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VECTOR OPTIMIZATION PROBLEMS: STABILITY IN THE
DECISION SPACE AND IN THE SPACE OF ALTERNATIVES

L. N. Kozeratskaya UDC 519.8

The present article is related to [1-7], and it examines stability of vector optimization problems of the form

(C,X): "max" {Cx:x € X}, ¢))
n
where C =[] x, is the matrix of coefficients of all particular linear efficiency criteria ¢ (%) =.21 cpxp ep={eg, ey oees Cppt
. j=
€ R, I =1, .., L, L is the number of criteria, X is a bounded set of arbitrary structure (possibly discrete) in R".

Sec. 1 presents the necessary definitions and notation. Here stability and P-stability are understood in the sense of
Hausdorff upper semicontinuity of certain set-valued mappings.

Sec. 2 proves that our problem is P-stable in the decision space under changes of the criterion coefficients. Necessary
and sufficient conditions of stability under changes of criterion coefficients are proved, and simple sufficient conditions are
given. For the problem with an unperturbed feasible region in the initial-data space, we identify the set of initial-data matrices
for which the problem is stable in the decision space under changes in the criterion coefficients. We show that this set is
everywhere dense in the initial-data space.

Sec. 3 examines the equivalence of the concepts of stability in the decision space and in the space of alternatives. We
show that for the vector mixed-integer optimization problem these concepts are not equivalent. Some sufficient conditions of
their equivalence are given. We also prove necessary and sufficient conditions of stability” of problem (1) in the space of
alternatives under changes in the criterion coefficients.

Sec. 4 considers yet another definition of stability (/-stability), which is based on Hausdorff lower semicontinuity. In
particular we show that the set of initial-data matrices C € RL*" for which the problem (C, XO) is not I-stable in the decision
space under changes of criterion coefficients is of measure zero for L = n.

1. A solution of problefn (1) is some subset of one of the following sets: the set II(C, X) of all Pareto-optimal (efficient)
solutions, the set P(C, X) of semi-efficient solutions, or the set S(C, X) of strictly efficient solutions.

Recall [8] that the point x" € Xis called efficient (or Pareto-optimal) if x € X: Cx > Cx*, Cx % Cx"; it is called
weakly efficient (semi-efficient, Slater-optimal) if "x € X: Cx > Cx"; it is called strictly efficient if x € X: x # x*, Cx =
Cx". Clearly S(C, X) € I(C, X) © P(C, X).

Consider the convex cone K = {x € R": Cx = 0}, which can be répresented as the set union .x = Ky KU Ky »
where Ky = {x E R*: Cx =0}, K; = {x ER": Cx > 0}; K; = K/(Ky U K;). Then x € II(C, X) « (x + K; U K,) N X = {x};
XEPC, XNeox+K)NX={x}; xESC,X)e(x+K)NX={x}

Let r(C) be the rank of the matrix C. Recall that K = {0} & r(C) = n. We have the following obvious proposition.

Proposition 1. If /(C) = n, then II(C, X) = S(C, X); if Ky=0,then P(C, X) = X; ifK, = &, then P(C, X) =

L
TI(C, X); if there exist nonnegative real numbers o &, ... ,0, that are not all zero at the same time and such that Z =0,
k=1
then P(C, X) = X; if {(C) = 1, then K, = & and P(C, X) = II(C, X).
To the problem (C, X) we associate a family of perturbed problems {(C(u), X(x))}, where u is the perturbation
parameter, u € R* (k = 1), so that the initial problem corresponds to the initial value of the perturbation parameter. Here C(x)
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n
= [c;j()]1 x, is the matrix of coefficients of all particular linear efficiency criteria ¢« x) =,'21 c()x;, c () ERT | =
1, ..., L, L is the number of criteria, X(#) is a bounded set in R". For instance, we may take u = C € RL (L = k) when X()
= X, and also assume that the vector u = (C, 4, b) € RLXr x RmXn x R™ if X(u) = X(4, b) = {x € R™ Ax < b}, where
A is an m X n matrix from R™*", b is an m-vector from R™.

The theory of stability analysis of optimization problems is based on continuity properties of the set-valued mappings
(w), Sw), P(u), where IL: u—>TI(w) = TI(C(w), X(w)); S:u~> S(u) =S(C(u), X(w)); P:u->P(u) = P(C{u), X(x)), and also
the mappings @ () = €(C(w), (Cw), X(1)), €q(u) = (C(u), P(C(u), X(w)), Cg(w) = €(C(u), S(C(w), X(1))), where
6:(C,Q ~{y=CxeR"|x€Q.

The vector u € RF is an element in the initial-data space. The sets X(u), II(u), S9u), P(u) are subsets of the decision
space R” and elements of the set 28" (the set of all subsets of the set R"), while the sets € (C(x), II(C(w), Xw))) C(C(),
P(Cw), X)), © (C(u), S(C(u), X(u))) are subsets of the space of alternatives R" and elements of the set 28", The notion of
continuity needed for stability analysis of optimization problems requires the definition on the sets 28" and 2R of topologies
induced by the topologies of the decision space and the space of alternatives, respectively. In what follows, any real p-
dimensional space R? is treated as a normed space. We assume that the topology in the relevant spaces is induced by the metric
dix, y) = |x -y

Let us recall some basic definitions [6, 8-11].

Given are two normed spaces U and V. A mapping I’ which associates to every point of the set U some subset of the
set V is called a set-valued mapping of U to V.

A set-value mapping I' at the point «® € U is called:

a) Bergé upper semicontinuous (USC) if for every open set Q such that I'u%) < Q there exists § = §(2) > 0 such that
() S Q for every u€ O4u®) (here (),,(uo) ={uelU: ju-u® K

b) Bergé lower semicontinuous (LSC) or open if for every open set @ such that ['(w%) N Q # & there exists § = §(Q)
> 0 such that T(w) N Q@ # & for every u€ O{u};

. ¢) Hausdorff USC if for every ¢ > O there exists 6 > 0 such that ['(x) € O, (I'(x 0)) for every u€05(u°), where
0@ = xEV:inf {|x —y| < &y € TGO}};

d) Hausdorff LSC if for every & > 0 there exists § > 0 such that I'(#®) € 0,(T(w)) for every u € 05(u°);

e) Bergé (Hausdorff) continuous if this mapping is Bergé (Hausdorff) USC and LSC at the point L € U,

f) closed if for any two sequences {u,} and {x,} such that u, — u® and X, > 20 the inclusion x, € I'(u,) implies the
inclusion X0 € TI'(u0).

We now give some necessary elementary properties of set-valued mappings.

1. Bergé USC = Hausdorff USC.

The converse is not true: in general, Hausdorff USC does not imply Bergé USC.

2. Hausdorff LSC = Bergé LSC.

In general, Bergé LSC does not imply Hausdorff L.SC.

3. If the mapping I'() is closed at the point #® € U, then the set I'(u) is closed at this point.

4. If the mapping I'(«) is Hausdorff USC at the point u® € A and the set T is closed, then the mapping I'(«) is
closed at the point L €U ,

5. If the mapping I'(z¢) is closed at the point W € Uand Visa compactum, then I'(x) is Bergé USC at the point o
e U.

6. If the mapping I'(«) is Hausdorff USC at the point «® € Uand @ isa compactum, then I'(x) is Bergé USC at
the point L e

7. If the mapping I'(&) is Bergé LSC at the point #® € U and the closure cl I‘(uo) is a compactum, then I'(w) is
Hausdorff LSC at the point L EU.

For the vector optimization problem, stability in the decision space is understood in the sense of Hausdorff upper
semicontinuity of the set-valued mapping II(x) that characterizes the dependence of the set of efficient points on the initial data;
stability in the space of alternatives is understood in the sense of Hausdorff upper semicontinuity of the set-valued mapping
Gyy(u) that characterizes the dependence of the components of the vector criterion on the Pareto-optimal set on the initial data.
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Stability in the decision space implies that, under small perturbations of initial data, for every efficient solution of the
perturbed problem there is a sufficiently close solution of the initial problem.

Stability in the space of alternatives implies that, under small perturbations in the initial data, for any combination of
criterion values on the Pareto-optimal set of the perturbed problem there is an efficient solution of the initial problem with a
sufficiently close vector of criterion values.

For a single-criterion problem, an analog of the notion of stability in the solution stable is stability by solution, and
an analog of the notion of stability in the space of alternatives is stability by the functional.

Stability by the functional implies that sufficiently small perturbations in initial data lead to sufficiently small changes
in the functional values.

Stability by solution implies that, under sufficiently small perturbations in initial data, for any optimal solution of the
perturbed problem there is a sufficiently close optimal solution of the initial problem.

Other definitions of stability using various notions of continuity are also used in the literature. Following [7], we can
introduce for (1) the notion of P-stability, which replaces the set of efficient points with the larger set of weakly efficient points.

_ Definition 1. Problem (1) is called stable (P-stable) in the decision space if for every ¢ > O there exists § > 0 such
that for any vector u € Rfand any matrix C(u) € RL*" satisfying the inequalities

full<é, I Cw-Cl<o, @

the set II(C(x), X(u)) of Pareto-optimal solutions (the set P(C(u), X(u)) of semi-efficient solutions) of the problem (C(u), X(1))
is nonempty and is included in the e-neighborhood of the set II(C, X) (the set P(C, X)),

T{C(u), X(u)) € OJI(C, X) (P(C{x), X(u)) & OP(C, X)). 3)

Definition 2. Problem (1) is called stable (P-stable) in the space of alternatives if for every & > 0 there exists § >
0 such that for any vector u € R and any matrix C(u) € RL*" that satisfy inequalities (2) the set of criterion values & (),
€ q(w) = €(Cw), I(Cw), X W))) (€ pu), ©p() = €(Cu), P(C(u), X(u))) of the problem (C(u), X(u)) is nonempty and
is included in the e-neighborhood of the set & (® p),

C(u) € 0,6, (Cp(u) € 0,8,). G

Definition 3. Problem (1) is called stable (P-stable) in the decision space under changes in criterion coefficients if for
every ¢ > 0 there exists § > O such that for any matrix C(d) & R Lxn satisfying the inequalities

I CE@)-C| <3, 3

the set TI(C(8), X) of Pareto-optimal solutions (the set P(C(8), X) of semi-efficient solutions) of the problem (C(8), X) is
nonempty and is included in the e-neighborhood of the set II(C, X) (the set P(C, X)),

(C@), X) € O,TI(C, X) (P(C(), X) € O,P(C, X)).

Definition 4. Problem (1) is called stable (P-stable) in the space of alternatives under changes in criterion coefficients
if for every ¢ > 0 there exists & > 0 such that for any matrix C(§) € RL*" that satisfies inequalities (4) the set of criterion
values € 11(8), € (8) = € (C(5), I(C(3), X)) (€ p(8), Cp(d) = & (C(5), P(C(8), X)) of the problem (C(8), X) is nonempty
and is included in the g-neighborhood of the set €( p).

2. It is shown in [7] that problem (1), where X is a bounded set in Z”, is always P-stable under changes of criterion
coefficients. We will prove a similar proposition for problem (1) in the general case.

Proposition 2. If the set X 0is bounded, then the set-valued mapping P(C) = P(C, X9)) is a closed mapping.

Proof. Con31der any two sequences {C,} and {x,} such that C, = C9, x, - x0, and we have the inclusion x,E P(C,).
We will show that XX € P(C). If, by contradiction, X & P(C?), then 3x' € X such that C% > %P, Since C,~ CO
inequalities (5) imply the existence of N > 0 such that for » > N we have the inequality C,x’ > C,x,,. This contradicts the
inclusion x, € P(C,). '

" COROLLARY 1. If X0is a nonempty bounded closed set in R”, then the mapping P(C) = P(C, X%) is Hausdorff
upper semicontinuous, i.e., problem (1) is P-stable under changes in criterion coefficients.
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Proof follows directly from properties 5 and 1 of set-valued mappings.

COROLLARY 2. If X is a nonempty bounded closed set in R” and II(C, X) = P(C, X), then problem (1) is stable
in the decision space under changes in criterion coefficients.

Proof. By Corollary 1 problem (1) is P-stable, and thus for every £ > 0 there exists 6 = 6(¢) > 0 such that for any
matrix C(8) € RL*" satisfying inequalities (5) the set P(C(8), X) of semi-efficient solutions of the problem (C(§), X) is included
in the e-neighborhood of the set P(C, X), where P(C(d), X)) € O.P(C, X). Since II(C(9), X)) & P(C(5), X)) and by assumption
cl II = P, we have ¢l II(C(5), X)) € P(C(8), X) S O,P(C, X) = OclII(C, X)) € O, IKC, X)). Thus, for every ¢ > 0 there
exists & = 8(e/2) > 0 such that for any matrix C(8) € RL*" satisfying jnequalities (5) the set II(C(8), X) of efficient solutions
of the problem (C(8), X) is included in the e-neighborhood of the set [I(C, X), II(C(3), X)) S OII(C, X).

To prove the converse, we have to consider the family of problems {(C,, X)}.

The matrix C, is constructed by perturbing each row c;, k = 1, ..., L, of the matrix C in the following way:

L
ci:ck—w, v=2 HgChs >0, k=1,..., L
k=1

Here 7 is a numerical parameter.

L
Consider the cone X’ = {x € R":x= Ay A0, k=1, ..., L}, which is the conjugate of K. Clearly [12],
=]

L k

v € 1i K. For definiteness, we take 2 He=1.
Consider the cone k=1

K,={x€R":Cx>0}, K, =KjVUKUKy;
Kl={r€R":Cx=0}; K ={x€R":Cx>0} K;=K\(K UK.

The following properties of these cones are actually proved in [5, 7]:
DVie[0,1]1:K,CK;
DVr>0:K,NKECK UK ;
3) VT € R: K, C Ky;
4) Vi<0:KCK;;
5 Vr<0:KC K UKg;
6) Vt<0:KN Ky S Ky
DV, €El-o, 1), 71 <15:K_, = (x€R":ux =20} 2K, 2Ky,
The following proposition holds for any nonempty set X.
Proposition 3 [7]. Vt < 0: P(C,, X) C [I(C, X).
Proposition 3 leads as a corollary to the well-known folding property {8].
COROLLARY 3.V 7 < 0V v € ri K" argmax {vx: x € X} € P(C,, X) & II(C, X). Moreover,vVe > 035 >

L
Osuchthatfor JC@)-C || <d «Ad) = z #c(8), argmax {u(d)x: x € X} € O,argmax {ux: x € X} C O.P(C,.X) C
k=1 :
OJI(C, X).

. Proof. The first chain of inclusions in the corollary follows directly from Proposition 3. Now, by Proposition 1, for
the problem (C_ ,, X): max {vx: x € X} we have {ix:x € X} = P(C_,,, X) = II(C_,, X). By Corollary 1, the problem
(C_ &, X) is P-stable, and therefore the second chain of inclusions holds.

Proposition 4. ¥V € (0, 1): P(C, X) S TI(C,, X).

Proof. Let x € P. Then (x + K;) N X = {x}. We will show that x € II(C,, X), i.e., x + K;7 U K,") N X = {x}.
Indeed, K" U K5 = K \K; . By property 3 of perturbed cones, Ky S K,". Therefore, K,\Ky € K, \K,. By properties 1, 2
of perturbed cones, for vr € (0, 1) &; & K; U K;,. Hence it follows that K,\Kj € K; \Ky € ;. Then (x + ;7 U K,7) N
X & (x + Kj) N X = {x}. We have thus shown that x € II(C,, X).

Proposition 5. If problem (1) is stable in the decision space, then cl [1(C, X) = P(C, X).

Here no additional constraints are imposed on the set X.
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Proof. By contradiction assume that problem (1) is stable, but Ix& P(C, X)\cl TI{C, X). Since x & ¢/ II(C, X), there
exists &€ > 0 such that O,[x} N ¢! TI(C, X) = &. By Proposition 4, v 7 €(0, 1): P(C, X) € II(C,, X). Let C(6) = C,. Recall
that C, = C — 7V, where V is the L X n matrix with each row equal v, |C, — C| = 7 | V||. If

Tole) = min{d(e) / | V |, 1}, ©)

then by stability of problem (1) vr € (0, 74(&)): II(C,, X)) € OII(C, X), and from the last two inclusions we obtain that P(C,
X) € O,II(C, X). Therefore for x € P(C, X) \ciII(C, X) there exists x' € O, {x} N IK(C, X). A contradiction.

Corollary 2 and Proposition 5 directly lead to the following assertion.

Proposition 6. If X is a nonempty bounded closed set in R", then problem (1) is stable in the decision space under
changes of criterion coefficients if and only if c/II(C, X) = P(C, X).

Let us now state some simple sufficient conditions of stability in the decision space under changes of criterion
coefficients.

Proposition 7. Let X be a nonempty bounded closed set. Assume that at least one of the following conditions is
satisfied:

1) K2 = >
L
2) there exist nonnegative real numbers o, 05,...,o; not all of which are simultaneously zero such that z ae =0,
k=1
NG =1.

Then problem (1) is stable in the decision space under changes in the criterion coefficients.

Proof follows directly from Propositions 1 and 6.

Proposition 8. If X is a nonempty bounded closed set, then there exists 75 > 0 such that for vr € (0, 7] the problem
(C,, X) is stable in the decision space under changes in criterion coefficients.

Proof. By Corollary 1, for v ¢ > 038(¢) > 0 such that for § < 8(¢/2) we have the inclusion P(C(8), X)) € O, P(C,
X). By Proposition 3, v7 € (0, 1): X(C, X) € TI(C,, X), therefore O, P(C, X) € O.,II(C,, X). If 7y = 7o(e/2), where 74(£/2)
satisfies (6), then v7 € (0, 7(5/2)): P(C,, X) € O,,P(C,X) € O.,II(C,, X) and O,;,P(C,, X) & OJNC,, X) . By Corollary
1, for ve > 0 38,(¢) > O such that for 6 < 8,(¢) we have the inclusion P(C (3), X)) & O,,P(C,, X). Hence it follows that
P(C,(8), X)) € O 1 (C,, X) . Since TI(C,(3), X)) € P(C,(&), X)), we have T1(C,(3), X)) € OII(C,, X). Q.E.D.

Consider the space RE*" as the space of initial data, ¥ = C € RL*", and identify in RE¥" the set G(X°) of initial-data
matrices C for which the problem (C, Xo) is stable in the decision space by the vector criterion.

COROLLARY 4. cG(x% = RL*"

Thus, the set G(XO) of all initial data of vector optimization problems (C, XO) of fixed dimension with a fixed feasible
region that are stable in the decision space by the vector criterion is everywhere dense.

3. Stability of linear programming problems has been studied in considerable detail [13]. Necessary and sufficient
stability conditions have been derived for the linear programming problem, and it has been shown that the notions of stability
by solution and stability by the functional are identical in this case. For the integer linear programming problem a similar result
has been obtained in [14]. Equivalence of these stability concepts for some classes of multicriterion optimization problems,
including linear and integer multicriterion problems, follows from the results of [15].

We will show that stability in the decision space implies stability in the space of alternatives for problems of the
form (1).

LEMMA. Let M be a bounded set in the space R” and C € RL*". Then for every & > O there exists 8 > 0 such
that for G € Ox(M) C(8) € O4C we have the inclusion €(C(8), G} € O0,8(C, M).

Proof. Lety € €(C(5), G). Then the set G contains an element x such that y = C(8)x. Since x € G, there exists 0
€ M such that |x — x%| < 8; moreover, [|[x°] < A, where 4 is a constant. Then y° = Cx® € '€ (C, M) and |y — °|
= | CEx — O = | C@Ex — Cx + Cx — CxP| = |(C@) — Ox + Cx — x| = |(CE) — O) (x® + (x — 20) + C(x
-yl ced—cf [ + jc@—c]| fx—=x2f + [C]| |x—x°) < 84 + 82 + 8 | C| < eif 5 satisfies the
inequality

O<os{~@A+|ChH+uA+TCD2+4l' /2 -
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Proposition 9. If problem (1) is stable in the decision space, then it is stable in the space of alternatives.

Proof. Take an arbitrary € > 0. Let 6; satisfy inequality (6). By assumption problem (1) is stable in the decision space,
and so for &' = §; there exists §; > 0 (we may assume that 8, < §,) such that for any vector u(é;) € R* and any matrix
C(u(d5)) € R™ ", satisfying inequalities (2), for & = §, the set TI(C(u(8,)), X(1(32))) of Pareto-optimal solutions of the
problem (C(u(8)), X (u(8,))) is nonempty and is included in the &;-neighborhood of the set II(C,X), H(C(u(3,)),
X(udy))) < O5TI(C, X) . Since §, satisfies inequality (7), by the proof of the preceding lemma we have € (Cu(3,), T (C(u(d2)),
%(135))) € 0, €(C, II(C, X)).

We have thus proved stability of problem (1) in the space of alternatives.

COROLLARY 5. If X is a nonempty bounded closed set in R”, then problem (1) is P-stable under changes of criterion
coefficients in the space of alternatives.

We will now give an example of a problem of the form (1) which is stable in the space of alternatives but not stable
in the decision space.

Example. Consider a vector mixed integer linear programming problem of the form (1), where X = (X, x;, x;) €
X(A,b) = {x€D:Ax< b} ={(0,0,0);(0,1,0), (I, L,a), 1 > ao}cz‘ x Z!' x R',

- 1,5
0,5
vb=

— OO —~QO

1
-1
; -1 1 -1
(,=[ ] A= -1
0 ]
0 1 0
0

O OO -

0
0
0

It is easy to show that
IC, X) = {(O‘ 1,0 (L, La),l za >O},

(Sj“={(l,0);(—-a,a), ! 2a>0}.

The problem is stable in the space of alternatives and unstable in the decision space, because for every ¢ > 0 we have
€(C, X) € 0,6 and there exists a perturbed criterion matrix

Pl 146 -1 44
C(é)‘[ 0+, 0+3; 1+4

such that for sufficiently small §;, { = 1,...,6, for instance §5 < 0, §; = —0,, §g = —0d5, we have [I{(C(0), X&) = X L O,
(C, X)

Proposition 10. Let (C) = n. Moreover, assume that the sets X(«) are jointly bounded in some neighborhood of the
point = 0 and the set-valued mapping X(u) is closed at this point. Then stability of problem (1) in the space of alternatives
implies its stability in the decision space.

Proof. Assume that problem (1) is stable in the space of alternatives. Then by definition for every & > 0 there exists
& > 0 such that for any matrix C(u) = C(3) € R™*", satisfying (2), (5) the set of criterion values ©n(%), €p(u) = G(C(w),
T1{C(u), X(u})), of the problem (C(u), X(«)) is nonempty and is included in the -neighborhood of the set. €. Thus, for any
point' x(u) € IN(C(w), X(u)) I *(x) € [I(C, X) such that

I Cx(u) = Cluyx(u) || < e. 3
Since the sets X(u) are nonempty, closed, and jointly bounded, we can extract convergent subsequences from the sequences
{x(u)} and {x(u)}. Without loss of generality, assume that the sequences {x(x)} and {x(x)} converge: X (u) =X € clII(C, X)
as u = 0; x(u) = x. Then -C(u)x(u) > Cx, Cx(u) - CX -, and by (8)

Cx=Cx. 9

By assumption 7(C) = n. Recall that Ky = {x € R":Cx =0} = {0} < 7(C)=n. Then from (9) we obtain that x = X and
x(u) = x & clTI(C, X) . By contradiction, assume that problem (1) is unstable in the decision space. Then there exists ¢ >

0 such that for any 6 > 0 there is a matrix-C(u) € R Lxn, satisfying inequalities (2) such that the set IT(C(«), X(«)) of Pareto-
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optimal solutions of the problem (C(u), X(u)) is either empty or is not included in the &-neighborhood of the set II(C, X). Since
problem (1) is stable in the space of alternatives, the sets X(x) are nonempty and 3¢ > 0 such that for u = 0

3 x(u) € TCW), X(u) V2 € TH{C, X}t || x — x(0) || > e (10)

By the above argument we may assume that the sequence {x(u)} converges. Let x(u) - x. Then by stability of problem (1) in
the space of alternatives x € cl I1(C, X), which contradicts (10).

The contradiction proves the proposition.

If {C) = n = L, the last proposition can be proved without assuming closure of the set-valued mapping X(u).

Proposition 11. Let (C) = n = L and the sets X(u) are jointly bounded in some neighborhood of the point § = 0.
Then stability of problem (1) in the space of alternatives implies stability of this problem in the decision space.

Proof. Assume that problem (1) is stable in the space of alternatives. Then 38, > 0 such that for 0 < § < §j, the set

T(C(«), X(1)) s nonempty for any matrix C(x) € R*" that satisfies inequality (2). We will show that V.e > 0 38 > 0 : [1(C(w),
X{(«)) € OJUC, X) . By stability of problem (1) in the space of alternatives, for &, = e C[|/2 3 8; > 0 such that for 0’ <
8 < 8, < min {8y, £;/A} (here & = max {f x || : x € X(), 0 < 0 .< &}) for any point x(3) & T(C(w), X(u)) 3x(%) €
N(C, X) suchthat || Cx(u) — C(u)x(é) || <e. Denote z(8) = Cx(8) ~ C(u)x(3). Since (C) = n = L, 3C™" such that
C12(8) = X(8) — C~ ' Cux(8). Hence it follows that || X&) — x(8) || = || € 7' z(8) + € "' Cwyx(d) = x@) I < | ¢ ™" Nz(&)] +
lccwy -t fx@<sitc™ Jeg+yc™ |18 fx) <. QED.
- Using Proposition 6 [6], which follows from the results of [15], we can state a sufficient condition of equivalence of
the notions of stability in the space of alternatives and stability in the criterion space for problems of the form (1).
Proposition 12. If the set II(C, X) of problem (1) is closed, then stability of problem (1) in the decision space implies
its stability in the space of alternatives, and conversely, stability in the space of alternatives implies stability in the criterion
space.
An example of a vector mixed integer optimization problem of the form (1) with an open set of efficient points which
is stable in the decision space is given in [6] (example 7).
Let us now prove the necessary and sufficient conditions of stability in the space of alternatives under changes in
criterion coefficients.
Proposition 13. Assume that the set X is nonempty and bounded. Problem (1) is stable in the space of alternatives
under changes in criterion coefficients if and only if <l &(C, T) = &(C. ;.
Proof. Note that ¢l &(C, 1) € &(C, »;. Letu = C, X(C) = X. We will first show that the condition

G(C, P S G, 1 (11

implies stability of problem (1) in the space of alternatives under changes in criterion coefficients. By contradiction, assume
that condition (11) is satisfied, but problem (1) is unstable in the space of alternatives under changes in u=C:3e¢>0 ¥4 >
03CE): | CE)-Cli =3 3xd) €TMCE), X) ¥y € Cy(u) = €(C, TI(C, X)) :

i COx@ -yl =e. (12)

Without loss of generality assume that x(§) — X as § - 0. Since - (3) € II(C(3), X) S P(C(3), X). , by Proposition 2 x, €
P(C, X) and passing to the limitin (12) we obtain Vy € €p(u) = € (C,TI(C, X)): | Cp~ x|l =+, Since ye& G(C,II(C,

X)), Cxy € €(C, P(C, X)), we obtain a contradiction with (11).

Let us now prove that stability of problem (1) in the space of alternatives under changes of criterion coefficients implies
the inclusion (11). By contradiction, assume that- 3y € €(C, P)\ c1 §(C, 1) . Theny = Cxy, where X € P\cl I and 3¢
> 0 such that

Vxecill:ljy-Cx|>e. a13)
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Let C(8) = C,, where 7 = &/[|v||. Then by Proposition 4 for 0 < § < ||v| we have the inclusion %o € P(C. X) G TI(C(9),
A= T (& . and by stability of problem (1) in the space of alternatives V& > 0 38, > 0, such that for 0 < § < min
{Iv], &} 3x € M: |y — Cx| < &. This contradicts (13).

4. As we know, definitions of stability can be based on other variants of continuity. It may be useful to define stability
on the basis of Hausdorff lower semicontinuity.

Definition 5. Problem (1) is called /-stable in the decision space under changes in criterion coefficients if for every
& > 0 there exists 8 > 0 such that for any matrix C(é) € R**" satisfying inequality (5) the set II(C, X) of Pareto-optimal
solutions of the problem (C, X) is nonempty and is included in the &-neighborhood of the set TI(C(9), X), TI(C, X)) C O,II(C(3), X).

I-stability in the decision space implies that, under small perturbations of initial data, for any efficient solution of the
initial problem there is a sufficiently close efficient solution of the perturbed problem.

The notion of I-stability is useful for finding solutions of families of problems of the form (C(x), XO) where C(y) €
U S RL*n Indeed, suppose that for some & > O there exists a finite covermg of the set U by é-neighborhoods O;C(w;), i =

, S, where (C(x)), X% is an I-stable problem. Then Y x &€ TI(C(wy), X ) i=1,...,§, is an g-approximation of some

efﬁcxent solution of any problem (C(x), X°) if | C(4) — C(w) || < 4. Solving ﬁmtely many problems from the family (C(),
XO) we obtain an idea about part of efficient solutions of any problem from this family.

The following necessary and sufficient condition of I-stability of the problem (C, X) with a bounded feasible region
has been actually proved in [5].

Proposition 14 [5]. If the set X is nonempty and bounded, then the problem (C, X) is I-stable in the decision space
under changes in criterion coefficients if and only if ¢l § = cl II.

Propositions 1 and 14 directly lead to an important sufficient condition of I-stability under changes in criterion
coefficients.

Proposition 15. If the set X is nonempty and bounded and n(C) = n, then the problem (C, X) is I-stable in the decision
space under changes in criterion coefficients.

In the initial-data space RL*" identify the set G;(X°) of initial-data matrices C € R“*" for which the problem (C,
X°) is I-stable in the decision space under changes in criterion coefficients. Consider the set C(G (X %)) = R\ G, (X of
initial-data matrices C € R*", for which the problem (C, XO) is not I-stable in the decision space under changes in criterion

coefficients.

Proposition 16. Assume that the set X0 is nonempty and bounded and L = n. Then the set C(GI(XO)) is of measure
Zero.

Proof. Let ¢ € RY"\ G, (x°). By Proposition 15, (C) < n. This means that any n rows in the matrix C, e.g., Cips

Ciz’ ..
. Ly, T ={t}, Iy, ..., Iy}. Clearly, | T| = C;* Thus, if CER LX"\G, (XO) . then it satisfies a system of C;"
equations of the form del(t,» iy =€) =0 VI ET, Therefore C(G xecm={ce R det (Cip Cips <0 €)=

0v 7 € T}. The intersection of C;" surfaces defined by n-th order polynomial equations is of measure zero.

- €, are linearly dependent, i.e., det(cil, Cipr s Ci,,) =0. Let T be the set of all sequences of 7 row indices ij <ip <
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