[lzp 

d5 = ds(g2, #(')). 

We infer from (11.2), (11.3) and the Morrey - -Kondrashev  theorem [11; Th. 3.6.6.]: 

(11.5) [[u(V)I[1,~ <= da, 1[ h(~)[[0, 

d5. = ds*(f2, #(v)). 

Thus the term [[u(~)[[~,= in the brackets on the right side of  (11.1) may be dropped 
on changing the constant. 

vi) From (11.1), (11.2) and (11.5) we conclude 

(11.6) llu(~)ll~,~ <-- d6" llh(~)[Io,6 

d6 = d6(Q, #(~)). 

(9.1) however implies, that the right hand side is now bounded by a constant depend- 
ing on Ilhllo,+ and #:=maxt~_i,j,k~, {llmJo,+, llmkl[o,o, Ilmllo, a}- Since C~176 
C~ by (5.3), (5.6) this means, that (Ut~)~CN is bounded in C2'~(O). By 8. thus 
a subsequence (u (~')) exists, which converges to some uoEC2'~(f2) in C2(~?) (see 
(16)). Since the coefficients m (v') mk (~'), m ("') and the functions h (m converge uni- i j  , 

formly on O, Uo is the desired solution of  

M u  = h, u[O~2 = O. 

(5.10) implies the final part of the statement. 
vii) T h e  rest of  this paper is concerned with proving the estimate (11.1). For 

simplicities sake we make the following change in notation: /z:=# (v), u :=u(Oc  
C~'~(f2)cC ~'a (by 7.iii)), a.. '=~- (~) a " -m  (~) a : = m  (~), f : = h  (~). Observe, that by - - I j  " " ' q j  ~ k ' - -  k 

9.v), (3.1) is valid for (aij)?,j=t. 

12. 

i) First write 

(12.1) aij(x).U~+xJ(X) = f ( x ) - - a k ( x ) . u ~ , k ( x ) - - a ( x ) . u ( x )  =:f l (x) .  

By (11.4), 7.iii) and 75) we have: 

(12.2) ]]fllto, o = d~(p)-Ilfl[o,+- 
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ii) Now choose some fixed point XoE f2 and let S be the symmetric, positive 
definite matrix, such that 

S-2 = (a iy (Xo))~, j =1. 

We infer from (3.1), that IlSll<=eo 1/2, [IS-X][ <--e~/~. Consider the transformation 

y = Yo+S[x-Xo], yo := Xo, 
(12.3) 

x = Xo+ S -x [y _ Yo] 
and the functions: 

/) ( y )  : =  U (X 0 "q- S - 1  [y  _ Xo]) ' 

(12.4) ~iy(Y) := Si, a~u(x) �9 Sju, 

A(Y) = f l ( x )  
and conclude: 

(12.5) ~_~j(y).vy,/(y) =f2(Y), ~,j(Yo) =_6,j. 

From 7.iv) we infer, that 
II(~j)llo,~ <= Cxo(T, eo)" il(au)llo, o 

(12.6) 
IIA[Io, o <- C11( T, eo)" Ilfa[Io, o. 

Defining ~u(y):=f__ij-~u(y), we obtain 

(12.7) Av(y) = A(Y) +~,j(Y) �9 v , y  (y) 

for yE B(yo, Ox), O~:=Ol(xo) =dist (xo, Of 2)/I/~. 

13. 

i) We shall prove for any ~E00:  

(13.1) B(2, 1/2dl) C U~ (see 3.ii)). 

There is a maximal 0>0 ,  such that B(~, 0 ) cU~ .  Assume, that ~<1/2dl .  By 
3.ii): q~(B(~, e) )cB(1/2) .  The set V:=~o~I(B(1/2)) is compact and dist (x, 0U~) 
attains a positive minimum e > 0  on V. Since B(ff, Q)c V, this implies B(~, 0 + e ) c  
U~, which is a contradiction to the choice of  Q. 

ii) Choose x0Ef2, such that dist (Xo, Of2)<=O2:=min{1/2dx, 1/~o/2d~ t/~'a}. If  
~E0f2, such that [12-Xoll=dist(xo,O0), then xoEUx. From now on, we shall 
write U and (p instead of Uxand (p~, ff:=~o -1. Define z0:=cp(x0), Jki(Z):=~bk,(z), 
iT(Z) := U(~9 (Z)), zEB+(1), b,j(z):= au~. (~ (z)). J~l(z). J~l(z). We have fie C2'~(B+(I)) 
by 7.iv), 350 and for zEB+(1): 

�9 r  b~j(z) (13.2) b , f l z ) . a ~ , z 4 Z ) = A ( ~ ( z ) ) + u ~ ( O ( z ) )  ~ z 

-----:f3(z). 
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3.ii), 7.iv) and 7.i) imply: 

(13.3) I](b,j)]lo, a ~ c12(dl, •)" [l(aej)llo,~ 

and thus by (11.4), 3.ii), 7.i), (12.2): 

I}ALIo,~ =< ds(#, da, 3). Ilfll0.~. 

Now let S be the symmetric, positive definite matrix, such that S - 2 -  - 
(b,j(Zo)),~,j=~. Since ~ and q~ are Lipschitz continuous with Lipschitz constant dl, 
we have II(Jk,)ll-<_dl, II(~X)ll<_-d~ and thus by the definition of (b,j): IlS-11I= < 
dl. I /~ ,  IISII <-dl/I /~.  Further let O be an orthogonal matrix, such that 

OS[{yER": y" >= 0}] = {yER': y" => 0}. 

Then B(I/dO/~)cOS[B(1)] and on defining yo:=OSzo we obtain: 

IlYol[ <= [Iz01[ �9 dl/ l /~ 

<-- II ~ (~,)- ~o (Xo)ll . dd t~o  

-< II~-x0ll. d~/l/-~o <= 1/2d~. l/e'~ ---: 03- 
We shall use: 

~(y) := O(S-~O-X y)E C2,n(B+ (2Q3)) , 

b i~(y ) = O. S.  (bij(S -~. O - l y ) )  �9 S .  0 T 

and f4(y):=f3(S - 1 . 0 - 1 y )  to calculate 

(13.4) b_,j(y)~y,y~(y) =f4(Y), b_,i(Yo) = fi-~.i 

I](_b,j)[[0,, ~ c13(dl, el ,  3)" ]](aij)llo, a 
(13:5) 

[IAll0,a <-- d9(/2, dl, r el). Ilfllo, o. 

iii) Let y~ be the orthogonal projection of Yo onto {yER": y"=O} and define 
_v (y) :--- ~ (y) ~ --r  Since u(x) :O if xE0f2 we still have 
_v(y)=O if y"=0.  Further we have 

(13.6) b_,j (y) . vy,~,J (y) = A (Y) - A  (YO =: f5 (Y) 

IlAl]0,~ <= 2I/AIIo,~. 
Now define fl ij(y):=6q-b_~j(y) and observe, that 

(13.7) A_v (y) = f5 (Y) - f l i j  (Y)" v-r'rJ (Y) := J;  (Y). 

We have [3ij (Yo) =0, [(flifl]~ = [(_b,j)]o 

II(_flij(y))ll <= l+]l(bgj(y))ll. 

We recall the function S in 9.iii) and define 

Z/~(y) = sgn(y ~)-/~(s(y)), yEB(203), 
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for any function /t on B+(2~3), and 

v:= sv_, A:= sA,  L : =  sA.  

Since _v(y) and vr,(y ), i~n equal zero if y"=0 ,  we first observe, that vEC~(B(2~3)) 
and that the first derivatives are still Lipschitz continuous, thus v~ H 2' = (B(2~3)) and 

[(S_vr, rJ)(y), if i ~ n C j  or i = n = j  

vr'YJ(Y) = ~ t v_y,y~(s(y)), otherwise 

~-almost  everywhere on B(2~3). Thus v is a strong solution of 

(13.8) Av =f8  on B(2~a) (see [5, 4.5.6]). 
Define 

Jfl~j(s(y)), if i ~ n C j  or i = n = j  
fllj(Y) = [(Z_flij)(y) otherwise, yEB(2~3) 

and conclude, that ~(fllj 'vy, r~)(Y)=flij(y)'vr, yJ(Y) .LP-almost everywhere. Thus 

fs=fl~j.vr, ys+fT. For any yCB(yo,~3)c~B-(1 ) we have Ils(y)-yxH=[ly-y~[l~ 
Ily-yol[ and Ily~-yol[<=lly-yo[I. Since f s (yO=0,  we infer 

(13.9) ]f7(Y)--f~(Yo)[ <--If~(s(y))I+IL(yo)L 
= [fs(sfy)) -fs(YO] + IA (yo)-A(yl)I 

<= [fs]a(~(lls(y)- y~lO +J(l[yo- yxl])) 

<= 2 [A]o" 6( l ly -  y0ll). 

This inequality now holds for all yEB(yo, ~3). Since further 
we obtain similarly for any yEB(yo, On) 

(13.10) J/3,j(y)[ ~ [fl~j]a" 6(lly-y0[I) 

IIs (y) -y01l ~ l] y-y01l 

<= c14(dl, el, 6). ll(a~j)il~. 6(l}y-yoll). 

14. 

i) We notice, that (12.7) and (13,8) are of the same type and proceed to prove 
the following proposition. 

Let vCH2'=(B(yo, Q~), R), 0<r be a strong solution of 

(14.1) A t, (y) = Ao (Y) := J~o (Y) + ?q (Y)" vr;yJ (Y) 
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where the functions f9 and 71j own the properties: 

Ifg(Yo)-fD(Yl)[ <= K1-6( l [yo-ylD 

(14.2) I~iy(Yo)-Ylj(Yl)] ~- K2. O(llYo-Yl[]) 

YIEB(yo,  04), at(/---- Ki(d~, eo, e~, J, p), i : 1, 2. 

Then there is a 0<05<Q4,  05=05(6, n, ct, p) depending monotonically decreasing 
on p and a c o n s t a n t  d 1 1 = d 1 1 ( d 1 ,  eo, e~, fi, ~,/t), such that for  any 0<r<=05 

(14.3) r -"  . 6 ( r ) - 2 .  f . ,~i:j=l(vy'yJ--m(vy'yJ, Yo, r)) 2 d ~  
B(Yo, r) 

<= dn (ll fl[o,a + llvy,r~[Io). 

ii) Proof. For 0<e<_-0~ define 

(14.4) Zki(O ) : :  m (vy,rJ, Yo, 0)/(1 q-_~ki) 

: (o9,,. 0"+1) -1 "faB(Yo, e) Vy~. ( y i _  yio) dffto/(1 +fi--kl) 

ak(O) : :  Om(vy,,, y, 0). 

The function 

(14.5) v o (y) : :  v (y) -- ak ( 0) " (yk __ yk) __ Zkl (0)" (yk __ yk) . (yl __ yio) 

stror, gly solves 

(14.6)  A v o (y)  = f~o (Y) --  m (f~o, Yo, 0) : :  f n  (Y). 

Let q)~Co(B(yo,  04))- Multiplying (14.6) with (py~ and integrating by parts twice 
yields : 

(14.7) - e . ,  = �9 

and by some continuity argument, this equation holds for any q~E/~P'l(B(y0, Oa)). 
For O<e<r<_--04 define 

1, if O < t - < r - - e  
~,~(t) := (r-- t ) /e ,  if r - -e  t < r 

O, if t > r  
and choose 

(14.8) ~o(y):= %,,~(y). ~,,~(][y-yoll), 
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(14.7) implies 

(14.9) fnOo, r) V~, rkr, (y). ~r,~ (1[ Y -- Yotl) d ~a 

- 1 fn(ro, o \noo. ._  o vQ, r~r,(y)" ve, r~(y)" (y'-fio)/llY-Yoll dL: 

1 
e fBOo,,)\BCVo . . . .  )f11(Y)" vQ, p (y). (yk _ yk)/ll Y -- Y01I alL:. 

Inserting (14.5) we observe, that any integral is a sum of products, each of  which 
consists of factors, which are either ak(O) or a~(O) or aki(O) or a~(Q), or an integral, 
that does not depend on r Thus there exists one set N ~  (0, r Le~(N)=0, not 
depending on ~, such that for any r~N and any r r the limit e ~ 0  exists. 
Then it is legitimate to set ~ =rCN. Using the notation wQ:=(vo,y~ . . . . .  vQ, r, ) and 
summing over k we obtain: 

1 
(14.10) -,,fO(,o,O)HVw~ dde -- (yi-y~o)d~ 

+ fBcvo, o f l ]&L:-- l  f ,f11"wke'(yk--yk) d~t ~ 
Q J OB(Yo,Q) 

Now notice, that 

= ik)(Y --Yo) (14.11) w~(y) Vyk--ak(~)--Zki(Q)'(l+6 i i 

and 

(14.12) f aBO, o,O (w~)2 d ~ =  fdoB(yo , o) ' l )~nda~--( l ' l 'O)n 'On-1) 'O'k(~)2 

-(co.. ~.+1). ZT=I [~i(~)�9 (I + ~,k)P. 
If hEH 1'1, then 

(14.13) o. f~,Oo, o)hd~e= f , Oo, oh,,(y).(yi-fio)dL:y+n, f , Cro, oh alp, 

which implies, that fOneo, O hd~/g is an absolutely continuous function of  0 and 

(1.4.14) DQf hd~ff-- n - 1 S  h d ~  
aB(yo, e) ~0 OBO, o, e) 

4 - 1  f0noo, e)hr' (Y)" (yi_ Y~o) d3ffy. 
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Using (14.4) it is now easy to calculate f rom (14.12) 

(14.15) DefoB,,o,e)w~d~ - n - 1  fol~Oo,~)w~d~+ 8 

1 z 
+ -~ fo,~,o, o~ (wo),, �9 (y' -- Y~o) d~f'y. 

Inserting this in (14.10) we arrive at 

2 2 (14.16) 2f ilVwQJl~d.~_ n - 1  w d ~ - D ~  f w ~  
BCyo, O) 8 f OB(yo, Q) e o a 0BCvo, O) ~ 

+2f  yl~d~e-Zf ,Al.w~.(yk-y~o)d~ 
B(yo, o) ff 0~(yo, o) 

iii) We recall, that f~l(Y)=No(y)-m(No,  yo, 8), f~o:=fg-Tij "" v,,y~ and 
duce the notat ion ge:=y,.j,  vr, r j -m(y i j ,  vy~yj, Yo, 8). We have 

(14.17) f ~  <= 2 { ( f g - m ( f 9 ,  Yo, 8))2+g~}, 

(14.18) f neo.o) ggds f B(,o.,) (~,ij.vv,,,-m(~,ij).m(v,,y,))ZdLel/2 

+ f~(,o. O) {m (v,,,~)(7~j-m (Tij))} ~ d.~ ~/~ 

c~. ~(8). f,(,o,o, ilV%ll~ ds IIv~,,,llo. v(?~., Yo, e) 1/~. 

From (14.17), (14.18), (14.2) and some simple calculations we conclude 

(14.19) f B~.,o)f~ dY'  ~ 4.d~o.llf]]o,a.6(8)28" 

+ 2c~a" ,5(8) 2" II(a~)llo, a "J  ~c,,o,,~)IIV%I?dLP 

+ 2cxs" 6(8) 2- 8"" [l(a,j)l[o,~ ~ ~'7, i=~ Ilvy'y~ll o 2, 

C16 = c16(d~, el, eo, 6, n). 

209 

intro- 
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iv) The last term in (4.16) is bounded above by 

(14.20) 1-~ fo  2a:gg+, ~  f fl]aarg. 
Q B(Yo.e) We I --o~ .J OB(Yo.O) 

Now choose 0<~5<:Q4 so small, that 

(14.21) 62 (~s) ~ rl/(n +200- 4e~6. IJ(a,j)lJ~, 

where 
~/ = (1 -- ~)112. 

Now we derive from (4.16), (4.19), (4.20) 

(14.22) (2 -  ~) f.oo, o, II Vw~ll ~ d ~  

_ . - 2 + ~ ~ f o , 0 ,  w~ d i e -  ~o . f . . 0 ,  w~ d A  

+4ca, II(a,a)[l~. 6 (o)2o" Z,.j  Iiv,/Io ~ 

+ 8. d~o. Ufllo, a" 6 (o)~ ~" + T ~ _  ~ fa~{,0,o) f a  d,~. 

v) It is essential to observe, that for any 0 < 0 < Q 4  the inequality 

dW = ~o. fB(y0,~) I[Vw~ ds (14.23) 2 f OBOo, Q ) WO2 < 

holds. Indeed the eigenvalue problem 

(E) Au(y)=O on B(y0,0), 2 . u ( y ) = ( V u ( y ) . y )  on aB(yo,~) 

owns in any dimension the eigenvalues 2~=i, i=0 ,  1, 2 . . . .  and the restrictions of 
the corresponding eigenfunctions u~ ~) to OB(yo, e) form a complete orthogonal basis 
of  L2 (OB (Y0, 0)). Actually u is an eigenfunction of (E) if and only if ~:= ulOB (Yo, O) 
is an eigenfunction of  the Laplace--Beltrami operator on OB(yo, O) corresponding 
to the eigenvalue 7 : = 2 ( 2 + n - 2 )  and it is u(y)=lly-yol[a.o.([y-yo]/[]y-yolI). 
The eigenvalues 2, are characterised by the Rayleigh quotient: 

(R) ;ti = min ~ffta no, o,o) []Vzl]2dSr e)), f o,,~,o,o) z.u}~) ct~= o 

for all eigenfunctions u} k) of  some eigenvalue 2k, k < i}. 

The eigenfunctions corresponding to 20=0 are the constant functions, the space of  
eigenfunctions corresponding to 21=1 is spaned by @)(y):=yY-yi o, j = l ,  ...,n 
(see [16], [12]). Thus (R) implies (14.23) by the definition of  the %i and a k (see 
(14.4)). 
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3 + ~  
Multiply (14,23) b y -  20  and add the resulting line to (14.22): 

(14.24) 
2 ) (yo, ~) 

<_ n +  l + 2 a f  w~dW+Def wgd~ 

+(4r  II(ai j) l lo , ,  �9 Zin ,  j=l .  Ilvr,r, II~+8d~oilfllo, a)" 6 ( 0 )  z .  0 ~ 
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Consider now the two continuous functions 

(14.25) : =  IIVw,112d.  
and 

(0) := 2 (n + 2 + 2~) (ct6 I1 (av)I[ o,a ~7. i=t [1%y,II o + 2d~0-Ilfll 0, a)" a (0) ~ �9 0". 

The set E:={0C(0, ~5): ff(O)<~(~)} is an open set and thus the union of an at 
most denumerable sequence of  open disjoint, nonempty intervalls (r~, r,), yEN, 
O~r~<r~o~ .  For any r '~o<r~ we obtain by adding the inequality -~(~)-< 
-~ (e )  to (14.24): 

n+!+2~[ ~d3ef+D l" w~dJd -< W 
Q J aB@o,a ) a OB(yo, a) 

--  2 (n + 2a) (c~r II (a,j)}l o,a" ~,~, j =~ ]l vr,r,][ o + 2d~o {{ f{{ o, a)" fi (0)  ~" 0". 

Observe now, that by (5.7) for q>O 

(14.27) DQ(Q-~.a(e) -s) = 0-(~+1).6(0)-2(--q--2.  q.D~6(~)~ 
~(e) J 

- (q+2a) �9 0-(q+1). a (0)-2. 

We first use q =n  + 1 to obtain 

f c   ew+oo( w a e/ (14.28) O-(.+l) "a-~--'~'(-() ~ J eB%,o) e ,' oB~ro,~) j 

o, 0) 
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Thus multiplying (14.26) by e -("+l), 6(0) 2 and integrating over (r, r,), r~,<r<r~, 
we arrive at: 

(14.29) ( ~ - E - e n )  f ;  V ,5(e)-2 . e-("+l) f B(y,,o) llVwoll2 cl,Se cle 

-- 2 (n + 2c 0 @1, l] (aiy) ll o. o" Z~. j =z ][ vy.yJl[o + 2d~o II f II o.,)" 6 (0) 2. e" 

1 f ' v  e-"" -2 + i-~--~ a r a(e) f o.~o .) A~x aaeae 

Indeed f n  depends on e (see (14.6)), but it is easy to see, that 

and thus by integrating by parts the last integral in (14.29) can be transformed to 

(14.30) [0-"  3(e) -2 L(ro, ,) e a  de ] ; - - ;  ~ 

-s  D,(e-.a (e)-2). f,,o,,~A~ d~e d~. 
Dropping one negative term and using (14.27) with q = n  and (14.19) we find the 
upper bound 

(14.31) r 7".a(r~)-2 f .,,o,,,,A] dLz" 

4d~o Ilfllo.6+2ca, [l(a,j)llo.a �9 ~ '  j=~ Ilvy*r,[Io z 

+ 2c~5 II (aei)II o. o r ;  = fB~o.,a II V%ll = dLe 

+ (n + 2~). 2c~ II (a~j)II o., �9 6 (rd 2 ff~ e -  <~ § 1) a (e)-2- f ~ o .  o~ {i Vwolt = dZe do 

+ (n + 22)(4d~o Ilfl{o,a +2c16 [{(a,j)/lo, a �9 ~'~, j =1/l vy,,,llo ~) -s c - I d a  �9 

Using this estimate in (14.29) we obtain (see (14.21)) 

(14.32) (-l-~-2~ 

<= 

+ c,~(llfllo, a + 2,",a=l II v~,~,ll o) + cu- r ; - " / "  IlVwoll2 dY ', 
�9 I B ( y o ,  r v  ) = 

c17 = c17(dl, el, eo, 6, I~), cl8 = c18(d~, ex, eo, 3, I~). 
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Now insert ~/ from (14.21) and add 

- [(1 - ~)/4 (n + 2ct)] fj~ e-" a (e) ~ f0,~,o.,~ t{ vwo p aaea 0 

to the left side of (14.32). Using (14.27) with q=n, we obtain the lower bound 

t - o ~  r~ O - n  --2 
(14.33) 4(n+2~) [ s  o~(  a(o) fae<,0.~llVw~il=dLe 

+~-"a-=f  . I/Vw~ll=d~]. 
OB(Yo, O) 

Now again it is easy to observe, that 

(14.34) D~ f.~o, o~ {1Vw~l? d 2 '  = fo.c,0,~) It Vwoll ~ d ~  

and we hence obtain 

4(n+2~) [O-"'6(O)-2LCSo,e)IIVwol[2ds -:" 

<: . , . o  o, a.l:::v 
y,--n 

-{-C17(llJ'llO, a-'~ Z ~ , j = l  {{/)y'ya']{0)"~C18 " v f BCyo, rv ) IlVwell 2 d ~ .  

Dropping one negative term on th e right and using (14.23) once more, we arrive at 

(14.35) r-%i(r)-2f , [{Vw,[[= dLf 
r B(y O, r) 

~ C  n _ - ~,(1 f l l o . a+Z ,  ,-~ jlv,@lo+r:".f~c,o,,.~ HVWr"l[2d"~)' 
C19 = c 1 9 ( d l ,  e l ,  eo, 6,/0. 

However, by the definition of E, either r~=o5 or 

(14.36) r~"a(r~)-2f llVw~ ltZds a <= c2o(tlfllo,~+.~'~,j=~" Ilv~,,yJtlo), 
�9 s B(yo, r~) 

c20 = C2o(d,, el, e0, 6, c~,/z). 

So we achieved, for all 0 < r < 0 5 ,  the inequality 

(14.37) r -"  a (r) -~ �9 f,<,..,)II Vw,{I ~ d2 '  <= dll (11 f II 0. ~ + tl v~wll 0), 

dn = max {c20, qg(1 +cz0)}. 
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15. 

i) From 12. and 13. we infer, that 

(15.1) ux,x, (x) = v,~,, (2 (x)). 2~, (x). 2~j (x) 

+,~y~(2(x)) . ,~,~,~(x), 

in some vicinity of xo, where either 2 ( x ) = y o + S [ x - x o ]  or 2(x)=O.S[~o(x)] .  
We first remark, that by 3. and the definitions of  v 

[[v[[1., <= c21(dl, eo, e1). [[U[]l,,, 

thus by (11.5), 3. and the device of  (14.18) we derive from (15,1) 

(15.2) V(Ux,xJ(x), Xo, O) <- c22(dl, ds, el, Co)" 

" v Q) + I[v~/Io) +]lf i lo) ,  �9 ( Z ~ , , ~  (v( ,~, , (~(x)) ,  Xo,  

which implies by some simple estimates 

(15.3) v(ux~j,  Xo, O, (2) <= c23(dl,el, Co, (2, #) .  

�9 (Z2. ,=t  (v(v,~/, Xo, c~4e)+IIv, w,Ilo)+llflro), 

1 < c24 = c24(dl, el, Co). 

This, however, implies by (14.37) 

(15.4) V(Ux,xS, Xo, e, Q) ~ dl2(Xk,  t]lvyk/llo+llf[]o,,O" o"" 6(o) z, 

dl~ = dl~ (f2, 6, 41, Co, I J), 0 < ~ <= ~n = ~5/c~4. 

ii) On the other hand, we have 

(15.5) vr~y, (y) = ux,~j (2 -~ (y)).  2-a (Y)~r"" 2 -~ (y)~, 

21- ,5/x, (4  --1 ( y ) ) .  --1 i 

which by (11.5) and 3. implies: 

(z" ) IIv,~,[Io <-- c~5(d~, Ks)" ~ j = l  Ilux,~,JIo+llf o,~ �9 

Inserting this in (15.4): 

(15.6) V(Ux,x,, Xo, O, (2) <= d ~ .  (~g, t  [lux~,l[o+llfllo, o)" e". a(o)L 

dl~ = d13(~2, 6, el, Co, #), 0 < Q _-< ~o 6. 

Now the desired inequality (11.1) follows from 6.iii). 
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16. Notations 

n(x,  Q):= {y~R": I lx-yl[  < ~}, B ( 0 ) : :  B(0, 0), 

B + ( e ) : =  B(O)~{ycRn: yn ~ 0}, 

1, if i = j  

f-i J:= 0, if i C j .  

A bar  denotes the closure o f  a set, a 0 the boundary .  &oq is the q-dimensional Lebesque 

measure, s  o) , :=Se(B(1)) ;  ~ft ~ is the ( n -  1)-dimensional Hausdorf f  measure. 

I f  hEL2(A), we write 

(16.1) re(h, y, O, A):= La (B(y, e)aA)-l , f .o,o~aa h ds 

(16.2) Ore(h, y, ~, A):= 9f' (OB(y,Q) ) -1 . f oB(,,a) h doet', 

(16.3) v(h, y, O, A):= f B(r,o)na (h--m(y,  h, O, A))2doo q' 

We drop some of  the quantities in the brackets, if  their choice is obvious. Frequent ly  
we shall use, tha t  

v(h, y, 0, A) = minkeR ,JBf O,,o)na (h -k )2  d, LP. 

For  the definition o f  the Sobolev spaces H 2,p see [11; Ch. 3], the spaces C ~ and 
C k'~ are in t roduced in [6; w 4.1]. 

I f  h is differentiable, Jh denotes its Jacobi  matrix. 
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