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Abstract -An in vitro assay proposed to systematically char- 
acterize and compare cell invasion under different conditions 
is the collagen gel invasion assay where cells, initially seeded 
onto the surface of a type I collagen gel, penetrate the surface 
and migrate within the gel over time. Using simplifying assump- 
tions about cell transport across the gel surface and migration 
within the gel, we formulate and solve a mathematical model 
of this assay which predicts the resulting cell distribution based 
on three phenomenological parameters characterizing the abil- 
ity of ceils to penetrate the gel surface interface, migrate ran- 
domly within the gel, and return to the gel surface. An index 
of cell invasiveness is defined based on these parameters that 
reflects the overall ability of cells to transport across the gel sur- 
face interface, that is, invade the gel. Cell concentration pro- 
files predicted by the model correspond well to measured profiles 
for murine melanoma cells invading gels supplemented with ex- 
tracellular matrix proteins fibronectin and type IV collagen as 
well as unsupplemented gels, allowing these parameters to be 
estimated by a nonlinear regression fit of the model solution 
to the measured profiles. Our analysis suggests that type IV col- 
lagen and fibronectin primarily modulate cell transport across 
the gel surface interface rather than migration within the gel. 
Further, we validate the key model assumptions and obtain in- 
dependent, direct estimates of model parameters by time-lapse 
video microscopy and digital image analysis of cell penetration 
of the gel surface and migration within the gel during the assay. 

Keywords-Invasion, Collagen gel, Mathematical model, 
Metastasis, Migration, Cell tracking. 

INTRODUCTION 

The ability of  blood and tissue cells to penetrate into 
and migrate through extracellular matrix is essential to 
physiological processes such as inflammation,  wound 
healing, embryogenesis, and tumor  cell metastasis. In 
the inf lammatory response, neutrophils extravasate by 
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penetrating vascular basement membrane then migrating 
through connective tissue to the site of  infection (30). In 
the process of  wound repair, neutrophils, monocytes,  
endothelial cells and fibroblasts must infiltrate the fibrin 
matrix of  the blood clot (20). In embryonic heart devel- 
opment,  mesenchymal cells penetrate and then migrate 
through an extracellular matrix barrier toward the myo- 
cardium (24). A notorious example is tumor cell invasion 
in the process of  metastasis. In several steps of  this pro- 
cess, tumor cells actively penetrate basement membrane 
and then migrate through connective tissue before finally 
arresting and proliferating at the secondary tumor site (18). 

Several in vitro assays have been developed to investi- 
gate the invasive behavior of  blood and tissue cells. These 
include human amnion (25), reconstituted basement mem- 
brane (7), reconstituted fibrin gels (13,21), and reconsti- 
tuted collagen gels (28) as model tissues. Although these 
assays differ in their advantages and disadvantages as 
models of  cell invasion in vivo, they are similar in meth- 
odology: Cells are seeded onto the surface of  the model 
tissue, and over time, penetrate the surface then migrate 
within the tissue, even migrating across the relatively thin 
tissues used in some invasion assays. The resulting distri- 
bution of  the cell population is quantified. In this work, 
we focus on the collagen gel invasion assay, although 
many  of  the methods and results presented here can be 
extended to similar assays. 

A schematic of  the collagen gel invasion assay is pre- 
sented in Fig. 1. Initially, cells are uniformly dispersed 
on the surface of the gel, and then during incubation, pen- 
etrate the surface and migrate within the gel. Convenient 
measurements are the total number  of  cells invaded per 
unit area and the number of  cells which have migrated 
to various depth levels, termed the cell concentration pro- 
file. Typical results from this assay are presented in Fig. 2 
for cells f rom a highly metastatic cell line (clone M4 of 
the K1735 murine amelanotic melanoma cell line, here- 
after referred to as M4 cells) where the concentration pro- 
files of  cells invading a gel supplemented with type IV 
collagen or with fibronectin are compared to that of  cells 
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FIGURE 1. Schematic of the collagen gel invasion assay. At t =  O, 
cells are seeded uniformly on the gel surface. Over time, cells invade 
by penetrating the gel surface and migrating within the gel. 

invading an unsupplemented gel (see Appendix for Ma- 
terials and Methods). These data suggest that the supple- 
ments affect the number of cells at each depth level, 
although the "leading front distance" (the depth of  the 
gel at which the cell number becomes very small) is ap- 
proximately the same in each case. 

Interpreting such results for different gel compositions 
in relation to cell invasiveness raises a critical question: 
Does the difference between the cell concentration pro- 
files arise from differences in cell penetration of the gel 
surface, or from differences in cell migration within the 
gel? Either possibility or a combination of  both is plausi- 
ble without further analysis. This question is further com- 
plicated by the possibility of  different cell division rates. 
We propose a mathematical model of the collagen gel in- 
vasion assay to resolve this question and facilitate inter- 
pretation of  such experimental results. This is possible 

with the model's objective index of cell invasiveness, which 
can be estimated by fitting the solution to the model equa- 
tions to the measured cell concentration profiles. The 
model formulation involves simplifying assumptions 
about cell penetration of the gel surface, migration within 
the gel, and return to the gel surface. The model utilizes 
three phenomenological parameters that characterize cell 
penetration, migration, and the equilibrium partitioning 
of cells between the gel interior and the gel surface. From 
these parameters, we postulate an objective index of  in- 
vasiveness which reflects the overall ability of  the cells to 
transport across the surface into the gel (involving pene- 
tration, migration, and return), that is, to invade the gel. 
The model predictions of cell concentration profiles are 
compared qualitatively to the experimental data presented 
in Fig. 2 to elucidate the controlling phenomena, and 
quantitatively via nonlinear regression to estimate the 
model parameters. 

To further determine the validity of the model assump- 
tions and obtain independent estimates of the model pa- 
rameters, we employ an automated optical microscope/ 
image processing workstation to directly observe cell be- 
havior during the assay by simultaneous time-lapse video 
microscopy of multiple fields of the gel surface. From 
these time-lapse sequences, we measure the residence times 
of  cells on the gel surface and track cells migrating within 
the gel using a novel methodology. From the resulting 
data, we obtain direct estimates of  the corresponding 
model parameters and find good agreement between these 
values and those estimated by fitting the model solution 
to the cell concentration profiles measured in the assay. 
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FIGURE 2. Representative cell concentration profiles measured in 
the collagen gel invasion assay. The bars represent the number of 
M4 cells/cm 2 in various 20 /~m increments of the gel depth after 
3 days of incubation. Error bars represent the theoretical statistical 
uncertainty in estimating mean values by counting a finite number 
of cells. 

MATHEMATICAL MODEL FORMULATION 
A N D  ANALYSIS 

Our approach is to make the most simplifying assump- 
tions which suitably represent cell behavior within the 
assay, as justified by validation of  the model predictions 
(see "Validation" section). As shown schematically in 
Fig. 3, we assume that ceils penetrate the surface of  the 
gel and return to the surface when immediately beneath 
it with probabilities per unit time, k+ and k_, respec- 
tively, which are independent of position on the gel sur- 
face and constant over the duration of the experiment 
(k+ and k are equivalent to interfacial transport rate 
constants, as will be evident in the governing equations, 
implying the existence of a gel surface interface). The ra- 
tio, K = k_/k+, defines an equilibrium partition coeffi- 
cient for the cells on the gel surface to cells within the gel. 

We also assume that cells within the gel exhibit ran- 
dom migration with mean speed and turning probability 
which are independent of  position and constant over the 
duration of  the experiment. The theory for modeling ran- 
dom migration derives from an underlying probabilistic 
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FIGURE :3. Schematic showing the model assumptions. Cell penetration of the gel surface and return to the surface are characterized 
b y  the interfacial transport rate constants k+ and k_, respectively. Random cell migration within the gel is characterized by the random 
motility coefficient, /z. K = k_/k+, is the equilibrium partition coefficient. 

model of cell movement and describes the expected mi- 
gration of a cell population, reflecting a large number of 
individual cell paths (6,23). There is a complete analogy 
between Fick's Law 

c~C n 
�9 In = - D  (1) 

Oz 

describing the molecular flux, Jn, associated with diffu- 
sion down a molecular concentration gradient, Ocn/Oz, 
(the manifestation of Brownian motion due to molecu- 
lar collisions) and the theoretical result describing the flux 
of cells, J, associated with random motility down a cell 
concentration gradient, Oc/Oz, (the manifestation of cell 
random turning behavior in an isotropic environment) 

Oc 
J = - ix  Oz (2) 

Also analogous are the molecular diffusion coefficient, 
D, appearing in Fick's law and the random motility coef- 
ficient, Ix, appearing in the cell migration theory, with Ix 
reflecting both the cell speed and the frequency of direc- 
tional changes. Here we implicitly assume that the cell 
population under observation is sufficiently large such 
that a continuum definition of cell concentration in the 
gel, c [cells/volume], is valid (this can be experimentally 
imposed). Likewise, we define cs [cells/area] as the two- 
dimensional cell concentration on the gel surface. Finally, 
we account for the possibility that cell division may oc- 
cur on the surface and within the gel, with associated 
first-order rate constants, kgs and kg, respectively. The 
cell population is assumed to be largely homogeneous with 
respect to the above properties. 

The assumption that the parameters k+, k_ ,  Ix, ke~, 
and kg are independent of  position and constant over the 
duration of the experiment implies that "mediator effects" 
associated with the time-dependent accumulation of cell- 
derived factors or depletion of nutrients that influence 

the cell behavior or gel properties are negligible. The as- 
sumptions also imply that the cell population is disperse 
enough such that the effects of cell-cell contacts are neg- 
ligible. In general, these conditions can be experimen- 
tally imposed using a relatively low initial surface cell 
concentration. 

With these assumptions, we formulate cell conserva- 
tion equations for the gel surface and interior which gov- 
ern the time evolution of  c~(t) and c ( z , t )  at any time, 
t, and depth, z: 

dcs(t) 
dt  

- - k + c ~ ( t )  + k _ c ( O , t )  + kgscs(t) (3) 

Oc OJ 
- + k g c ( z , t )  (4) 

Ot Oz 

where J in Eq. 4 is defined by Eq. 2. One boundary con- 
dition is obtained by matching the cell fluxes at the gel 
surface, z = 0, such that 

Oc(O,t) 
Ix Oz - k+cs( t )  - k c(O, t )  (5) 

A second results from stipulating that the bottom of the 
assay chamber is too deep to be reached by cells during 
the incubation period, and therefore is essentially at z = co 
(experimentally imposed). Thus, the cell concentration ap- 
proaches zero far from the gel surface, i.e. 

c ( z  ~ co,t) = 0 (6) 

The initial condition is simply that all cells are present on 
the gel surface at concentration cs0, so 

cAO) = C~o (7) 

c(z,O) = o (8) 
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The result of this formulation is a coupled pair of lin- 
ear differential equations which are solved analytically by 
the method of  Laplace transforms to obtain explicit ex- 
pressions for cs(t) and : ( z , t ) .  For the case where the 
specific growth rate within the gel is equal to that on the 
surface, i.e. k e = kgs, the solution is 

and w(~') is a tabulated complex function (1) defined for 
(possibly complex) ~- by 

w(~-) = exp(-~-Z)erfc(- i~  ") (19) 

In the more general case, where kg 4: kg~, the solution is 

Cs(t)=Cs~ exp(kgt){  (~ + 

�9 - ( ~  - 1) exp(p2)er fc(P) /  (9) 

c(z, t) = Go exp(kgt -,~2) 
K 

1 
• ~ (exp[(6 + v)Z]erfc[6 + v] 

- exp[(6 + p)2]erfc[6 + P]) (I0) 

involving the following dimensionless groups and 
variables: 

( 5),J  
= 1 - 62 } (11) 

Cs( t ) Ae kgt 

c~0 ( a  2 - -  kgs/k+ + kg/k+ + 1) 

Berg t 
+ 

(b 2 - kgs/k+ + kg/k+ + 1) 

Cek~ t 

(C 2 -- kgslk+ + kg/k+ + 1) 
+ 

w ( - i a ( k + t )  1/2) 

w ( - i b ( k + t )  1/2) 

w ( - i c ( k + t )  1/2) 

(20) 

c(z, t )K  _ ekgt_a2{Aw[ i ( 6 _ a(k+ t)J/2)] 
Cso 

+ Bw[i (6  - b(k+t)l/2)] 

+ Cw[i(6  - c(k+t)l/2)]} (21) 

where 

z (12) a4~ (22) 
6 - (4txt21/2 A = (a - b)(a - c) 

v -- �89 - 3)(k+t)  )/2 (13) 

o = �89 + 3)(k+t)  l/z (14) 

0 = (15) 

When/3 is imaginary, Eqs. 9 and 10 can be written as 

1 
cs(t) = Goexp(kgt)  ~ Im(w(~')) + Re(w(~-)) (16) 

and 

2 c(z , t )  = Cs_OOK e x p [ - ( 6 2  + kgt)] - ~  Im[w(2~ii + ~')] 

(17) 

where 

= �89 ] + i) (18) 

b(~ 
B = (23) 

(b - a)(b - c) 

c6 
C = (24) 

( c - -  a ) ( c -  b) 

and a, b, and c are the three roots to the cubic equation 

x 3 + ~x z + (1 kgs - kg ] kgs - k g  = 0 ( 2 5 )  
-k~ ] x +  6 k+ 

(If two roots of Eq. 25 are complex conjugates, the imag- 
inary components of  Eqs. 20 and 21 cancel.) 

Model predictions for cs ( t)  and c (z, t ) are plotted in 
Fig. 4 for hypothetical values of  the model parameters. 
As shown in Fig. 4b, the prediction of the cell concen- 
tration profile, c(z, t),  in the absence of cell division is 
qualitatively similar to that for the classical problem of  
diffusive transport into a semi-infinite medium (4) (which 
assumes no depletion of  the diffusing component at the 
interface and no resistance to transport across the inter- 
face); however, the effect of depletion of cells on the gel 
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FIGURE 4. Representative model predictions of the dimensionless 
(a) sur face cell concent ra t ion ,  Cs(t) lcso, vs. time, t, and (b) cell 
concentration, c(z,  t )L /cso ,  vs. dimensionless depth, z/L, for L = 
2 0 0 / ~ m ,  t = 1 , 2 , 3 , 4  days,  k+ = 0 .3  day  -1 ,  K = 40 /~m,  and # = 
1 0 0 0 / ~ m 2 / d a y  (kg s : kg : 0).  

the leading front distance. This difference will be exploited 
below when applying the model to the experimental data. 

The square of the dimensionless parameter, 4~, defined 
by Eq. 15, is an important combination of  these param- 
eters and reflects the ratio of the time scale of  cell trans- 
port from the gel surface interface via migration before 
cells return to the surface (characterized by the ratio 
K2/I~) to the time scale of cell penetration of the surface 
(characterized by l /k+).  Depending on the value of  4~ 2 
and the time scale of the assay, the general solution for 
Cs(t) and c(z, t) which depends on three parameters re- 
duces to several interesting limits that depend on at most 
two parameters (for simplicity, we present here only the 
limits of Eqs. 9 and 10 for the c a s e  kg = kgs). If t~ 2 >> 1, 
cell transport into the gel is "migration-limited" and in- 
dependent of  k+ explicitly, depending only on K and/~. 
The limiting solution in this case for an intermediate time 
scale, t = O(K2/l~), is 

#t 
cs ,, 1j2) (26) 

c(z , t )  = C~O ek~t exp(  #t z \  [ [ ~t V/2 ) ~ -  ~-~ + ~ ) e r f c / ~ 5  ) + 6  

(27) 

This limit is seen in Figs. 5a,b, where for very large k+, 
c~(t) and c(z, t) become independent of k+ and the pro- 
files superimpose. In addition, on a short time scale such 
that t << K2/I ~, during which there is negligible depletion 
of cells from the gel surface, Eqs. 26 and 27 simplify fur- 
ther to become 

surface is evident in the cell concentration profile, i.e. 
c(z , t )  decreases in time for z close to 0. 

In general, the model solution depends on three phe- 
nomenological parameters k+, /~, and K (hereafter, kg 
and kgs are assumed to have known values and, hence, 
are not considered "parameters" in our analysis). The pen- 
etration rate constant, k+, reflects the ability of cells to 
penetrate the gel surface�9 The random motility coefficient, 
#, reflects the ability of cells to migrate randomly in the 
gel. The partition coefficient, K, reflects the concentra- 
tions of  cells on the gel surface relative to the gel interior 
that would exist at equilibrium�9 The sensitivity of  the so- 
lution to these parameters is shown in Fig. 5. Note that 
the dependencies of the cell concentration profile, c (z, t ) ,  
on the parameters k+ and K are qualitatively similar. 
Varying k+ or K significantly changes the cell concentra- 
tion at most depths but not the depth at which the cell 
concentration becomes very small (i.e. the "leading front 
distance"). Varying/~, on the other hand, greatly affects 

cs : csoe k~t (28) 

Cs0 c(z , t )  = ~ -  e~,terfc(6) (29) 

which in the absence of  cell division (kg = 0) is mathe- 
matically equivalent to the solution for the classical prob- 
lem of "free diffusion" into a semi-infinite medium (4). 

Conversely, if ~2 << 1, cell transport into the gel is 
"penetration-limited", whereby the solution becomes in- 
dependent of the partition coefficient, K, and dependent 
only on k+ and ~. The limiting solution for this case is 

Cs(t) = CsoeXp[(kg - k+)t]  (30) 

c(z, t) : Csoekgt(k+/#) 1/2 exp( --8 2) 

X Im{w[(k+t)  1/2 + i611 (31) 
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FIGURE 5. Model predictions of  the (a,c,e) surface cell concentrat ion, Cs(t)/Cso, and (b,d,f)  cell concentrat ion profiles, c(z,t)L/cso, at 
t = 3 days are shown for varying parameters/~ (a,b), k+ (c,d), and K (e,f), where in each case all unvaried parameters have the same 
values as in Fig. 4. 

This limit is evident in Figs. 5c-f. As K becomes very small 
or t~ becomes very large (so that ~2 << 1), Cs(t) becomes 
independent of  these two parameters,  consistent with 
Eq. 30. 

Regardless of  the value of ~2, on a long time scale rel- 
ative to the time scale of  cell transport,  i.e. t >> 1/k+ and 
f >> K2/#, Eqs. 9 and 10 become 

cs(t) = 0 (32) 

c(z , t )  - Cso exp(kgt - -  (~2) (33) 
( 7rt~ t) 1/2 

On this time scale, the gel surface interface effectively 
presents no resistance to cell transport  such that all cells 
are located just beneath the interface (within the gel) ini- 
tially. This is consistent with the cell concentration pro- 
files being independent of  k+ and K as seen in Eq. 33. 
Note that in the absence of cell division (kg = 0), Eq. 33 is 
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mathematically equivalent to the solution to the classical 
problem of diffusion away from a plane source in an 
infinite medium (4). 

We now wish to define an objective index that reflects 
overall cell invasiveness and can be estimated by fitting 
the model solution to experimental cell concentration pro- 
files. The implication of  the above limits is that for some 
regions of  parameter space, it is impossible to obtain in- 
dependent estimates of all three phenomenological param- 
eters of interest, k+, K, and #. It is also clear that to 
successfully invade the gel, i.e. transport across the gel 
surface interface, a cell must penetrate the gel surface and 
migrate away before returning to the surface. This is anal- 
ogous to two interfacial resistances in series. The proposed 
invasiveness index, ~, should thus be a function of  ob- 
jective parameters that can be estimated and reflect the 
overall ability of the cell to overcome both "resistances." 
Furthermore,  ~ should be defined for both "migration- 
limited" (~b 2 >> 1) and "penetration-limited" (4~ 2 << 1) re- 
gions of  parameter space. A definition for ~ which fits 
these criteria based on the generic series resistance for- 
mula is 

1 
~7 - ( 3 4 )  

1 K 2 

k+ /x 

Fig. 5 is legitimate. This comparison suggests that since 
the supplements affect the number of cells at each depth 
level rather than the leading front distance, they there- 
fore affect either the penetration rate constant, k+, and/or 
the partition coefficient, K, rather than the random mo- 
tility coefficient,/x. This suggests that the supplements 
modulate cell behavior at the gel surface rather than be- 
havior within the gel. As shown in Figs. 6 and 7, this con- 
clusion is supported by a nonlinear least squares regression 
fit of  the model solution to the experimental profiles to 
estimate model parameters (the analysis indicates that, in 
all three cases, cell invasion is "migration-limited" allow- 
ing only ~ and K to be reliably estimated, so only/z and 
~7 = # / K  2 are reported in Fig. 7). The regression esti- 
mates of  ~/significantly differ for the supplemented gels 
relative to the unsupplemented control. However, the es- 
timates of/z are nearly the same in each case. The model 
predictions, therefore, support the conclusion that the 
supplements modulate transport across the gel surface in- 
terface, but not the random migration of cells within the 
gel. Specifically, the type IV collagen supplement en- 
hances invasiveness, whereas the fibronectin supplement 
inhibits invasiveness. Furthermore, the model provides 
objective, quantitative measures of gel invasiveness (77) 
and random migration within the gel (#). 

or equivalently 

k+ I~/K 2 
- - (35) 

1 + 0  2 1 
- 5 + 1  

From Eq. 35, we see that for (~2 ((  1, ~7 = k+, consistent 
with the "penetration-limited" limit to cell invasion, and 
for q~2 >) 1, -~ = ~ / K  2, consistent with the "migration- 
limited" limit to ceil invasion. 

A P P L I C A T I O N  OF T H E  M O D E L  T O  E X P E R I M E N T A L  
C E L L  C O N C E N T R A T I O N  P R O F I L E S  A N D  
E S T I M A T I O N  OF P A R A M E T E R  VALUES 

The utility of the mathematical model is first demon- 
strated by comparing model predictions to the experimen- 
tal data presented in Fig. 2. Since the gel supplements do 
not significantly affect kg, for M4 cells on a type I colla- 
gen gel and kg = kgs can be assumed (see Appendix), a 
qualitative comparison between the experimental cell con- 
centration profiles presented in Fig. 2 and the model 
predictions parameterized on k+, K, and # presented in 
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FIGURE 6. Nonlinear least squares regression fits (lines) of the 
model solution, Eqs. 9 and 10, to the experimental data (points) 
presented in Fig. 2 for parameter estimation (t = 3 days, L -- 200 
/~m, and kg = kg s - -  0.23 day -1 is assumed-see  Appendix). 
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FIGURE 7. Estimates of (a) invasiveness index, 7/, and (b) random 
motility coefficient, /L, obtained from the nonlinear least squares 
regression fits in Fig. 6. The analysis provided parameter estimates 
yielding large ~2 (~--~40) and large standard error in the estimate of 
k+ indicating "migration-limited" cell invasion. The data were then 
refitted using the limiting solution, Eqs. 26 and 27, to estimate/L 
and K, allowing calculation of T/= Ic/K 2. Error bars indicate stan- 
dard errors in the parameter estimates from the regression analysis. 

VALIDATION OF MODEL ASSUMPTIONS A N D  
DIRECT ESTIMATION OF PARAMETER VALUES 

Based on Fig. 6, there appears to be excellent agree- 
ment between the model predictions of cell concentration 
profiles and the data for M4 cells invading the three gel 
types. The predicted cell concentration profiles also show 
good qualitative agreement with published data for other 
cell types invading type I collagen gels, for example, neu- 
trophils (3,13,15), lymphocytes (27), and adenocarcinoma 
cells (22). This agreement suggests that the assumptions 
underlying the model equations are at least accurate 

enough to provide reasonable predictions of cell concen- 
tration profiles for a variety of cell types. To further 
validate the key model assumptions and accuracy of its 
parameter estimates, we directly observed M4 cell behav- 
ior in the collagen gel invasion assay, both cell penetra- 
tion of the gel surface and cell migration within the gel. 

Using methods described in the Appendix, cells within 
the collagen gels were tracked to (a) validate the assump- 
tion that cells move by random migration such that Eq. 2 
applies, and (b) obtain a direct estimate of  the random 
motility coefficient, ~, for each gel type for comparison 
to values estimated from fitting the model solution to the 
experimental data (Figs. 6 and 7b). It has been theorized 
and documented that the random migration of  an indi- 
vidual cell can be adequately modeled as a persistent ran- 
dom walk, whereby the time correlation in the movement 
direction is finite and characterized by a parameter termed 
the "directional persistence time", P (6,23). The mean- 
squared displacement of the cell, (d2( t ) ) ,  over any time 
increment, t, is then given by the relation 

(d2( t ) )  = 2nt~(t - P(1 - e x p ( - t / P ) ) )  (36) 

where n is the dimensionality in which ( d  2) is measured 
(For example, if cell movement in three dimensions, x, 
y, and z, is measured, then ( d  2) -- ( d  2 + d~ d- 6 2)  and 
n = 3. However, if only the projected cell tracks are ana- 
lyzed such that ( d  2)  is measured as (d  2 + d2),  then 
n = 2). For t >> P, Eq. 36 reduces to 

(d2( t ) )  = 2nl~t (37) 

so that (d2( t ) )  is proportional to t, characteristic of a 
spatial diffusion process. This implies that if Eq. 36 is ex- 
perimentally confirmed and the duration of the assay is 
long relative to P, then use of  the constitutive cell flux 
equation defined in Eq. 2 is valid. 

For unsupplemented gels of  type I collagen, and gels 
supplemented with type IV collagen and fibronectin, in- 
dividual cells within the gels were imaged via time-lapse 
video microscopy, cell tracks were constructed via a cell 
matching algorithm, and (d2( t ) )  was computed from 
the constructed cell tracks, which are projections into the 
focal plane of  the gel surface, as presented in Fig. 8 (see 
Appendix for methods)./z and P were determined by fit- 
ting Eq. 36 to the data with nonlinear least squares re- 
gression. In each case, P was found to be negligible (i.e., 
P < 20 rain), most likely due to the tortuous fibrillar struc- 
ture of the collagen gel. In Fig. 9, the values of # so esti- 
mated by cell tracking are compared to those estimated 
from the fits of  the model solution to the experimental 
cell concentration profiles. Although the directly esti- 
mated values of/~ are slightly higher than those estimated 
via the model, the agreement is quite close and the same 
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FIGURE 8. Plot of mean-squared displacement vs. time, t, based 
on constructed cell tracks for each gel type. The points are the sam- 
ple means, ~;, computed from Eq. A3. The solid lines represent the 
nonlinear regression fits of Eq. 36 to the data for the theoretical 
prediction (d2(t) ) ,  providing direct estimates of the random motil- 
i ty coefficient, /~, and directional persistence time, P. 

trend is observed, i.e. ~ is not significantly affected by 
the presence of the supplements. 

Another  key assumption of the model is that cell pen- 
etration of  the gel surface into the gel is a first-order pro- 
cess such that the probability per unit time of penetration 
is constant.  Defining the surface residence time, 7, as the 
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FIGURE 9. Comparison of values of # estimated from the cell track- 
ing analysis with those estimated by fitting the model solution to 
the experimental data presented in Fig. 2 for each gel type. Error 
bars represent standard errors in the estimates of # from the regres- 
sion analyses (Eqs. 9 and 10, Eq. 36). 

time spent on the surface before penetration, this assump- 
tion implies that the surface residence time distribution 
obeys an exponential distribution with parameter  X = 
1 /k+  : 

F ( t )  = Prob(T _ t) = 1 -- e x p ( - t / X )  (38) 

The expected value of the residence time, E(r) ,  is then 
equal to 1/k+. A population of cells on the surface of  
each gel type was observed over a period of 24 h and the 
surface residence times for individual cells were recorded. 
An unbiased estimate for X which includes cells which 
failed to penetrate the surface during the time of  obser- 
vation (type II censored data) is obtained f rom the or- 
dered residence time data (i.e. r(1) < r(2) < .  �9 �9 < r(m)) by 
the relation (16) 

X = - -  T(;)  + ( n  - r n ) ~ ( m )  
H~I i=1 

(39) 

where n is the total number of  cells observed and m is 
the number of  cells which penetrated the gel during the 
time of observation. The results of  this analysis are pre- 
sented in Table 1 (discussed below). As shown in Fig. 10 
for each gel type, there is excellent agreement between 
the cumulative distribution of the experimental residence 
times and the theoretical cumulative distribution function, 
Eq. 38, using X estimated f rom Eq. 39. This agreement 
supports the assumption that cell penetration of  the col- 
lagen gel surface is indeed a first-order process. 

Since k+ - l /X, we also obtain direct estimates for the 
penetration rate constant for each gel type (presented in 
Table 1). These values are consistent with those estimated 
f rom the fits of  the model solution to the experimental 
cell concentration profiles, i.e. as measured by k+, type 
IV collagen significantly enhances cell invasion into the 
gel, whereas fibronectin inhibits cell invasion. As previ- 
ously noted, the nonlinear regression performed to fit the 
model solution to the data presented in Fig. 2 indicates 
that cell invasion is "migration-limited" yielding a good 
estimate of  the ratio K = k_/k+,  but a poor  estimate of  
k+. Although the value of k_ is unknown, we can hy- 
pothesize that k_ depends primarily on cell behavior 

TABLE 1. Surface residence time analysis 
for direct estimation of k+. 

Supplement Counts n (mean) k+ (day -1 ) 

Type IV collagen 75 (61) 1.77 + 0 .23*  
No supplement 107 (79) 1.32 + 0.15 
Fibronectin 66 (41) 0.92 + 0.14 

*_+Standard error of estimate. 
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FIGURE 10. Comparison of measured cumulative distributions of 
surface residence time (points) for each gel type to the theoretical 
exponential distribution (lines) with parameter X = l / k + .  

within the gel. Considering our results for random mi- 
gration within the gel (i.e./~ is independent of gel type), 
we hypothesize that the value of k is the same for each 
gel type and equal to a value such that k+ = k _ / K  equals 
the directly estimated value k+ -- 1/X for the unsup- 
plemented gel. This allows values for k+ for the un- 
supplemented gels to be calculated from the regression 
estimates of/~ and ~/(from the value of  k_ so obtained 
and the regression estimate of K derived from/~ and ~/ 
in the "migration-limited" limit of  Eq. 35) obtained by 
fitting the model solution to the experimental cell con- 
centration profiles. Under this hypothesis, Fig. 11 shows 
that the directly estimated values of k+ are in excellent 
agreement with those estimated via the model. This agree- 
ment again supports consistency of the model predictions 
of  cell invasion with directly observed cell behavior; spe- 
cifically, the type IV collagen supplement enhances cell 
penetration of the gel surface, whereas the fibronectin 
supplement inhibits penetration. Given the definition of 
our invasiveness index, ~/, the type IV collagen supplement 
is concluded to enhance invasiveness primarily by increas- 
ing k+, and conversely for the fibronectin supplement. 

Finally, we note that in the process of monitoring cell 
penetration of the gel surface in time-lapse for this anal- 
ysis, we did observe frequent occurrences of cells returning 
to the surface (see Fig. A lb  of the Appendix). Thus, al- 
though we did not estimate k_ directly, we can confirm 
that the associated event occurs, and given the self- 
consistency of  our results, we conclude that it is approxi- 
mated by a first-order process. 

D I S C U S S I O N  

We present a mathematical model of the collagen gel 
invasion assay for systematic, obj ective interpretation of 
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FIGURE 11.  Comparison of values of k+ estimated from the sur- 
face residence time analysis to those estimated by fitting the model 
solution to the experimental data presented in Fig. 2 for each gel 
type. The latter are calculated from the fitted values of K assuming 
that the values of k are the same for each gel type and equal to 
a value such that k+ = k /K equals the directly estimated value 
(k+ = 1/X) for the unsupplemented gel. Error bars represent stan- 
dard errors in the estimates of k+ from the regression analyses 
(Eqs. 9 and 10,  Eq. 39).  

cell concentration profiles measured from cells invading 
the gel. The population of cells in the assay is modeled 
as a continuum, described by a concentration of  cells on 
the gel surface, and a depth-dependent concentration of 
cells within the gel. Governing equations for the time evo- 
lution of these concentrations are formulated by assum- 
ing that, on the time scale of  the assay, cell migration 
within the gel can be modeled as a diffusion process with 
a random motility coefficient, ~, cell penetration of the 
gel surface and return to the surface are first-order pro- 
cesses with interfacial transport rate constants k .  and 
k , respectively, and cell division is a first-order process 
described by specific growth rate constants for the gel sur- 
face and interior, kgs and kg, respectively. 

Assuming the values of kgs and kg are known, the so- 
lution to these equations is in terms of three phenomeno- 
logical parameters: the penetration rate constant, k+, 
which characterizes the efficiency with which cells pene- 
trate the gel surface into the gel; the partition coefficient, 
K = k /k+, which characterizes the equilibrium parti- 
tioning of cells on the gel surface relative to the gel inte- 
rior (k_ characterizes the efficiency with which cells just 
below the gel surface return to the surface); and/~, which 
characterizes the efficiency of  random migration of cells 
within the gel. In general, successful cell transport across 
the gel surface interface (i.e. invasion) requires cell pene- 
tration (measured by k+) and migration away from the 
interface before returning to the surface (measured by the 
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ratio Iz/K2). Analysis of the general solution reveals that 
cell transport across the gel surface interface can be lim- 
ited by either of these processes. We therefore define an 
index of invasiveness, ~/, in terms of these parameters, 
Eq. 34, that accounts for the sequence of cell penetration 
of  and migration away from the gel surface interface for 
successful invasion, in analogy to resistances in series. 

The model solution was fitted by nonlinear regres- 
sion to the available cell concentration profiles for highly 
metastatic murine melanoma cells invading an unsupple- 
mented type I collagen gel, a gel supplemented with type 
IV collagen, and a gel supplemented with fibronectin. In 
each case, the model yields excellent agreement with 
the data, and provides estimates for model parameters 
(Figs. 6 and 7). Comparison of  estimates for T/and ~ for 
each gel type suggests that the supplements primarily mod- 
ulate cell invasiveness (i.e. cell transport across the gel 
surface interface) rather than random migration within 
the gel. 

We proceeded to independently validate key model as- 
sumptions and to directly estimate parameters for com- 
parison to estimates obtained via the model. Time-lapse 
video microscopy of the get surface and subsequent au- 
tomated image analysis of the image sequences allowed 
measurement of the residence time of individual cells on 
the surface and construction of the two-dimensional pro- 
jections of tracks of  individual cells migrating within the 
gel. Analysis of the residence time distribution reveals that 
cell penetration does indeed conform to a first-order pro- 
cess (Fig. 10) and provides a direct estimate for k+ for 
each gel type. These estimates agree closely with those de- 
termined from fitting the model solution to experimen- 
tal cell concentration profiles, under the hypothesis that 
the value k_ is the same for each gel type (Fig. 11). Anal- 
ysis of the tracks of cells within the gel supports the as- 
sumption that cell migration within the gel is random and 
can be modeled as a diffusion process (Fig. 8), and pro- 
vides direct estimates for ~ for each gel type that agree 
closely with values estimated via the model (Fig. 9). 

Our evidence to support the validity of using k+ and 
k in modeling cell penetration across the hypothesized 
gel surface interface is based on our observation that cells 
clearly settle onto a gel surface (i.e. all cells are in the 
same plane of focus) and that active penetration across 
the gel surface is accompanied by a clear change in focus 
(see Figs. A1 and A2). Indirect evidence is the success of 
the model in fitting the cell concentration profiles and the 
consistency between the model estimates and the direct 
estimates of k+ under the reasonable hypothesis that k 
is the same for each gel type. While these do not consti- 
tute complete validation, electron microscope images such 
as those in (26) and (27), for example, provide evidence 
for an identifiable gel surface with respect to the cells, 
i.e. cells can be distinctly on top of or just beneath a layer 
of collagen fibrils. This further supports our view of  dis- 

tinct interfacial transport events for cells on top of and 
just beneath a gel surface interface as embodied in k+ 
and k_. 

Although we focus on the collagen gel invasion assay, 
the model makes no assumptions about the composition 
of  the model tissue. Therefore, we expect the model to 
apply equally well to any similar invasion assay where cells 
infiltrate a sufficiently thick, isotropic model tissue, for 
example, a fibrin gel (7,13,21). However, the mathemat- 
ical solution we report here depends on the model assump- 
tion that a negligible number of cells are able to migrate 
completely through the model tissue over the duration of 
the assay. The model can easily be extended to address 
cell invasion assays in which transmigration through the 
model tissue is significant [such as for a reconstituted base- 
ment membrane (11)] by reformulation of the boundary 
condition for the bottom surface of the tissue. For ex- 
ample, if cells which exit the bottom of the tissue (of thick- 
ness L) do not re-enter the tissue, the boundary condition 
defined by Eq. 6 would be reformulated by matching the 
fluxes at the lower interface: 

Oc(L, t )  
- k _ c ( L , t )  (40) 

/z c3z 

The governing equations for the cell concentrations, 
c(z,  t) and cs(t),  would need to be resolved accordingly. 

There are limitations to the validity of this model. The 
primary one results from the assumption that cell inva- 
siveness, migration, and growth are independent of  cell 
concentration and constant throughout the duration of 
the assay. This implies that the effects of  any accumula- 
tion of cell-derived stimuli are negligible and that the cells 
do not significantly alter the properties of the model tis- 
sue. In general, these limitations can be minimized by im- 
posing judicious assay conditions such as a lower initial 
surface cell concentration and a shorter incubation pe- 
riod. The model assumptions are consistent with the pos- 
sibility that cells on the gel surface are secreting proteolytic 
enzymes (10, 31) or autocrine motility factors (17) which 
facilitate penetration of the gel surface, as long as the ac- 
tion of such mediators does not vary with incubation time. 
It is also possible that the underlying matrix itself signifi- 
cantly alters the cell behavior (2). However, if this alter- 
ation occurs on a time scale either much shorter or much 
longer than the time scale of  the experiment, we expect 
this to have little effect on the validity of the model. The 
self-consistency of our model predictions with the avail- 
able data suggests that these possible complications are 
not significant for the assay conditions employed. 

Our results demonstrate that our model can be used 
to quantitatively and systematically interpret cell concen- 
tration profiles measured in the invasion assay via esti- 
mation of the model parameters. Since these parameters, 
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which characterize the underlying cell behavior,  are ob-  
jective, they can be legitimately used to compare  results 
for  different experimental conditions.  Further,  they en- 
able a quantitative distinction between modula t ion o f  cell 
invasiveness (characterized by the invasiveness index, r/) 
and modula t ion  o f  cell migrat ion within the gel (charac- 
terized by the r andom motil i ty coefficient,  #) associated 
with altered gel composi t ion  by extracellular matrix sup- 
plements. This should prove to be a valuable tool  in elu- 
cidating the regulation o f  cell invasion in metastasis and 
other  physiological processes. 
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c(z,t)  
G 

(d2 ( t ) )  

NOMENCLATURE 

= cell concentrat ion within the gel 
- -ce i l  concent ra t ion  on the gel 

surface 
- - theore t i ca l  mean-squared  cell 

displacement (36) 
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J 
k+ 

k_ 

kg 

kgs 

K = k  /k+ 

n1 

N 
Ni 

N,i 

N(tk)  

P 

t 
X 

= cell flux (2) 
= rate constant for cell penetra- 

tion of the gel surface (entering 
the gel) 

= rate constant for cell penetra- 
tion of the gel surface (return- 
ing to the gel surface) 

= rate constant for cell division of 
cells within the gel 

= rate constant for cell division of 
cells on the gel surface 

= equilibrium part i t ion coeffi-  
cient for cells on the gel surface 
to cells within the gel 

-- number of  time steps which cell 
j was tracked 

-- total number  of cell tracks 
= measured number of  cells/cm 2 

in a 20 ~m increment of  gel 
depth f rom Zi 1 to Zi 

= total number  of  averaged track 
segments comprised of i time in- 
crements 

= number  of  presently t racked 
cells at time point tk 

= directional persistence time of 
cell movement  

- - s a m p I e  variance of  squared 
displacement based on track 
segments comprised of  i time 
increments (A5) 

= time 
- -pos i t ion  of  presently tracked 

cell 
-- position of unmatched cell 
= the array of cell positions of  

presently tracked cells at time 
point tk 
the array of (unmatched) cell 
positions at time point tk+l 

= depth into the gel 
-- self-similar variable (12) 
= residual between sample mean 

and theoretical mean squared 
displacement at time ti 

= ratio of  the time scale of  cell 
t ranspor t  away f rom the gel 
surface interface via migration 
(K2/~)  to the time scale of  
cell penetration of  the surface 
(l/k+) (15) 

-- invasiveness index (34) 
-- parameter  of  the exponential 

distribution (38) 

Y 
x ( t D  = [xl..._XN] 

Y(tk+l) = [Yl . . .YM] - - - -  

Z 

6 

Ci 

r 

= cell random motility coefficient 
(2,36) 

~/ = sample mean of the squared dis- 
placement based on track seg- 
ments comprised of i t ime 
increments (A3) 

o, .2 = variance of ei (A6) 
r(L) = surface residence time of  ith 

cell observed to penetrate the 
gel surface 

APPENDIX-MATERIALS AND METHODS 

Cell Culture 

The cell line used in these studies was the highly meta- 
static clone M4 of the K-1735 amelanotic melanoma. Cells 
were grown and passaged f rom frozen stocks in DMEM 
containing 10% calf serum as described previously (19), 
and the number of  in vitro passages was limited to 10 in 
order to minimize phenotypic drift. 

Preparation of  Type IV Collagen and Fibronectin 

Type IV collagen was purified from EHS tumor grown 
in lathyritized mice as described previously (12) based on 
the protocol of  Kleinman et al. (14). Fibronectin was 
purified f rom a by-product  of  factor VIII  production by 
sequential ion exchange and gelatin affinity chromatog- 
raphy as described previously (19). Both proteins were 
greater than 95~ pure based on staining by Coomasie 
Blue. 

Collagen Gel Invasion Assays Used in Obtaining 
Data Presented in Fig. 2 

Native type I collagen gels were prepared under sterile 
conditions using a protocol  described previously (8), 
modified f rom that of  Schor et al. (26). Gels were recon- 
stituted f rom Vitrogen 100 (Celtrix Laboratories,  Santa 
Clara, CA) at a final concentration of 2.2 mg/ml .  Sup- 
plement proteins in phosphate buffered saline were added 
in 1 ml volumes to this mixture, yielding final concen- 
trations of  20 ug/ml  for fibronectin and 75 ~g/ml for 
type IV collagen (these concentrations exhibited maximal 
modulat ion of  cell concentration profiles). The physical 
nature of  the inclusion of the protein supplements in the 
type I collagen gel was not investigated, but it was de- 
termined that the mean diameter of  the type I collagen 
fibrils was not significantly affected (McCarthy, unpub- 
lished data). Reported cell number, Ni, at any depth level 
zi in Fig. 2 is the number  of  cells/cm z in a 20 ~m incre- 
ment of  depth Az from zs-i to zi. 

Estimation of  Specific Growth Rate Constants 

Specific growth rate constants were estimated from cell 
doubling time on type I collagen films with or without 
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protein supplements in the same conditions used in the 
invasion assays. The specific growth rate was unaffected 
by presence of supplements, with kgs = 0.23 day -1 in 
each case. Specific growth rates were assumed to be the 
same within the gel as on the gel surface, that is kg = kgs. 
This assumption is consistent with existing data for mu- 
rine melanoma cells (9). 

Nonlinear Regression Fit o f  Model  Solution to 
Experimental  Cell Concentration Profiles 

The cell concentration profile, c(z,  t ) ,  was estimated 
from the experimental cell concentration profile (Fig. 2) by 
the trapezoidal approximation,  ci -- c ( ( z i  - 0.5Az, t) = 
N i / A z .  Surface cell density, G( t ) ,  was not measured and 
therefore was estimated f rom a cell balance by subtract- 
ing the total number of  cells/cm 2 within the gel from the 
expected total number of  cells/cm 2 on the surface and in- 
terior of  gel, based on the estimated specific growth rate, 
kg, i.e. 

o o  

c s ( t )  = ek~tCso - ~ a N i ( t )  (A1) 
i--I 

A nonlinear least squares regression fit of  the model so- 
lution to the data was performed to obtain estimates for 
the three unknown model parameters (k+, K, and ~). Er- 
rors in the parameter  estimates were estimated from the 

asymptotic variance-covariance matrix obtained from the 
nonlinear regression analysis (29). 

Time-Lapse Video Microscopy and Cell Tracking 

For direct observation of cell behavior, the surface of 
the collagen gel was monitored using time-lapse video mi- 
croscopy. A Zeiss Axiovert 10 inverted optical microscope 
(10• objective and 2 .5x Optovar  lens) with motorized 
stage and focus for automated x, y, and z positioning con- 
trol (Carl Zeiss, Inc., Thornwood,  NY) was used. Bright 
field optics allowed observation of cells both on the gel 
surface (in-focus) and within the gel (out-of-focus, but 
quite visible). Images were obtained with a Hamamatsu  
C2400 Newvicon video camera (Hamamatsu,  Bridgewater, 
N J) and stored with an on-line Panasonic TQ-2028-F op- 
tical disc recorder (Panasonic, Secaucas, N J). Automated 
image acquisition and stage movement  were directed via 
commands f rom a Kontron IBAS image analysis system 
(Kontron Elektronik, Eching, Germany). A program was 
written in the IBAS interpreter language to simultaneously 
monitor  multiple fields in time-lapse and store the resul- 
tant images in the proper sequence on optical disc. Images 
at 15 min intervals were obtained in five randomly selected 
fields for each gel type. To allow for atmospheric CO2 
conditions, DMEM was buffered with 20 mM HEPES 
instead of  sodium bicarbonate. Gels were kept at 37 _+ 

(a) (b) 

FIGURE A1. Sequence of time-lapse video images showing examples of (a) cell penetration of the gel surface into the gel and (b) return 
to the surface. Cells on the surface are distinguished as in-focus. The arrows indicate extension of cell pseudopodia. A 10-rain time-lapse 
interval was used. In (a), the pseudopod extends beneath the gel surface and aids in pulling the cell into the gel. The video images are 
zoomed from the low magnification images acquired for direct estimation of k+ and/~, and consequently are not of optimal resolution. 
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1 ~ with an air stream incubator as monitored by a ster- 
ile temperature probe inserted into one well of  the tissue 
culture chamber.  

Sequences of  images for each gel type were replayed 
to measure the surface residence time of  individual cells 
selected at random.  They were followed by manual  ob- 
servation until they penetrated the gel surface. This event 
was easily observable as a cell would first extend pseudo- 
podia beneath the surface, then move out of  the focal 
plane of  the gel surface becoming distinctly out-of-focus 
(Fig. Ala) .  The time at penetration was recorded as the 
surface residence time. 

To track cells within the gel, another program was writ- 
ten in the IBAS interpreter language to measure and store 
the centroid of  the projected cell area of  cells within the 
gel at each frame of the recorded sequence. Projected cell 
areas were measured from a binary image obtained by sev- 
eral standard image processing steps, as shown in Fig. A2. 
First the original gray level image was processed with a 
highpass filter to remove any low frequency shading dif- 
ferentials. The resulting gray level image was made bi- 
nary by using a threshold to discriminate the darker cells 
f rom the lighter background of  the gel. Any "holes" in 
the binary images of  the cells were then filled. Any touch- 

FIGURE A2. Sequence of images demonstrating the required sequence of image processing steps in the development of a binary image 
from an original gray level image. (a) The original gray level image. (b) Large-band highpass-filtered image with low frequency shading 
removed. (c) Resultant binary image. (d) Binary image with holes in objects filled. (e) Binary image in (d) after erosion and dilation. 
(f) Binary image in (e) after removing background noise (small objects). See text for details. 
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ing cells were then separated with erosion and dilation of 
the binary objects in the image. Finally, any remaining 
binary objects which did not correspond to an area of  rea- 
sonable value for a cell (30/zm 2 < Area < 500/zm 2) were 
removed, and the centroid locations of  the remaining ob- 
jects (presumably cells) were then measured. 

Cells within the gel were distinguishable from cells on 
the gel surface by the degree to which cells were in-focus. 
"In-focus information" was quantified with the follow- 
ing algorithm (Fig. A3): low spatial frequency informa- 
tion ("blur") was removed from the original image with 
a highpass filter and the resulting image was then made 
binary. Few pixels remained in this binary image within 
the corresponding projected areas of  out-of-focus cells, 
and many pixels remained for cells in-focus. Therefore, 
cells on the surface could be discriminated from those 
within the gel based the ratio of the resultant number of  
in-focus pixels to the number of  pixels in the original 
projected cell area. The threshold ratio in this discrimi- 

nation was calibrated empirically by comparison to orig- 
inal images. 

The array of  centroid positions of  ceils within the gel 
at each time point was stored in a database and trans- 
ferred to an Apollo workstation. A FORTRAN program 
was written to construct cell tracks from this time series 
data using an algorithm which attempts to match the ele- 
ments of  the arrays of cell positions between time points 
(Fig. A4). Let x(tk) = [_x~... XN] be the array of  cell po- 
sitions, _xj, j = 1 to N ( t k ) ,  of N ( t k )  presently tracked 
cells at time point tk. Let y(tk+~) = [Y~ �9 be the ar- 
ray of  new cell positions at the next time point, tk+l. We 
attempt to continue the current cell tracks by "matching" 
y(tk+l) to x(tk) to obtain x(t~+l). This is accomplished 
by finding the two elements of  y (tk+ 1 ) and x (tk) which 
are nearest, i.e., those which minimize IlY_m -- _Xj II, J = 1 
to N ( t k ) ,  m = 1,M. These elements are then matched 
and removed from eligibility for further matching. This 
process is repeated until all elements from either ar- 

FIGURE A3. Sequence of images demonstrating the required sequence of image processing steps in quantifying the amount of "in-focus 
information" of individual cells. The original gray level image is the same as in Fig. A2a. |a) Small-band highpass-filtered image, retaining 
only in-focus details. (b) Resultant binary image. (c) Objects for Fig. A2f deemed in-focus, after comparison to binary image (b). (d) Ob- 
jects of Fig. A2f deemed out-of-focus, after comparison to binary image (b). See text for details. 
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FIGURE A4. Steps in the matching algorithm to simultaneously track multiple cells from a hypothetical sequence of images. (a) Cell positions 
at time ti, x(ti), are represented by �9 and those at t i+ l ,  Y(ti+l ), by x .  The constructed track associated with each �9 is indicated by the 
thin connected segments, The distances between each unmatched �9 and all x ' s  are computed and compared to determine the nearest 
x-neighbor. When an �9 and x are matched (see large circle showing successful match) they become ineligible for further matching. 
(b) The continuation of the track associated with the match shown in (a) is indicated by the connecting thick segment. Another successful 
match is shown. (c) This matching and track continuation process is repeated until all O's are matched, or until all nearest-neighbor dis- 
tances exceed some maximum allowable distance. In this example, one unmatched element of both x(ti) and Y(ti+l ) remain. (d) The tracks 
corresponding to all unmatched �9 are terminated, and the cell positions corresponding to all unmatched •  are used to begin new 
tracks (one instance of each case in this example). See text  for further details. 

ray have been matched, or until a maximum distance, 
[]Ym -- _Xj]lmax, is exceeded (based on the zXt = 15 min 
time-lapse increment and the maximum possible cell speed, 
taken to be 3 tzm/min in this case). If N > M, cells corre- 
sponding to unmatched elements of  x(tk) are considered 
"lost" at time point tk, and are ineligible for future match- 
ing, and the cell track to that point, [ x j ( t0 ) . . . x j ( t k ) ] ,  
is then terminated and stored in a database for later anal- 
ysis. If  M > N, unmatched elements of y (tk+ 1 ) are used 
as the beginnings of  new cell tracks. The final result of  
this procedure is a set of  cell tracks corresponding to var- 
ious lengths of  time. This procedure was applied to the 
five monitored fields of  each gel type, containing between 
10 and 30 cells per field. 

The robustness of  this matching algorithm depends on 
several factors, including the cell density in the image, the 
time-lapse increment, the cell movement properties, and 
the effectiveness of the sequence of image processing steps 
in discriminating individual cells. A measure of  the ro- 
bustness is the average of the constructed track length, 
(T)  (number of  time increments), which is inversely pro- 
portional to the number of  cells lost per time increment 
in the matching process. For these studies, (T)  ranged 
from 15 to 25 time-increments (3.75-6.25 h), depending 
on the field. Actual (vs. constructed) cell tracks with large 

displacements are more likely to be lost in the matching 
process; therefore, we minimized any bias resulting from 
preferential weighting of cell tracks with small displace- 
ments, which are less likely to be lost in the matching pro- 
cess, by only considering time intervals less that (T )  in 
the following analysis. 

Constructed tracks were subsequently analyzed to 
obtain mean-squared displacement data. To do so, we 
estimated the statistics of  the random variable, ~i, the 
squared displacement over i time increments of  a cell 

~(J) be a sample of  ~i, i.e. the squared dis- track. Let g gk 
placement from t~ to tg+k for cell track j :  

•(J) ix = [[xj(tk+~) - _xj(tk)[I 2 (A2) 

Then ~i, the sample mean of ~;, was obtained by averag- 
ing over non-overlapping time intervals of the cell tracks 
using 

�9 "= k =  ; e p  i 

(A3) 

where N is then total number of  cell tracks, nj is the 
number of  time increments that comprise cell track j ,  and 
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Nti is the total number of  averaged track segments com- 
prised of i time increments, given by 

Nti = (A4) 
j= l  

The square brackets signify the maximum integer less than 
or equal to the value therein. Since non-overlapping in- 
tervals were used, the sample variance of the squared dis- 
placement, s 2, is 

distributed random variables, but instead have probabil- 
ity distributions that depend on ti, as well as the num- 
ber and lengths of  the cells tracks used in the averaging 
process. To provide statistically optimal estimates of  
P and ~, a generalized least squares fit of  Eq. 36 to the 
(~i, t~) data is necessary (29), which weights the residuals 
according to their variance, a 2 = <e 2),  where 

a2 = s~_, (A6) 
N,i 

N nj_j  
_ 1 Z ~ '~(J) g)z  (A5) 

Si2 Nti -- 1 i=1 x=o;stev i ~ik -- 

Since more segments of  the cell tracks are available for 
averaging for the smaller time increments, ti, the resid- 
uals in the regression, ~i = (i - (dZ(ti))  are not identically 

To obtain regression estimates for ~ and P, the residuals, 
~i were weighted by 1/oi. A more general weighting 
scheme which accounts for inherent correlation between 
the ei is possible (5); however, for the large number  of  
statistically independent cell tracks averaged, this more 
complex scheme was deemed unnecessary. 
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