Journal of Mathematical Sciences, Vol. 82, No. I, 1996

LAGRANGIAN FAMILIES OF JACOBIANS OF GENUS 2 CURVES

D. Markushevich UDC 512.72

The main result of this paper is that for any Lagrangian fibration on a projective algebraic (holomor-
phically) symplectic fourfold which is a compactified Jacobian of a family of curves, its base is the projective
plane, and the family of curves is identified with the linear system of hyperelliptic curves of genus 2 on a K3
surface of degree 2. The relation between the Lagrangian structures on the Jacobians of different degrees is
discussed; a nonsingularity criterion for the compactified Jacobians and for the relative Hilbert schemes of
families of curves is obtained; explicit construction of the compactified Jacobians in the genus 2 case are ob-
tained; toric techniques for computation of certain tensor holomorphic fields are given for use in the proof of
the main result.

1. Introduction

This paper continues the study of Lagrangian fibrations on projective algebraic (holomorphically) sym-
plectic varieties along the lines of [19]. Let X be a complex algebraic variety of dimension 2n with a holo-
morphic symplectic form a € I'(X,02% ) (da = 0,a"" does not vanish). A Lagrangian fibration is a proper
(or even projective) morphism f : X — B, whose generic fiber is Lagrangian. Applying the Stein factor-
ization, one can suppose that the fibers of f are connected. By the Liouville theorem, the general fiber is an
abelian variety of dimension n. In the classical mechanics, Lagrangian fibrations appear as a tool for integrat-
ing Hamiltonian systems. In the framework of the study of projective algebraic symplectic varieties (or more
generally, of compact Kahler holomorphically symplectic varieties) started by [6, 7, 10, 15, 21}, the Lagrangian
fibrations were introduced in [8, 9, 12, 13, 18, 19]. The following theorem was proved in [19, Theorems 2, 5):

Theorem. Let C/B be a family of hyperelliptic curves of genus 2 with mild degenerations over the base
B = P2, Then the compactified relative Jacobian P = P2 /B of the family C/B is a nonsingular projective
variety. Assume that it ts symplectic and that the natural projection to B is a Lagrangian fibration. ThenC/B
is identified with the family of curves {B~(I)},cp2+ on a hyperelliptic K3 surface B : S —+ P2 (the base B is
identified with the dual projective plane P2* parameterizing lines I in the last P2)..

This theorem describes the Lagrangian fibrations over P2 which are compactified families of Jacobians
of genus 2 curves. All the resulting symplectic varieties P are birational to the Fujiki-Beauville symplectic
fourfold S!2}, obtained by blowing up the diagonal in the symmetric square $(?) of the K3 surface S; this
birational isomorphism was described in other terms in [21]. So, in other words, the theorem states that with
certain restrictions (mild degenerations), all the Jacobians which are symplectic and Lagrangian over P?
are Mukai transforms of certain Fujiki-Beauville symplectic fourfolds. Here, we will strengthen this result in
several directions: ‘

(1) replace P° by P¢; in view of the periodicity P? ~ P4+ for genus 2, this adds one variety P!;

(2) move the condition B = P2 from the hypothesis to the conclusion of the theorem;

(3) replace the mild degeneration condition by a necessary and sufficient one for the nonsingularity of P.

For (1), we have to analyze the relation between a Lagrangian fibration f : X — B and its Albanese
family (having a cross section) A(f) : A(X) — B. It turns out that the Albanese family of a Lagrangian
fibration is always symplectic and Lagrangian (Proposition 2.3), but for the inverse passage a certain coho-
mological condition should be verified (Proposition 2.6). However, this condition is automatically verified if
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H'(B,0Q?) = 0 and all the fibers are reduced irreducible; in this case A(f) is Lagrangian if and only if f is
(Theorem 2.8). This implies that P? is Lagrangian if and only if P! is (Corollary 5.2).

For (2), note that, except for isotrivial fibrations, the base B of a Lagrangian fibration of relative dimen-
sion 2 is a rational surface (see {18, Sec. 3, Remark 5; 19, Sec. 2]); we eliminate the isotrivial cases by requiring
that X be irreducible symplectic (see Terminology and Notations below for the definition, and [6] for its moti-
vation). So, to prove that B = P2, it suffices to eliminate two cases: (a) B has cxceptional (—1)-curves, and
(b) B = F,, (Hirzebruch surface), n = 0,1,2,.... In [19], it was shown that the families C/B giving rise to
Lagrangian fibrations of Jacobians over the two-dimensional base are constructed as two-sheeted coverings of
P(73) ramified in the divisor of zeros of a section v € I'(B, $6Tp ® wh). We compute this group of sections
on the formal neighborhood of a (—1)-curve and on Hirzebruch surfaces to see that the zero divisor is too
bad: the corresponding compactitied Jacobian is singular. To see this, we establish a necessary and sufficient
condition on the degenerations (item (3) above) for P to be nonsingular (Corollary 4.4). The proof of this
condition uses a more general criterion of the nonsingularity of the relative Hilbert scheme Hilb? of a family
of curves (Theorem 3.2) and a result of Altman-Iarrobino-Kleiman on the smoothness of the Abel-Jacobi
map from the relative Hilbert scheme to the compactified relative Jacobian.

The structure of the paper is as follows. Section 2 gives a construction of the Albanese family of a La-
grangian fibration; having in mind applications to families with reduced irreducible fibers, we do not go into
the uniqueness and compactification problems in case of multiple or reducible fibers. The relation between
the fibration and its Albanese family is investigated in terms of an étale or Cech cocycle, and the conditions
for moving the Lagrangian structure from one to the other are formulated.

In Sec. 3, we cite the definition of the compactified Jacobian of a family of curves and the Altman-Iarro-
bino-Kleiman result on its connection with the relative Hilbert scheme, and then prove the nonsingularity
criterion for the relative Hilbert scheme of a family of curves, which implies also the one for its compactified
Jacobian. ‘

Section 4 deals with families of hyperelliptic reduced, but possibly reducible curves of genus 2. We provide
an explicit construction of a nonsingular compactification P of the relative Jacobian as the result of a blow
up and a subsequent blow down which is isomorphic to the Altman-Kleiman compactification P® when the
latter is defined, that is, when the curves are irreducible, and formulate the necessary and sufficient condition
for the nonsingularity of P°. It is also proved that for a family of hyperelliptic curves on a possibly singular
K3 surface S of degree 2, the nonsingularity of P is equivalent to that of S (Proposition 4.5).

In Sec. 5, we provide a construction of the compactified Jacobian P! of degree 1 as a compactified prin-
cipal homogeneous space of J? associated with an element of order 2 in the Shafarevich-Tate group of B and
apply the results of Sec. 2 to show that PP is Lagrangian if and only if P! is. We also make explicit in co-
ordinates the symplectic structure on P! coming from a family of hyperelliptic curves on a K3 surface S of
degree 2.

Section 6 gives a method of calculating the groups I'(B, S87g ® w%) for toric varieties B, which is then

applied in Sec. 7 to two toric surfaces: the blow up A? of the origin in the affine plane A2 and P2. The
computation for A’ implies that there are not enough sections on the neighborhood of the exceptional curve
to generate a nonsingular family of hyperelliptic curves, and hence if P?/B is nonsingular with a Lagrangian
fibration, then B is a relatively minimal surface. The following main result is proved.

Theorem 1.1.  Let B be a nonsingular projective surface, C/B a family of hyperelliptic curves of genus 2
satisfying the conditions (i), (ii) of (a) of Theorem 4.1, and P the nonsingular projective variety constructed
in (b) of Theorem 4.1, which is a compactification of the relative Jacobian J(c)/B of the family C/B. Then the
following assertions are true:

(1) P is irreducible symplectic in such o way that the natural projection to B is a Lagrangian fibration
if and only if C/B is identified with the family of curves {B~1(1)},cp2+ on a (nonsingular) hyperelliptic K3
surface B: S —+ P2. In particular, the only possible base surface B is the projective plane (B = P2*).
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(2) Assume in addition that all the curves of the family C/B are irreducible. Then Pis canonically iso-

morphic to the Altman-Kleiman compactified Jacobian P2 /g» and (1) holds with P, / g in place of P for all
deZ.

Terminology and Notations. All the varieties are analytic or algebraic over C. We do not distinguish
varieties and associated analytic spaces. A variety is called symplectic if it is nonsingular and has a holomor-
phic, closed everywhere, nondegenerate 2-form. If it is also simply connected and the symplectic 2-form is
unique up to a constant factor, it is called irreducible symplectic. A symplectic variety X of dimension 2n is
called completely integrable if there exists a proper surjective holomorphic map f : X — B with connected
fibers onto a normal variety B of dimension n such that its generic fiber is Lagrangian. Such-a-map-f iscalled
a Lagrangian fibration. In the case where X is projective, we demand that f and B also be projective.
Foramap f : X — Y, apoint z € X is critical if z or f(z) is singular, or if z, f(z) are nonsingular and
rkd;f < min{dim X,dimY}. A point y € Y is a critical value of f if there exists a critical z € f~!(y). A
fiber f~!(y) is called multiple if all its points are critical. A map f is nonsingular if it has no critical points.
We will denote by Xy the set of noncritical points of f, Yum = f(Xnc) the set of points y € ¥ such that the
fiber f~1(y) is not multiple, Yy, the set of noncritical values of f, Xns = f~'(Yac)) the nonsingular locus
of f,  fac : Xoe — Yam and fus : Xns — Yac the restrictions of f. For anothermap g : U — Y, we
denote by fu : Xy — U the base change of f; here Xy = X xy U. For a nonsingularmap f : X — Y,
we denote Q7 Iy = QL /F*QL A Q‘)’{'l the vector bundle (=locally free sheaf) of relative p-forms on X, and

Tx;y = (2% /Y)* the vertical tangent bundle (i.e., the distribution of tangent planes of the fibers of f}.

2. Albanese Fibration

We fix for this section a completely integrable projective symplectic variety of dimension 2n and a La-
grangian fibration f : X — B. We denote by a = ax € I'(X,Q%) a symplectic form on X. The following
is standard.

Proposition 2.1. (i) There is a canonical nondegenerate coupling & : fis 7B, ®7Tx,. /By — OX,, defined
by a, which gives a canonical isomorphism i, : f1 QL v —— TX e/ Bam -

(ii) The connected components of fibers of fus are analytically isomorphic to the quotients C?" /L, where
L is a lattice of rank < 4n in C?™. In the algebraic situation, if f is projective, then each connected component

A; of a fiber A = f1(b) (b € B) is quasi-projective and can be represented as an isotrivial fiber bundle over
an abelian variety A’ with GI x GP, as a fiber (p,q and A' depend only on b).

(iii) There is @ canonical way to associate with f a nonsingular surjective holomorphzc map A( f)
A(X) — Bam which is a family of connected complez commautative Lie groups with a cross sectione : By —
A(X) of neutral elements, together with an action ® : A(X) x Xps — Xas making each connected compo-
nent A; of a fiber A = fZ'(b) (b € B) a principal homogeneous space under Ay = A(f)~1(b). Moreover,
if B, X are algebraic and f is projective, then there is ¢ mazimal Zariski open subset Byp C Bnm such that
codithnm(Bnm \ Bqp) = 2 over which A(f) is a quasiprojective family of commutative algebraic groups and
the action @ s algebraic.

Proof. The proofs of (i) and of the first part of (ii) are the same as in the C* symplectic geometry; (ii) is a
holomorphic (algebraic) analogue of the Liouville-Arnold Theorem [4]. A’ is defined in the algebraic category
as the Albanese variety of the irreducible components of f~1(b). We should check that it does not depend on
the choice of the component; we will first do so in the analytic category.

Let s;,s2 : U — Xns be two local analytic secticns of f over a neighborhood U of b, meeting two
connected components A;, Az of f~1(b) at points p;, p2 respectively. Any holomorphic frame £y, ... ,&, of
Qﬁ( over U can be lifted to that of Tx ,/B,,.. Vi@ to; denote the latter by E Toeens fn. Choose &, closed; then the
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fact that a is closed implies that E. Lyenves é,, commute pairwise, so their flows define the fiber exponential map
exp : Q}J — Aut(Xns/U). The exponential induces by restriction homogeneous actions of the cotangent
space Ty X = Q4 (b) on Ay, Az. Let Ly, L2 be the kernels of these actions. It suffices to see that Ly = L.
Let I € L,; then expl(p1) = pi1, and by the inverse function theorem, ! extends to a local section A of Q%
such that exp A(s;) = 1. But on a dense open part of U the fibers of f are compact complex tori, so exp A is
identity on this part, and hence, by continuity, everywhere. Hence Ly C Ly. By symmetry, Ly = Lo.

Thus, we have a holomorphic automorphism between A, A3 sending p; to pg. It can be extended to the
holomorphic translation map ¢,,—,, : X1,u — X2,u, where X; y denotes the open subset of X,,s v formed
by the connected components of the fibers f;!(b) (b € B) containing s;(b). This map is algebraic if we are
in the algebraic category and s; are local cross sections in the étale topology. Indeed, by the GAGA principle
over By, which is the projective locus of frg, t5,-5, isa rational map, regular over By; the regularity on
X1,u follows from the rationality and from the regularity in the analytic category. Hence A; =~ A3 in the
algebraic category as well.

To prove (iii), note that the above proof of (ii) gives a local system of lattices £ in the cotangent bundle
Q. .; the fiber £y is the kernel of the action of Q(b) on fg;'(b) by the exponential map. Define A(X) to be
the quotient Qanm /L, and A(f) the natural projection. In the algebraic category, A(X) is defined locally in
the étale topology over By, as a quotient by a quasi-finite algebraic equivalence relation: Let s : U — Xy
be a local section of f over an étaleopenn: U — V C By, and X 3& the union of connected components of
s(u)in f'(u) over all u € U. Then A(X)y = X, ﬁ /R, where R is the equivalence relation defined by

R= {((‘7’17“1)’(127”2)) € X# xXv XI.’IJ# [ m(uy) = m(u2), tzy—s(uy) = trz—s(uz)}’

where?,,_ (,,;) denotes the rational translation map on Xy, x(w;)- By [23], there exists a Zariski open Vicv,
over which the quotient by R is quasi-projective. Then Bgp is the union of the V' taken over all V' as above.
0

Definition 2.2. Themap A(f) : A(X) — Bum is called the Albanese family of f, and A(f)qp : A(X)qp —
Bgy, its quasi-projective part.

Proposition 2.3. The Albanese family A(f) : A(X) —> Bum 13 analytically isomorphic to the quotient of
the cotangent bundle Qanm by a local system of lattices L C QIB..m , and the natural symplectic structure on the
cotangent bundle descends to A(X) in such a way that all the fibers of A(f) are Lagrangian.

Proof. Let uj,...,u, be local analytic coordinates on an open U C Bpm, and zi,... ,z, the coordi-
nates on Q}Bnm, dual to duy,... ,du,. Any local analytic section s of fus over U provides the identification

of A(X)y with the open subset X# of Xy, defined as in the proof of (iii) of Proposition 2.1, such that s is
transformed into the section of neutral elements e. With this identification, uj,... ,un,21,... ,zn are local
analytic coordinates on X ﬁ , and the restriction of the symplectic form ax to X ﬁf can be written in the form

ax = Zdup Adzp + B, B= Zﬂpq(u,z)dup Adug. (1)
P

p’q

There are no terms of the form dzp A dzg, as the fibers of f#* = f| x# are Lagrangian. The condition that ax
v

descends from §2}; to the quotient by £ can be written down as follows:
Blu,z +7) = fluz) = d (Z 7pdup> : )
P
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where v = (71.... ,¥n) is any local section of £. Let 4{1,... ,4(2") be a local basis of £ in the neighborhood
of a noncritical value of f, and 8o(u, z) a R-linear in z solution of (2) of the form

Bo (u,ZAﬂ(J’))=ﬁ(u,o)+d SN aivdup |, X €R, j=1,...,2n
p J

Then the coefficients of dup A dug in p(u,z) = f(u,z) — Bo(u, z) are fiberwise harmonic and periodic with
respect to a lattice of rank 2n; hence they are constant, hence they are zero. So 8 = fp, and we have
B(u,z +v) = B(u,z) ¥V v € L. This implies that the coefficients fpq(z) do not depend on z. By continu-
ity, the representation (1) with Fpe(u,z) = Bpq(u) extends to the critical values as well. Hence the first term
of ax,

op = Zdup Adzp,
P
is also invariant under £, and hence it descends to the quotient A(X) =Qp /L. O

Remark 2.4.  Our construction of A(X) shows that B, contains all the points of Bny over which the
fibers of f are of dimension n and do not have multiple components. Indeed, for such a point b, we can find
a sufficiently ample subvariety B of dimension n in X which meets f~!(b) transversely; then a neighborhood
of A(f)~!(b) can be represented as a quotient of the projective family X 5 by the action of G = Gal(B/B)
associated with a cocycle o € HY(G, X g).

Remark 2.5. It is very plausible that codimpBnm > 2. In this case, we have codimpBq, > 2. The
analogous statement for fibrations of elliptic curves whose total space has trivial canonical class can be proved
by using Kodaira’s description of degenerate fibers.

However, if we admit multiple fibers along a divisor C in B, we can specialize at the generic point 7 of
C and use a finite cyclic ramified base change to get a new family X,-, — B;, with a local section; here 7
denotes the point of the base change above 7, and Gal(Bj/B35) = . is cyclic of order r. It has a birational
model (constructed, for example, following [22]) such that the nonsingular locus of the irreducible component
of the central fiber containing the image of the local section has a group structure; denote the resulting group
family Y53 — éﬁ. Then the birational class of the original family is represented in the local Shafarevich-Tate
group by a cocycle 0 € HY(Gal(B;/Bj), Y5) which specializes to a group homomorphism og : g, — Yo,
where Y} is the group central fiber of the compactification chosen. Quotienting by the trivial cocycle, we will
get the Albanese family of the original map f, defined at the generic point of C. As concerns the symplectic
structure, it lifts to X 7 and hence to Y5, but does not descend to the Albanese family over B via the quotient
by the trivial cocycle, as the quotient map is ramified.

This argument also shows that any connected component X of the nonsingular locus of a generic multiple
fiber f over C has a group structure; it is the quotient of Ag by the image of o. Indeed, since X is nonsingular
and the canonical class of X is trivial, the map from Y; to X, is nonramified and does not contract anything,
so the birational equivalence Yy/im(og) ~ X (n) is in fact an isomorphism.

The inverse operation of constructing X from A = A(X) consists of two steps: quotienting A by a cocycle
o € H},(Bnm, A), and compactifying the quotient in a minimal way, say, with trivial canonical class. (In the
analytic category, one should use the Cech cohomology H!(Bnm, A).) For a family of commutative complex
Lie or algebraic groups h : A — Bpm, denote by hy : Ay —> B, (or h(g) : A(0) — Bum) the quotient by
the cocycle o. Suppose that a family k admits a symplectic structure ag induced from that of the cotangent
bundle of B as in Proposition 2.3. Then the cohomology class 6*(ag) € HL(Bam, %) = H'(Bam,Q?) =
H L (Bnm,?) is well defined. Say, in I;[aln, o is represented by a cocycle c;; € Hol. Sections(U; N Uj, A), and
o*(ao) by c};(ao), where {U;} is an open covering of Bum in the strong topology.
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Proposition 2.6. Let B be a nonsingular analytic (resp. projective algebraic) variety of dimensionn, h:
A — B a flat analytic (resp. algebraic) family of commautative complez Lie (resp. algebraic) groups whose
generic fiber is a compact complez torus of dimension n, and ¢ € HL (B, A). Then the twisted family h, :
A, — B is Lagrangian with respect to some symplectic structure if and only if the following two conditions
hold:

(i) A kas e symplectic structure ag such that h is Lagrangian with respect to ag, and

(ii) 0*(a0) € H'(B, Q%) lifts to the zero cohomology class in H'(B, Q2 _.4)-

Proof. We give a proof for the analytic category; the translation into the language of the étale cohomology
in the algebraic category is an easy exercise.

Sufficiency: Assuming (i), (ii), take an open covering {U;} as above and a cocycle ¢;; representing o.
Then by (i), there exist §; € T'(U;,d2') such that ¢f;(a0) = B; — fi. The 2-forms a; = ao + h}f: give a
well-defined global symplectic form on A, with the required properties.

Necessity was shown in the proof of Proposition 2.3. [

Remark 2.7.  (ii) of the proposition is equivalent to the following condition:
(i) o*(ao) € HY(B,Q?) lifts to an element of H(B,Q!) via the de Rham differentiald : Q' — Q2.

Theorem 2.8. Let X, B be nonsingular projective varieties of dimensions 2n,n respectively such that
HY(B,Q%) =0, and f : X —> B be a flat surjective morphism with reduced irreducible fibers whose generic
fiber i3 an abelian variety. Then X is completely integrable symplectic with moment map f if and only if there
ezists a flat quasi-projective family of commutative algebraic groups h : A — B whose generic fiber is an
abelian variety of dimension n such that the following two conditions hold:

(a) A has a symplectic structure ag such that h is Lagrangiaon with respect to ag, and

(b) f : X — B is a compactification of the family b, : A, — B associated with a class o € HL (B, A).

In this case A = A(X), h = A(f).

Proof. Necessity follows by Proposition 2.3. By Remark 2.4, the hypotheses of the theorem imply that
Bgp = B. For sufficiency, note that the condition H!(B,Q?) = 0 implies that 6*(ap) = 0, hence, as in
the proof of Proposition 2.6, the forms ag + h}f; give a global nondegenerate 2-form a on A, vanishing
when restricted to the generic fiber of k.. By (b) and the assumption that the fibers are reduced irreducible,
codimyx X \ A, > 2, so a extends to a nondegenerate 2-form on X. It is closed by the projectivity of X. O

3. Criterion for the Nonsingularity of the Relative Hilbert Scheme

Let ¢ : X — S be a flat projective morphism whose fibers are reduced irreducible curves of arithmetic
genus p. The relative Hilbert scheme Hilb% /s parametrizing zero-dimensional subschemes of length n in the
fibers of X over S is closely related to the Altman-Kleiman relative compactified Jacobian P, = P,(X/S5),
which is a projective scheme over S representing the étale sheaf associated with the following compactified
Picard functor on the S-schemes T
the isomorphism classes of T-flat coherent sheafs T
on X xg T, such that for all ¢t € T, the fiber
I(t) is torsion-free, of rank 1, and of Euler number
x(Z(&)=n
(see [14, 24, 1-3] for the construction and general properties of P"; the idea of this compactification is due
to [20]).

We will also use the notation P* = P*(X/S) = Py_,_n(X/S). The scheme P™ contains the open sub-
scheme Pic’y /S parametrizing the isomorphism classes of inversible sheaves of degree n (or linear equivalence

EE}/S(n) =
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classes of divisors of degree n) on the fibers of X//S. The map sending every subscheme of a fiber X(s) to the
isomorphism class of its ideal sheaf is well defined as a morphism of schemes

A" = Ay s : Hilby g — P".
It is called the Abel-Jacobi map.

Theorem 3.1 (D’Souza-Rego-Altman-Kleiman). The following conditions on the Abel-Jacobi map A™ are
equivelent:

(1) n > 2p— 1 end all the fibers X(s) are Gorenstein;

(2) A™ is smooth of relative dimension n — p;

(3) all the fibers of A™ are of the same dimension.

One concludes from this theorem that the compactified Jacobian P?P~! is a nonsingular variety if and
only if Hilb?{/'; is. As all the schemes P™ are locally isomorphic in the étale topology, this condition is also
that of the nonsingularity of all the P™. Now, we are going to formulate the criterion of the nonsingularity of
Hilb% /5. We eliminate the case where § is singular, because then the Hilbert scheme is singular along certain
fibers. We also eliminate the case where the fibers X(s) have singularities of embedding codimension > 1: in
this case P", as well as Hilb’, /s is not flat over S and the fibers of P™ have irreducible components which are
not in the closure of invertible sheaves. Thus, we assume that S is nonsingular and that the singularities of
X (s) are plane (of embedding codimension 1). To formulate the nonsingularity criterion, we have to introduce
some notations.

Let H = Hilb% /5> Z € H Z C Xg, 0 € §. We have a decomposition in the sum of irreducuble
components:

Z = ZlH"'HZ" SuppZ; = {z:},i=1,...,r.

Let {fi(zi,vi,51,.--5m) = 0} be a local (analytic or formal) equation of X at z;, si,...sm being local
parameters of S in the neighborhood of 0 and z;,y; those on the fiber X(0) in the neighborhood of z; €
Supp Z. Let I; = Iz A;, where A; = C[[z;,yi]]. Then there exists a resolution of I; of the following form (see
[17, Exercise 7, p. 148]):

0 — ADCTN 2, 48C) v, g, (3)
where v = A®*" !y, i.e., v is the vector with s components (v1,... ,v,) which are the minors of order s — 1
of the matrix of size (s — 1) X s defining the map u. The condition that Z; C Xp is equivalent to fig :=
fi{zi,v:,0,... ,0) € I;. Since I; is generated by the minors of the matrix u, the last condition is equivalent
to the existence of a representation of f;o in the form of the determinant of the extended matrix:

fio =detd, &= . (4)

Usy --. Ugs

Define the ideal I; = (A°~ ') generated by the minors of order s — 1 of the extended matrix @. Since the
minors of u form a subset of those of &, we have the inclusion I; C I;. Define the map
¢i: ToS — A/,
4 ofi

5;; > —a-;; modI,-,

where Ty S denotes the tangent space of S at 0.

Theorem 3.2. The scheme H is nonsingular at Z (that is, smooth over C) if and only if the map
6=E¢i: ToS — P AL (5)
=1 i=1

3274



13 surjective.

Corollary 3.3. The condition of the surjectivity of the map ¢ in Theorem 3.2 is a necessary and sufficient
condition for the nonsingularity of the relative compactified Jacobian at all the points representing the isomor-
phism classes of the sheaves Iz ® L, where L is an invertible sheaf on X(0), and Iz is the ideal sheaf of the
subscheme Z C X(0).

The following corollary gives a sufficient condition for the nonsingularity of H.

Corollary 3.4.  If the fiber X(0) has only one singular point z, and if the deformation {X(s)}ses of X(0)
dominates the versal deformation of the singular point z € X(0), then the Hilbert scheme Hilb% /g is nonsin-
gular for alln in all the points Z with Supp Z = {z}.

Proof of Theorem 3.2. We will use the following criterion of the nonsingularity.

Criterion for Nonsingularity.  Let H be a scheme of finite type over C, h € H a closed point. Let for
k€ Z, k>0, Tr =SpecCle]/(c¥) fork € Z, k > 1, and t.€ Ty be the closed point. Then the scheme H is
smooth at h if and only if for every k > 1, every morphism v : T — H such that yi(t) = h eztends to a
morphism ygy1 : Ty — H.

For a proof, see [19, Sec. 2].

By the above criterion, the nonsingularity of H at Z is equivalent to the possibility of extending over
Tk41 simultaneously for all Z; the data (3), (4), in assuming they are already extended to T}; this is done
by induction degree by degree. The flatness of the deformation of A;/I; obtained in this way is guaranteed,
e.g., by [5, Proposition 31]. Denote by sk, ... Smk, ik = @ik the extensions to T (understood as polynomials

in € of degree k), and fix = fi(zi,yi,S1ky-++ »Smk ). Then, to construct the extension to Try;, we have to
define s k41 = s1k + @165, L., Skt = Smk + am€F T, G kg1 = Gk + Gie*t! withay,... ,am € C,
G; € Mat,(A;) in such a way that det@i; 41 = fi(Zi, Ui, $1,k41+- - »Sm, k+1) mod(e*+2). This brings us to

the equation

a .
Z a; fi = ngqﬁf" + known terms,
)

Os;
7 pg

where #?? denotes the minor of order s — 1, complementary to the element (#;),4. This implies the assertion.

0

4. Compactified Jacobian P2

Let B be a nonsingular projective surface, and ¢ : C — B a flat surjective projective morphism whose
fibers are reduced hyperelliptic curves of arithmetic genus 2. That is, for every b € B, the fiber C; = ¢~ 1(b)
admits a double covering map pp : Cp — P! whose ramification divisor is of degree G; such a curve can be
defined by an affine equation t? = Pg(z), where Ps is a nonzero polynomial of degree < 6. We also suppose
that the generic fiber of ¢ is nonsingular. We will search for symplectic 4-dimensional varieties X compactify-
ing the family of (generalized) Jacobians of degree 2 {J2C} }sep in such a way that the fibers are Lagrangian.

Generically, the Jacobians J2C} can be obtained by the classical procedure: take the symmetric square C,(,Z)

of C and blow down the hyperelliptic linear series g? = P!, formed by pairs ((z, t),(z,~t)) € C éz)_ When
extended to singular fibers, this construction gives a singular surface. The nonsingular part of the symmetric
square C® for a reduced curve C is the symmetric square of the nonsingular part C® of C. The Jacobian
J4C of degree d is defined as the quotient of the group of divisors of degree d of C° by the linear equivalence
relationon C: D; ~ Dy < D) — Dy = (f) for a rational function f on C, regular and regularly invertible
at all the singular points of C. By [25], if C'is irreducible, then the generic class of J™C, where 7 is the virtual
genus of C, is represented in a unique way as a positive divisor py + ... + p» with p; € C°, so C(*) is bira-
tional to J*C. This is no longer true for reducible curves C. However, it is a natural question to search for
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nonsingular compactifications of the family of Jacobians {J2C}}s¢ g in resolving singularities of C,E"’ . This
approach gives a minimal compactification (that is, with trivial canonical class) in the case where 7 = 2, as
the following theorem shows.

Theorem 4.1. Let ¢ : C — B be as above, ¢« : C — C the hyperelliptic involution given by (z,t) — (z,—-t)

in the affine coordinates, c? —¢x B C/(permutation) the symmetric square,

A={pp)eC?}, E={pup) ec?)

the diagonal and antidiagonal respectively, and o : Cg] — Cg) the blow up of (the reduced ideal of ) the

didyonal ,in,Cg),J/) = ¢g] L Cg] —= B the natural projection. Suppose that C is given by the equation y? =
P(z,s1,s2) in the formal neighborhood of a fiber Cy, = ¢~ (bo) for a point by € B, where sy, s2 are local
parameters of B at by, and P is a polynomial of degree 6 with coefficients in C([sy, s2]]. Let Q; = {z = z;,
y=0},i=1,...,r, be all the singular points of Cy, (obviously, r < 3). Then we have:

(a) (,'[132l is nonsingular in the neighborhood of the fiber v ~1(bo) if and only if the following conditions are
verified:
(i) For anyt = 1,... ,r, the partial derivatives OP/0sy,0P[0sy are linearly independent modulo the
ideal ((z — z:)%, 51, 52)-
(i1) For alli # j,t,7 =1,... ,r, the matriz

(ap(l‘i)/asl 6P(z:,~)/632>
O0P(z;)/0s1 OP(z;)/0s2

1s nondegenerate at s; = s = 0.

(b) If the conditions (i), (ii) of (a) are verified for all by € B, then the proper transform E' of the antidi-
agonal E in Cg] represents a family of nonsingular rational (—1)-curves in the nonsingular loci of the fibers
of 1 that can be co~ntra.cted simultaneously by a projective map contgr/p : Cgl — Pto give a nonsingular
projective variety P with trivial canonical sheaf wp /B’

Remark 4.2. Condition (i) of (a) means that locally C can be given by the equation y? = z* + 53z + 59 +
p(s1, 82, z) for an appropriate choice of local analytic parameters z,y of Cp, at Q; and s1,s2 of B at by; p is
a polynomial in z with coefficients in C{[s1, s2]] of degree < k — 2 such that p(sy, sz, z) = 0 mod (s1, s2)(z?).
Condition (ii) means that the reduced tangent cones at b9 of the germs of discriminant curves A;,A; C B
of the unfoldings of the singular points Q;, Q; are transversal. Conditions (i) and (ii) represent a weakened
form of the mild degeneration condition of {19]. The latter imposes the additional restriction that k < 3.

Proof. The nonsingularity of the blow up of A follows from Theorem 3.2 and from the fact that whenever
the singularities of fibers of a flat family of curves are plane, the relative Hilbert scheme Hilb? is identified
with the blow up of the diagonal (see, e.g., [16]). It remains to verify that the proper transform E’ of E in Cg]
is a family of nonsingular rational curves contained in the nonsingular locus of fibers of Cg] over B.

Choosing local analytic parameters sy, s on B and zy,yi, z2,y2 on two copies of C as in Remark 4.2, we
can consider

2
S1, S2, Z1=2Z1+ T2, 22=y1+Yy2, z3=(x1—2T2)",

(6)
24 = (z1 — 22)(y1 —¥2), 25 = (y1 —92)°
as local parameters on Cg). We have, in addition to (6), two equations defining the two copies of C:
y? =z% + 51z 4+ s2 + p(s1,82,3), 1=1,2. )

The case k < 3 has been treated in [19], so we restrict ourselvesto k = 4,5,6. The elimination of z;,y; from
(6), (7) gives the local equations for Cg). We will make explicit the equations of the fiber Cg)(bo) in terms of
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parameters zj,... ,25:

1 1
k=4: 23 — 2325 = 0, sz—z§+§zf23+zz§—zs=0,
1 1
52:1324 -+ 5212324 — z925 =0,
1 1
'2'2:1323 + 52122 — 2924 = 0;
5
k=5: 22 — 2325 = 0, gz?—z§+zz?z3+§zlz§——zs=0,
J —ziz+ 52 + z =0 (8)
161 4 8212324 16 324 2225 = U,
5 5, 1 3
162123 + 821z3 + — 16 — 2924 = 0;
1 15 , 15 , 1
k=6: 27—2325=0, T -2+ 162123+ 6 2223 4 — T z3 —25 =0,
3 5 3
162124 + 2123z4 + 16212324 — 2925 =0,
3 2123 + 52123 + — zlzg — 2924 = 0;
16 8 16
The diagonal is given by A = {z3 = z4 = z5 = 0} in coordinates s;, s2, 21, ... , z5, and the antidiagonal

by E = {23 = 23 = z4 = 0}. Let us look, for example, at the case k = 5. Restricting the blow up of A to the
fiber s; = s = 0, choose a chart, say {zs 3 0}. Then the equations of %~ !(bg) = C[g](bo) will be

1 5 5
zz —z3=0, ng - z% + Zz?z;;zs + gzlzgzg —2z5 =0,
5 5 o 1
162124 + 8212324Zs + 1623242?, zp =0, (9)
5 5 5 2
162123 + 821z325 + 162325 2924 = 0.

The first and third equations allow us to eliminate z3, 27, and the fourth one becomes tautological. Upon elim-
ination, (9) defines a surface given by one equation in local parameters 23, 24, z5. In terms of these parameters,
E' is given by z4 = 0 (22 = z3 = 0 being tautological), and 1~ (bo) is given by

1 5 5, 1 2,5 5
ng - (1621 + 8212425 + 62422) 224+ Zz:fzzzs + -8—212223 —z5=0. (10)

One sees immediately that on E’, that is, when 24 = 0, the partial derivative of the Lh.s. of the second
equation with respect to z5 is —1, so the Jacobian of (10) is nonzero along E’, and hence E’ does not meet
Sing ¥ ~!(bo). The intersection E' N1y~ (ko) is given by s; = z4 = 32§ — z5 = 0. A similar verification in the
other charts shows that E' N 1/)_1(bo) is nonsingular and irreducible.

Condition (ii) of (a) assures the nonsingularity of Cg) at a point (Q:,@;) with ¢ # j; such a point is not
on EU A, so the blow up of A does not change anything in its neighborhood, and locally C @) ~ Cg]. The rest
of the proof goes exactly as in loc. cit., Sec. 3: E' over B is a smooth family of nonsingular rational curves of

self-intersection —1, and hence can be contracted simultaneously by the relative version of the Castelnuovo
contraction theorem [26]. The differential

d d
z7=(z1 —zg)ﬂ/\ ﬂl\dsl A dsg
Y1 Y2
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on C xg C is invariant under the permutation o : (£1,y1) — (z2,y2), and hence descends to the quotient

Cg) =C xgC/o. It lifts to C[le, as it is a small blow up (that is, without exceptional divisors), and descends
to P via the contraction map, because the image of the exceptional locus is of codimension 2.

The other types of singularities are treated in a similar way. O

Corollary 4.3.  If we assume in addition to the hypotheses of Theorem 4.1(b) that the curves of the family
C are irreducible, then P is canonically isomorphic to the Altman-Kleiman compactified Jacobian P° over B.

Proof. It is identical to that of (v) of Theorem 4 in [19]. O

Corollary 4.4.  If the fibers of the family C/B are irreducible, then conditions (i), (ii) of (a) of Theorem 4.1
are equivalent to the nonsingularity of P? for any d.

Proof.  As all the P? are locally isomorphic in the étale topology, it suffices to verify the assertion for one
d; take d = 3. By Theorem 3.1, P3 is nonsingular if and only if Hilb3 is. By Theorem 3.2, this is equivalent to
the surjectivity of the map (5) for all Z. Conditions (i), (ii) of (2) of Theorem 4.1 are an obvious reformulation
of its surjectivity in the cases where #(Supp Z N Sing Cs,) = 1 or 2. This is enough for the nonsingularity of
Hilb?, but for that of Hilb® we should add a similar condition with 3 singular points of Cj, in the support of
Z. This condition, in fact, is never verified over a base of dimension 2, but fortunately, irreducible curves of
arithmetic genus 2 cannot have more than 2 singular points. So, in the case where the fibers are irreducible,
(i), (ii) are also equivalent to the nonsingularity of Hilb®. O

The following proposition shows that the families of hyperelliptic curves arising from K3 surfaces of
degree 2 in Theorem 1.1 always satisfy the conditions of (a) of Theorem 4.1.

Proposition 4.5. Let S be a surface with a (2 : 1)-covering B : S — P2 ramified in a (possibly singular)
seztic curve D, and C the family of hyperelliptic curves of arithmetic genus 2 {B7(I)},cp2+, parametrized by
the dual projective plane B = P2*. Then C satisfies the conditions (i), (ii) of Theorem 4.1 if and only if S (or
equivalently, D) is nonsingular.

Proof. For (i), choose affine coordinates z,y in P2 and s;,s2 in P?* near a singular point of a curve
Cb, in such a way that the equation of D is Ps(z,y) = 0, C is defined by t? — Pg(z,s1z + s2) = 0, and
Ps(z,0) = zF 41251 4. . 4628 (k > 2 having the same sense as in Remark 4.2). Then the nonsingularity
of D in the origin is equivalent to 8Ps(0,0)/8y = ¢ # 0, i.e., t? — Ps(z,512 + 52) = t2 — cs3z —csa + - -.
This is equivalent to (i).

Thus, we can now suppose that D is nonsingular, and we will show that in this case (1i) is always verified.
We will use the reformulation of (ii) given in Remark 4.2. Singular points on Cp, = 8~ 1(lg) correspond to
points of tangency of lg to D. So, the discriminant curve parametrizing the points | € B for which Cj is
singular, is the dual curve DV of D, parametrizing all the tangent lines to D. Let | be tangent to D at Q € D.
Then the tangent cone to DV is the pencil of lines passing through Q. Hence, whenever there are two distinct
points of tangency on [, the corresponding tangent cones are different. 0O
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5. Compactified Jacobian P!

We discuss here two constructions of a nonsingular compactification P! of the relative Jacobian J?! of
a family of hyperelliptic curves of arithmetic genus 2. We impose one more restriction in addition to the
assumptions of Sec. 4: the curves of the family must be reduced irreducible.

Theorem 5.1. Let ¢ : C — B be a family of irreducible curves satisfying conditions (i), (ii) of Theorem 4.1.
Then there ezists an element o € H. (B, Jg/B) of order 2 such that Jé‘/B is isomorphic to the twisted family

Jg/B(a). Moreover, the action of Jg/B on itself by translations extends to a regular action on the compaci-
ification P = P% = P((Z)/B of JO constructed in Theorem 4.1, so that the twisted family P! = Pcl/B(a) 3 a

nonsingular compactification of J* = J} /B with reduced irreducible fibers and codimp1 J! = 2.

Proof  Identify J? with JO by translation by the hyperelliptic divisor class. Let x : C — P be the
hyperelliptic covering, where 7 : P —» B is a P!-bundle over B isomorphic to the projectivization of the
rank 2 vector bundle £ := d.we;g ® L with £ invertible. Let O(1) = Op,;p(1) be the relative Grothendieck
tautological sheaf; if £ is sufficiently ample, O(1) is very ample. Each irreducible surface S from the linear
system |O(1)] represents a rational cross section of the bundle ; it is regular over the open subset U C B. If
A C P is the ramification divisor of y, then AN S is a very ample curve in A, hence, by the finiteness of 7ja,
7(A N S)is very ample in B. By construction, B\ U C 7#(A N S), so B can be covered by affine open subsets
of the form Us := U \ 7(A N S). Let s : U — P be the cross section defined by S, and Vs = p~1(s(Us)).
The map ps : 7o plys : Vs —> Us is an étale double covering with the following property: the family
¢vs : Cys —> Vs obtained from ¢ by the base change admits two natural regular sections sT Vg — Cvs,
sT being the tautological one, coming from the inclusion Vs C C, and s~ = sT ok, where x : Vs — Vs is the
involution transposing two points in the fibers of us. Then the cocycle ¢ is defined on Vs by o(k) = [s~ —s7],
where the brackets stand for the divisor class, so that the r.h.s. is a cross section of Jng JVs® The translation

by o(k) extends to P by Corollary 4.3; it is then presented on the level of the presentation functor by tensor
multiplication by the invertible sheaf corresponding to the divisor s~ — s¥. To finish the proof, it suffices to

note that the Altman-Kleiman compactified Jacobians P? are locally isomorphic in the étale topology over B.
a

Now, we turn to the question whether P! is Lagrangian with respect to some symplectic structure. The
above construction of J!, which is an open part of P!, and Proposition 2.3 imply that if P! is Lagrangian
over B, then P? is. By Theorem 1.1, this implies that B = P?, hence H!(B,Q?) = 0, and by Theorem 2.8,
we conclude the following.

Corollary 5.2.  With the hypotheses of Theorem 5.1, P! is Lagrangian over B if and only if PO is.

Now we discuss another more explicit construction of P! for particular families of curves arising in The-
orem 1.1 or Proposition 4.5 from a hyperelliptic K3 surface §: § —3 P2. We will also verify directly that P!
of such a family is Lagrangian over P?*. Let W be the hypersurface of the triples (p1,p2,p3) € S whose
images B(p;) are collinear. It is defined in affine coordinates by one equation of the form

&bm 1
62 n2 1 ] (11)
&3 n3 1

where (£;,7:) are coordinates on affine open charts of three factors P2, the three factors S being defined by
{y? — Ps(&:i,m:) = 0}, 7 = 1,2, 3. This equation descends to S because it is symmetric in (¢;,%:), 2 = 1,2,3.
Let g : W --» P2* be the natural rational map sending each triple (py, p2, p3), such that at least two of the
three points 3(p1), B(p2), B(p3) are distinct, to the line | = B(p1)B(p2)B(p3) C P2, andp: W --» Cg) the
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natural map (p;,pa2,p3) € W = (p1.p2.pa) € (3~ 1(1)B) ¢ C(a), where ¢ : C — B = P2* is the fa}.mily of
curves A~ }(1). Then p is a birational map which identifies g with the natural projection #3) : Cg) — B.

To write down everything in coordinates, represent C/B in the form {y® = Ps(z, s1z+52)}, where (s, 53)
are affine coordinates on a chart of B. Then the cartesian cube C}, (resp. S) has (z1, y1, =2, y2, 3,3, 51, 52)
(resp. (i, 7, ¥i)i=1,2,3) as affine coordinates, and p, p~! are given by

p: ('5;',711‘,31;:):':1,2,3 Y=Y, Ti= {i’ s51 = [u] ; S22 = [71:' - ugz] 3
& —& &G—6&

P_l : (31,3/1,32’?2»1'3»?!3»31,32) — Ei =Zi T =51T + 52, Yi =Y (i = 1,2;3),
where [.. .| denotes the symmetrization with respect to the subscripts ¢, 7.

Let a be the symplectic form on S®) induced by that on S, denoted as. Then there is a 1-dimensional
foliation in W defined by the kernel of a‘ w- We have, up to a constant factor,

_dfAdy
S = 2y ]
déi A dr),- zridz; dz;
“ [ 2y: } B [ 2y; ] Aot [ﬂ] hdsz,
so the distribution of kernels of al w 1s given by
z;dz; dz;
dsy; = dss [ % ] [2%] 0 (12)

By the Abel-Jacobi theory, these are exactly the equations of the tangent distribution of the Abel-Jacobi
map A : Cg) — J3 /B In taking into account that the generic fiber of A is compact (it is P!), this implies
that a}w descends to J2 /B

6. Computation of T(S%7 @ w?)

We will describe a way to compute the groups Ay = I'(X, S Ty ® w’x) for toric varieties X. Fix the
following toric data: an algebraic torus T = (C*)™, its lattice of characters M, that of 1-parametric subgroups
N =MV, and afan £ in N ® R defining a toric variety X = Xx of dimension n. For more details on toric
varieties, see [11]. We have a weight decomposition of Ak considered as a representation of T

A= P Aulm), (13)
meM

where Axi(m) is the T-semi-invariant subspace on which T acts by multiplication by the character z™ (we use
the monomial notation for characters: if £ = (zy,... ,Zn) are coordinates on T, then the character associated
withm € Misz™ = z[*' .. 27 ). To describe Agi(m), we start with the well known description of Qlc[x,] =
I'(X,,QY%, ) for an affine toric variety, i.e., in the case where the fan consists of a unique cone o and of all

its faces (see loc. cit.). The weight m subspace Qé[ X,}(m) is generated by the rational differentials of the

form z™~™ dz™ which are regular on X, . The regularity condition is verified at generic points of the toric
divisors Fy; C Xg,¢ = 1,... ,&, where g;,... ,0, are all the 1-dimensional cones (rays) of the fan (see loc.
cit. for the correspondence between cones of the fan and T-invariant subvarieties of X5 ). Finally, we have

Qepx, (m) = (™™ dz™ ) preti(m)»
where II(m) is the linear span of the minimal face 7(m) < 7 containing m, and 7 denotes the dual cone
oV ={me MR | (v,m) 2 0V v € o}. Note that in the case where X, is singular, Qﬁ(d should be
understood as the sheaf of Zariski differentials, i.e., 1-forms which are regular in codimension 1.

3280



Apply the same idea to describe the summands in the r.h.s. of (13) for an affine toric variety X, as groups
of rational tensors £ € S "(Q}J( x.))" ® (g X.,))®l which are regular at generic points of the F,,. The dual

(Qé( x))" (as a C(X, )-vector space) is generated (as a C-vector space) by the rational semi-invariant vector
fields 2™ Ly, where A € N,m € M, and L) denotes the invariant vector field on T C X, generating the action
by translations of the 1-parametric group A on T. To find out when z™ L) € A0 =I'(Xs,Tx, ), look at the
open piece O,; = Fy; N X, of F,,, which is the T-orbit associated with ¢;. The open subvariety X,, ~

(C*)*~! x C C X, can be endowed with coordinates z; = z"‘m, ceiyZn = 2™ where m(D), .. .-,m("'l)

form a basis of the lattice M Not, and m(™ ¢ Int(sY )N M completes it to a basis of M. Then Oy, is defined
by the equation z, = 0in X,,, and the condition that z™ Ly be regular on O,; means that its expression
in terms-of the coordinates 21,z doesnot-contain z;-in-the-denominator. Thus, if-Lx-# (const) + z,0,,
where Jj, is a shorthand for 3%, then the regularity on O, is equivalent to the condition ord,, (z™) > 0, i.e.,
(vi,m) > 0, where v; is the primitive vector of N spanning o;. If L, = (const)-z,, On, then A is Z-proportional
to v;, and the regularity condition is ord;,(z™) > -1, i.e,, (vi;m) > —1. Finally, we get the following
formulas for X = X,:

I(X,Tx) = €D Aio(m), (14)
meM
0, if there exist ¢,7 € {1,...,} such that {v; + v;,m) < =2,
CL,,, if there exists i € {1,...,x} such that {v;,m} = —1 and
Ay o(m) = (vj,m) 2 0 for any j # i, (15)

i CLy,, if (v;,m) 20V i€ {1,...,x}, where Ay,... , A is any lin-
7=1 early independent set of elements of N.

Note that the condition (v;,m) > 0V i € {1,...,k} is equivalent to m € ¢¥ = 7, and (v;,m) = —1
means that m lies in the exterior of 7, but is at the smallest possible distance from the wall o7~ of 7. The first
condition (v; + vj,m) < —2 forbids that m be at a distance > 2 behind a;'-, and also that it be behind two
walls at once.

Now, if Xy is a toric variety associated with any fan X, one should apply the above arguments to all the
cones ¢ € T. Let &, denote the set of all the r-dimensional cones in & {! = 0,1,... ,n), and N; the set of
primitive vectors of N on the rays from ;. Formulas (14), (15) remain valid for X = Xy, if one makes v; run
over Ny, x being the cardinality of N;. Similar arguments prove the analog of (14), (15) for tensors of a more
general form, given by the following proposition.

Proposition6.1. LetX = Xy, L), Ny = {vy1,...,v} be as above. Denote B;(m,l) = max{0,{—(v;,m)},
i=1,...,k, €N, me M. Let T be any subset of N generating N @ R as a R-vector space and containing
Ny, T®) = SymmXT its kth symmetric power, and

7O, = { (- M) € T |

for each ¢ = 1,...,k, v; Is present in
(A1,--. , Ak) at least B;(m,!) times

Then we have the decomposition (13) with

Al(m) =0 if Y Bi(m,l) >k, (16)
i=1
and
Agi(m) = > C-z™Ly, .- Ly, ® V', (17)
(A1 AR)ETR) (e 1)
dxl dxn . . . . . . .
where v = — A ... A — i3 a T-invariant n-differenticl having simple poles on all the E,, (0; € T1).
Ty In
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Example 6.2 (Vector fields on P2). ~ The fan ¥ in R? defining P2 consists of three 2-dimensional cones
(angles) (v1,v2), (v2,v3), (v3,v1) and their faces: three rays Rv;, ¢ = 1,2,3, and the origin {0}, where
v] = €1,V = €2,V3 = —e; — e in terms of the standard basis of R2. Here N, generates R2, so we can choose
T = N; = {v1,v2,v3}. The corresponding vector fields are L, = £101,Ly, = 2202, Ly, = —2101 — z28s.
Applying (14), (15) (or (13), (16), (17) with k£ = 1,1 = 0), we see that A(m) = A} o(m) can be nonzero only
if m is in the triangle A bounded by the lines (v;,m) = —1, and for m € A the nonzero A(m) are

A(~1,1) = (z281), A(0,1) = (z1720; + 2232),
A(—1,0) = (81), A(0,0) = (z;01,2282), A(1,0) = (z10) + z1228.),
A(0,—1) = (82), A(1,-1)=(z18a).
So, dim (P2, Tp2) = 8, as was expected.

Example 6.3 (Computation of I'(5¢7p2 ® w%z)), Applying (13), (16), (17) with k& = 6,1 = 2, we see
that Ag 2(m) can be nonzero only for m € A, where the triangle A} is cut out by the inequalities (v;,m) <
2, and for m € A, the vector spaces Ag 2(m) are 1-dimensional, generated by 1:’"L£’,1l Lf’,g Lf,g ® v2, where
b; = Bi(m,2). For example, the generator of Ag 2(m) corresponding to the vertex m = (—4, 2) of the triangle

2
is 1:;42:%(9:161 ¥ ® (d?zll- A %1) = 8% @ (dz; A dz2)?, and so on for the other 27 lattice points of A;. In

particular, dim ['(5%7p2 ® w?,z) = 28. One can identify this space with that of homogeneous polynomials of
degree 6 in three variables by the map

PG(X, Y,Z) — P5(01,62, —:7:161 - $262) X (da:1 A d.’l:z)z. (18)

7. Proof of Theorem 1.1

Let ¢ : C — B be a family of hyperelliptic curves of arithmetic genus 2 satisfying (i) and (ii) of Theo-
rem 4.1. Suppose that the variety P constructed in Theorem 4.1 is Lagrangian over B. Then, as shown in [19,
formula (21)], C is a double covering of the projectivization P = P(73g) of the tangent bundle of B ramified
in the divisor of zeros of a section o € (B, S®Tg ® w}). To make explicit this description in coordinates,
choose local coordinates z,y on B; then v can be written in the form

o= aij(z,y)0:8](dz A dy)®. (19)

To represent this as a homogeneous form on P, one should consider 9,9, as homogeneous coordinates of
the fibers of P over B; iet us denote them in this quality as £ = &,,7 = 8. Then C is defined by 2 —

3 aij(z,y)€'n? =0.

Lemma 7.1. Let E C B be an ezceptional (—1)-curve with local equation u = 0, and n a vector field in the
neighborhood of E, annihilating u. Then all the fibers of C over points z € E have a singularity atn =0 (g
being considered as a linear form on P ) of local analytic type t2 — wP = 0 withp > 4.

Proof. By the rigidity of exceptional subvarieties, we can identify the formal or analytic neighborhood of E
with that of the exceptional curve in the blow up A" of the origin in the affine plane A2 The tensors (19) will
be then represented by series in powers of z,y, which can be rewritten in the notation of Proposmon 6.1 as
infinite sums on m of elements of the semi-invariant spaces Ag;(m) defined by (17) with k = 6,{ = 2. For A
the fan ¥ has three rays, generated by ey, ez, e; + e2. The corresponding vector fields are Le, = z0z, L., =
YO0y, Le, 4e, = 0z + yOy. Then Ag 2(m) is generated by the ‘monomials’

§ = szkl Lk-kag

e1+ez

2
Qv = My (20, )k‘(yay)k:'("':aJc + yay)ks ® (% A iyi) (20)
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such that
mi+k1—220, ma+k—-220, my+ma+k3—-22>0,
ki +kot+ks3=6, ki>0 (i=1,2,3).
Let us rewrite (20) in a coordinate patch of the blow up, say £ = u,y = uv:
§ = ymitmatka=2,matka=2,5 _ 43,)51952853(du A dv)?.

Restrict it to the exceptional curve u = 0, in replacing 8,, 0, by the corresponding homogeneous coordinate
forms £,n on P:

(21)

Slu=o = _vm2+k1+k2—2§k3nk1+k2

with the additional restriction ordgd = m; + mg + k3 — 2 = 0. As 5 corresponds to the vector field 9,
annihilating u, we have to prove that k; + k2 > 4. Assume the opposite: ki + k2 < 4. Then, by (21), k3 > 2,
and my + ma + k3 — 2 = 0 implies m; 4+ ma < 0. Taking the sum of the first two inequalities (21), we obtain
my +mg + ky + ko — 4 > 0, which contradicts k; + ko <4andm; +mg < 0. O

The lemma implies that the local equation of C cannot be locally analytically equivalent to y? = z*F +
s1% + s2 + p(s1,s2,z) with p(sy,s2,z) = 0 mod(s1,s2)(z?), as it should be in order that (i) and (ii) of
Theorem 4.1 might be satisfied (see Remark 4.2). Thus, B is relatively minimal. By Theorem 1 of loc. cit., B
is rational, so it is P? or a Hirzebruch surface F,, (n =0,2,3,...).

Lemma 7.2.  Any section 0 € I'(B,S%Tg Q w}) for B = F, (n = 0,1,2,...) defines a family C/B of
generically singular curves.

Proof. Look at the two affine charts A2 in the atlas of F,, with transition functions (z,y) = (z1,1/y1). In
the chart (z,y), the tensor field o can be given by the formula (19). In coordinates (z1,y1), we have
2
o= Zaij (zl, —1—> 611('—yfay1)j@f—l‘/\_;{lg’)"
U Yi
It is holomorphic at y; = 0 only if a;; = 0 for j < 2. This implies that if £, denote the homogeneous
coordinates on P corresponding to 9z, 0y, then n = 0 is a (at least) double point of every curve of C/B. 0O

Hence, the only possible caseis B = P2. The general form of o is represented in this case by (18). Replace,
as above, the fields 81, 32 by corresponding homogeneous coordinates £, 77, change the notation for coordinates
in the base B from x1, z2 to s1, $2, as we have done in the preceding sections, and pass to the affine coordinate
z = £/n on the fibers of the P!-bundle P. Then we will obtain the following family of hyperelliptic curves:
t2 — Pg(z,1,~s1z — s2) = 0. This is one of the affine charts of the family {37!(I)} for the map §: § — P?
ramified in the sextic curve Pg(X,Y, Z) = 0, the lines [ C P2 being parametrized by Z = —s; X ~ s2Y.

The regularity of the extension of the symplectic structure to the compactification P can be proved by
using its coordinate representations as in (26), loc. cit. The rest of the statements of the theorem follow from
Corollaries 4.3, 4.4, 5.2, and Proposition 4.5; the regularity of the extension of the symplectic structure to P!
follows from Theorem 5.1, together with the Riemann extension theorem, as codim P! \ J! > 2.
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