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Abstract. In 1973, E. Szemeredi proved a theorem which found numerous applications in extremal 
combinatorial problems--The Uniformity Lemma for Graphs. Here we consider an extension of 
Szemeredi's theorem to r-uniform hypergraphs. 

In [3] Szemeredi proved the theorem which found a lot of  applications in graph 
theory - the Uniformity Lemma for graphs. Here we give an extension to r-graphs. 
We hope that  this will prove to be nearly as useful as Szemeredi's theorem. So far, 
we have found two applications: p roof  of a conjecture of  Erd6s concerning Turan-  
type problems [1,2]  and giving an alternative condit ion for quasirandomness  
(Chung, F.R.K., Graham,  R.L., Quas i - random hypergraphs,  preprint, 1989). P roof  
of these applications will be a subject of a subsequent paper. 

Let G = (V, E) be a graph and A, B c V be a pair of disjoint subsets of V. The 
density (A, B) is the fraction d(A, B) = e(A, B)/] A]l B[, where e(A, B) is the number  of 
edges with one endpoint  in A and second in B and IAI, IBI denote the cardinalities 
of A and B respectively. A pair  (A, B) is called 6-uniform (with respect to G) if for 
every A' c A B' c B, ]A'[ > 61A[, [B'[ > 61B], [d(A,B) - d(A',B')I < 6 holds. The 
partition V = Co U C1 O. . .  U Cl is called &uniform if: 
i) ICol < 61Vl 
ii) ICll = IC2l . . . . .  IGI 

iii) all but g(12) of the pairs (Ci, C~) are g-uniform l <_ i < j <_ l. 

For  every g > 0 and positive integer m, there exist positive integers no(g, m) and 
mo(g,m) such that every graph with at least no(g,m) vertices has a g-uniform 
partition into/-classes, where 1 is an integer satisfying m < 1 < too(g, l). 

Here we extend this lemma to r-uniform hypergraphs-- ( r -graphs) .  Our  p roof  
utilizes similar idea as that of Szemeredi, but  uses somewhat  different concepts. 

N o w  we introduce some further notat ion:  Let H be an r-uniform hypergraph 
with vertex set X. Let X = X 1 tO X 2 U. . .  U X v be a partition. Suppose now that  for 

* The work on this paper was done while the authors were visiting AT&T Bell Laboratories in 
1985 
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every 1 < il < i2 < " ' "  < i t -1  --< V, I = {ix, i2  . . . . .  i t - 1  } the complete r - 1 partite 

graph K(XI, ,Xi2 . . . . .  Xir_l) = ~ G~ is part i t ioned into m subgraphs G~. For  
0 t = l  

1 < _ i l < i 2 < ' " < i , < v ,  J = { i l , i 2 , . . . , i r }  and 1 < e l ,  ct2, - .- ,  ~r < m  let 
R(J, ct 1, o~ 2 . . . . .  ~ r )  be the collection of complete (r - 1)-graphs on r-points (viewed 
as r element sets) in the union of t ,  (r - 1)-partite graphs Gs '  {11}, G~L{~2}... G~_{ir}. 
Clearly, we can view R(J, al ,  c~2,..., at) as an edge set of r-graph. 

Set now H(Xh ,  X~2 . . . . .  X~r) = {H s H, IH fq XjI = 1,j = il, i 2 . . . . .  ir} and define 
the density of H with respect to r - 1  partite graphs G/~, j = 1, 2 . . . . .  r, 

where I j = J - { i j }  by d ~: ' =  = (GIj, J 1 , . . . , r )  [H(Xh '  . . . .  Xi~)NR(J 'cq  . . . .  '~)1 if 
I R(J, ~1 . . . . .  ~,)1 

R(J ,~a . . .c~)  ~ ~ .  If  R ( J , ~ I . . . c t ~ ) =  ~ we set d(G~,  1 _<j < r ) =  0. We set also 
r(J, oq,c~2 . . . . .  ~ )  = IR(J,~l-. .Ur)l- 

Finally, we say that  an r-tuple (G~, 1 < j < r) is &uniform (with respect to H) 
if for all subgraphs F~  = G/J, j = 1, 2 . . . . .  r satisfying r(F~J, 1 _<j < r ) >  
6r(G~, 1 _<j _< r) one has~ld(F~S1 <_j < r) -- d(G~j, 1 _< j < r)l < 6. j 

system . . . . .  o }  is ca,led   ni orm but 

proportion of r-tuples (x h ,x~ ,  . . . .  xi~ ), xij ~ Xi~ form a complete r-gon in some 
6-uniform r-tuple (G~, j  = 1,2, . . . , r ) .  N o w  we are ready to state the uniformity 
lemma. 

Let 0 < ~ < 1 and t, and v be positive integers then there exist to(~, t) and n(6, t) 
such that  for every r-uniform hypergraph H with vertex set X part i t ioned into 
part i t ion classes X ~ U . . . U X ,  Ix~l > n(6, t) there exists a 8-uniform system 

G~, c~ = 1, 2 . . . .  , m, I e , where t _< m _< to(6, t). 

No te  that  if IX11 = IX21 . . . . .  I x~l, similarly to Szemeredi's uniformity lemma 
one can achieve here that  the same statement is true with m + 1 classes G~, e = 0, 

1 . . . .  ' m f ~  SUchthatlG~ 

IGTI. 
We start with one auxiliary claim which we shall state wi thout  p roof  and we 

will use later: 
Let #b, db, b ~ A be positive reals satisfying ~ /~b = 1. Set d = ~ #bdb . Let 

b ~ A  b e A  

B = A be a subset such that  ~ #b > ~ and ~ l~bdb > 6(d + ~). Then ~ I~b d2 > 
b ~ B  b ~ B  b ~ A  

63 
d 2 + _ _  

1 - ~ "  
Let X = X~ U. . .  kJ X~ be an arbi t rary part i t ion of  the vertex set of H with large 

(this will be specified later) part i t ion classes. For  every r -- 1 tuple 1 _< i I < i z < 
�9 .. < i~_~ <_ v, I = {i t , iz  ..... ,i~_~} set K(I) = K ( X q , X ~  . . . . .  Xi,_~) and let {G~} = 
{G~, I ~ { 1, 2 , . . . ,  v}, I II = r - 1, c~ = 1 . . . . .  t} be an arbi t rary system of (r - 1) par- 

t 
tite (r - 1) graphs such that  ~ G~ = K(I). 

e = l  

If  we are lucky this system is 6-uniform and we are done. Suppose that  this is 
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not the case. F o r  an r- tuple J = {il , i  2 . . . . .  it} set Ij  = J -- {i~} d(J,o~l,o~ 2 . . . . .  o~,) = 
d(G~t~,j = 1, 2 . . . .  , r). 

Also, if a = (~i, ~2 . . . . .  ~r), 1 < ~i --< t then we set  •J,a ~" 
r(J, a) 

~ { j ~ r  I X j l ' K ~ ( [ l ' r V ] ) }  t ~ 1 7 6 1 7 6 1 7 6  

to the n u m b e r  of  all r- tuples which intersect each of the sets X~ in at mos t  one 
element. 

We define the smoothness  of  the present  par t i t ion by a({G~}) = ~ 2j, ,(d(J,  a)) z 

w h e r e t h e s u m m a t i o n i s m a d e o v e r a l l ( a t m o s t V ( ~ ) c l a s s e s o f a a n d J . )  

Note  that  smoothness  is a weighted average of squares of densities and therefore 
it never exceeds 1. F o r  each nonuni form r-tuple (G~I, i e J) choose (r - 1)-partite 
(r - 1)-graphs F ~  ~ G~11, F ~  c G~, ~, . . . ,  F ~ c G ~  such that  r(F~,j  = 1, 2, .. ., r) > 

~ j  - 6r(Gii,j = 1,2 . . . .  ,r) and Id(J,71 . . . .  ,~r) -- d(F~],j = 1,2 . . . .  r)l > 6. 
Fo r  each r - 1 tuple I there are at  mos t  (v - r + 1)t ~ different Fi 's  occuring in 

the nonuni form r-tuples, i.e., for which the second equat ion  holds. Let  F~', kt = 1, 2, 
. . . .  q(I) (1 _< q(1) <_ (v - r + 1)t ') be the list of  all these (r - 1)-partite (r - 1)- 
graphs. We have clearly F~ = K(X~I, . . . ,X~,  1), where I = {in . . .  it_a}. Let  us con- 
sider the Venn d iag ram of the system {F~', 1 < kt < q(I)} U {G~, 1 _< ~ < t}, in the 
set K(Xi . . .X i~_ ,  ) i.e., the coarsest  par t i t ion K ( X i l . . . X i ~ _ , ) =  E~ U ' . .  U E~ ~r) sat- 
isfying either E~ ~ F~ f3 G~ or E~ f3 F~' N G~ # ~Z~ for all v, # and ~. Clearly p(1) <_ 
t2 q(t) holds. 

For  J = {it . . . . .  it}, Ij = J -  {ii} and  for two r-tuples a = (~a ...C~r), b = 
([3~ . . . . .  fir), 1 < ~ < t, 1 < fl, < p(I) write b < a i fE ] j  = G ~  for e v e r y j  = 1, 2 . . . .  , 

r(E~j, 1 _< j _< r) �9 
= - -  - ano  d~ = d(E~j, 1 < j < r). r. Set also #~ r (G~ ,  1 < j < r) " - 

We will now compare  the smoothness  of the new system {E~} = 

{ r ~ , I e ( [ l ' r V ] ) , l  <<_f l<p( I ) }ando ldsys t em{G~}={G~, Ie ( [ l ' rV] ) , l  < ~ < t } .  

Wehaved(J ,a)  = d(G~,  1 < j  < r) = ~ {#bdb;b < ( ~  . . . . .  ~,)} and  clearly Z #~ = 
b b < a  

1. 
According to this we have clearly d(J, a) 2 < ~ i~bd 2. However ,  if the r- tuple 

b <a  
~1 ~2 ~r " (G~I, GI~ . . . . .  G ~ )  is not  f -uni form,  then by the Cla im we have moreove r  ~ a~d 2 > 

33 
d(J, a) 2 + 1 ~  ~ .  On  the other  hand  f rom the assumpt ion  that  the old system {G~} 

is not 6-uniform i.e., that ~ 2s,, >_ , we infer that a(E{) = ~ 2s,~(b~< #bd~) > 
3 ~ 

a({G~}) + ~ holds. Thus,  on assumpt ion  that  {G~} is not  f -un i fo rm we get a 

3 4 
system, the smoothness  of  which is larger and the difference is at least 1~66.  
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If the new part i t ion is 6-uniform then we are done, otherwise, we repeat this 
procedure replacing {G~} by {El} and instead of {El} we obtain a new system as 

1 - ~  
long as we get a 6-uniform system. This can be repeated, however, at mos t  ~ 

times, otherwise, we obtain  a part i t ion with smoothness  bigger than 1. Thus, if 
n > n(6, t) is sufficiently large, we have to arrive to a system which is &uniform. [ ]  
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