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Abstract. Upper bounds for the number of variables necessary to imply the
existence of an m-dimensional linear variety on the intersection of r cubic hypersur-
faces over local and global fields are given.

R. BRAUER [5] demonstrated that if a field F has the property that

there exists an integer valued function yp(d) such that every addi-
yr(d)
tive equation 2 a;x¢ = 0, a;€ F, has a nontrivial zero defined over F,
1

then there exists a function @5(d,,...,d,;m) such that every projec-
tive variety V' < P" which is the common zero set of » forms in
n + 1 variables of degrees d|, .. ., d, with coefficients in F necessarily
contains a projective m-dimensional linear F space provided
n>=®&p(d,..., d;m),and the conclusion fails for smaller #. Since it is
easily demonstrated that yq, (d) = v, (d) exists for the p-adic field Q,,

and indeed y,(d) < d* + 1 for all p and d (see [7]), it follows that
D,(dy,....d;m) = Dg (d,...,d,; m) exists. The argument as present-
ed by R.Brauer did not provide estimates for @,(d,,...,d,;m) and
simple minded calculations suggested by his argument would provide
upper bounds on @, of excessively high exponential order. Over the
last 40 years considerable effort has been expended on obtaining
bounds for @, when m = 0. We mention only a few of the results
that have been obtained. Let ,(d,,...,d,) = ®,(d,, .. .,d,;0). Then
?,(2) = 4 (MEYER [16]); @,(3) = 9 (LEwis [14]); €,(2,2) = 8 (DEM-
YANOV [9], BircH, LEwis and MureHy [3]); @,(4) > 20 (TERJANIAN
[21]); @,(d;,....,d) =d} + ... + d; provided p is sufficiently large
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compared to the d; (Ax and KocHEN [2]); for each prime p and each
¢ > 0 there exist infinitely many d for which @,(d) > e?" * (ARCHIPOY
and KARACUBA [1], Lewis and MONTGOMERY [15] BROWNAWELL [6]),

®,(d) < e* * (ScuMIDT [17]). In the last year David Leep and Wolfgang
Schmldt have shown @,(2,...,2)<2r*+2r—4 (Leer [12]);

?,(3,...,3) < 50,000 (SCHMIDT [18]). Very little investigation has
occured for the situation where m > 0.

B.J. BircH [4] reﬁned Brauer’s argument and obtained an analo-
gous result for varieties defined by forms of odd degree over Q. Spe-
cifically, Birch showed one can define a function Iy (d,,...,d.;m) =
=1'(d,...,d;m) with all arguments &, odd with the properties
ascribed to @. Little is known regarding the size of I and what is
known concerns cubic hypersurfaces; specifically: 9 < I'(3;0) < 15
(DAvenporT [8]); I'(3;0) =9 if the hypersurface is nonsingular
(HEaTH-BROWN [10]); and I"'(3, .. ., 3;0) < (107)° (ScamipT [19]). For
odd d; ScamiDT [20] has shown a basis x©, .. ., x" can be chosen for
the linear space which have integer coordinates of small absolute
value, say < N, provided n exceeds a function of d,,...,d,, N and the
coefficients of the forms. The function provided by the proof would be
astronomical in size.

It is our purpose here to draw attention to the case m > 0 and to
give bounds for @,(3,...,3;m) = 4,(r,m) and for I"'(3,...,3;m) =
= A (r, m), when m > 0. Except for one use of a result of Schmidt our
methods are elementary and on the whole our results are disappoint-
ingly weak.

Proposition 1.
4+2m ifr=1,
®,2,..,2;m < .
(2 ) {2r2+2r*4+(r+l)m ifr>1.

Proof. The proof is by induction on m for fixed r. When r > 1 and
m = () the conclusion is Theorem 2.8 of LEep [12]. For m > 0, the
conclusion follows from Corollary 2.4 of [12].

Proposition 2.

®,(3 )<{9 ifm=0,
) <
P 3m*+1lm+5 ifmz1

Proof. Again the proof is by induction on m. If m =0, the
conclusion holds (LEwis [14]). Let y (72) denote the function on the
right hand side of the inequality. Suppose the proposition holds for
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some integer m. Let f be a cubic form in n + 1 variables over Q, with
n = y(m + 1). Since y 1s monotonic it follows that the zero set V of f
contains an m-dimensional Q,-linear projective space .#. After a
change of variable we may assume

M= {te+ ... + t,e,tePg}.
Then

fteeg+ ...+ t,e, +1t(0...0,1s..P)) =

= Z it Lis(y) + z L Q(y) + P C(y).,
i,j=0 i=0

where the L;;, Q;, C are respectively linear, quadratic and cubic forms.
By Proposition 1 there is a 9-dimensional Q,-projective linear space
NonLy=...=L,,=Qy=...=0Q, =0 provided

n—m+D)*z2m+ 1D +2m+1)—44+9(m+2);
i.e., provided
nz23m+ 1)+ 1im+D+5=pm+1).

It follows that C vanishes on a point a in .#" and hence {f,e, +
+ ...+ 1,6, +ta} is a (m+ 1)-dimensional Q,-linear projective
space on f'= 0.

Theorem 1. There exist constants C,, C,, C, such that
CO r3 l_fm = 0,
Cirtm* + Cor*m ifm> 1.

4mm<{

Proof. The assertion for m = 0 is a theorem of ScamiDT [18]. For
m = 1, the assertion follows by induction on m, as above, except this
time we need find a projective @, -linear space of dimension > C,y7* on
the intersection of (m + 1)*r linear forms and (m + 1)r quadratic
forms.

We next prove a theorem that provides upper bound estimates for
I'(3,m) = &g (3; m). Actually we prove a result for any field Fwith the
property that @(3;0) exists. One cannot argue as in Proposition 2
since @x(3;0) may be defined while &5(2;0) may not; as is the case
when F = Q. The argument we use is based on an idea of BIrcH [4].

Theorem 2. Let F be a field with the property that there is a constant
Ao = 4o (F) such that every cubic projective hypersurface defined over F
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and lying in P" contains a point defined over F provided n > 4,. Then
with o = 1 (5 + /17), we have

Pr(3;m) < A(m + 1)%,
where A is a constant that depends only on J.

Note: In the case of the rational field, DAVENPORT [8] has shown
40(Q) < 15. Hence Theorem 2 provides an upper bound for 1'(3; m).

Proof. It will be convenient to work affinely rather than projec-
tively. Let C(x) be a cubic form in N variables defined over F. Let
T(x,y,z) be a trilinear form on F¥ with T(x,x,x) = C(x). Here T
need not be symmetric and indeed is not if the characteristic of Fis 2 or
3. Let 6(u+ 1) = ®5(3;u) and suppose §(x) < o0 for 1 < u<m.
Clearly 6 () is monotonic increasing. Let ¢ be a fixed positive integer
less than m. Let

s=8()+3(m~0H*+1,

A=68(m—1)+ 35" +5.

Suppose that N > 4. Let W be an arbitrary, but fixed, F-linear
subspace of F" of dimension s. Let a,,...,a, be a basis for W. Since
N > A, the 35 linear equations :

T(aisajsx) = T(aioxaaj = T(Xaaiaaj) =0, 1<ij<s,

have a F-linear space of solutions U such that Un W = {0} and
dim U > § (m — ¢). By the definition of é (m — ¢) the form C vanishes
identically on a F-linear subspace U, of U with dim U; = m ~— ¢. Let
b,,...,b,_,beabasisfor U,. By the definition of s, the 3 (m — ¢)*linear
equations

T(bl‘, bj’ X) = T(bi, X, bj) = T(X, bi’ bj) = 0, 1 S l,] < m — t,

have a F-linear subspace of solutions W, lying in W with
dim W > §(¢). By the definition of 6 (¢), the form C vanishes on a F-
linear subspace W; of W] with dim W, =¢. Since Wsn U, WnU={0}
we have V' = W+ U, is of dimension m. Our construction is such
that C vanishes identically on V",

Thus we have shown, if for some rin 1 <t <m,
Nzsm—-0D+380O+3m—-0*+1}2+6(0+3m—0>+2,

then C = 0 contains a F-linear space of dimension m. It follows that
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dm<om—0+3{0(H)+3m—0n*+2}*, 1<t<m.
Let m = gt + u where 0 < u < . Then we have
dm<dm—20+3{(6@O +3m—0*+2}* +
+3{6()+3m—20*+2}2
and, by induction, since § (u) < 6 () we obtain
s(m) <48() + 3[_mz/? (6 +3772+2)2, 1<t<my

=
whence

G(m, ¢ U(m, f
(':’)a(z)+ ('t”), I<t<m,

6(m)<3?6(t)2+

where G and U are cubic and quintic forms, respectively, with
coefficients independent of m,z. Thus, there exists an absolute
constant C > 1 such that,

6(m)<C?{(S(t)zntmzé(t)—km“}, 1<t<m. )

é(m)

With # (m) = —— for m > 1 we obtain

11—«

n(m) <2C2— (51 + m )

t
for 1 <t < m. Taking t = 1 we get
n(m) <m’™*.

Substituting % (r) < £>~* into (2) we find that

nm) <m' =™ + m>17!,
With ¢ = [m%?] this becomes

7 (m) < m@ - — 1 Q~Q15) (3)

We may suppose that C > 1 in (2). Put
7* (m) = max (100 C%, n(1),...,n(m — 1)),
t=t(m) = [8 Cm™*[n* (m)].

When m is large, we have 2 < ¢ < m by (3). We insert ¢ = ¢(m) into (2)
to obtain
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1 (m) < 2.Cr* (m)>m! = (8 Crn¥efy* (m))* " +
+ 2m3 O % m)8 C) < o () (8 O (m)> 2% + 3).

But #*(m) > (10C)%, so that »*(m)?*~?> n*(m)s > (10C)"" >
> (100)** > 2(8C)*
Therefore
n(m) < n*(m)

and »*(m + 1) = 4*(m). Thus for large m the function »* (m) is
constant, and 5 (m) is bounded. Thus 6 (m) < m* for m > 1, and
d(m) < A(m+ 1)*for m > 0.

Our original version of Theorem 2 contained an additional factor
(logm)®. The improved version given here is due to the referee.

To compute an upper bound for A, (r,m) = @z(3,...,3;m), where
Ay = @5 (3;0) exists, one can proceed as in the proof of Theorem 2. If
Ag(r,m) is the number of variables needed for r cubic forms over F to
contain a common m-dimensional F-linear space of zeros, we find that
foranytin 1 <t<m,

[M/1
Ap(r,m) < Ap(r,£) + 37 2 {Ap(r,0) + 3rj2 12 + 2}%;

: 1

whence, for 1 <t < m, we have

rm
Ap(r,m) < C —t—{AF(r, D2+ rm?A.(r, t) + r’m*}.

To proceed further one must know something regarding the size of
AF(I‘, l)

In case the field is the rational field, we know from [19] that
Aq(r; 1) < ar® for some absolute constant a. In that case with ¢ = 1,

we obtain
Ag(r;m) < Ar'tm + Brim® 4)

where A4, Bare absolute constants. We have been unable to improve on
this by elementary methods.

Wolfgang Schmidt outlined for us orally the following result,
which we include with his permission.

Theorem 3 (W.Schmidt). Ag (r, m) < rm>.

Schmidt’s argument is as follows. Let C, (x),.. ., C,(x) be r cubic
forms over R in r + 1 variables. Then the map
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Jx) = (G (x),...,C(x)

is a continuous map of the r-dimensional sphere into R”. It follows
from the Borsuk—Ulam Theorem ! that there exists a point a on the
sphere (hence a # 0) such that f(a) = f(— a). Since fis an odd degree
map, we have f(a) = 0. Thus Agx(,0) =r.

The real manifold M of common zeros of r cubic forms in n
variables meets every r + 1 dimensional real manifold and hence
dmM>=n—r.

Let C,,...,C, be r cubic forms in n + 1 variables with real
coefficients. Let T, (x,y, z) be the symmetric trilinear forms on R**!
such that 7,(x,x,x) = C,(x). Let x;,...,X,,, be (n+ 1)- tuples with
distinct variables and form the cubic forms T, (x;, X;, X;) = T, with

2m+2
I1<v<sr1€ij,k<2m. Therearer( 3 )oftheforms T,;;xand
hence the real manifold 7 of common zeros of the T, in R*™®+1 jg

2m + 2
m3 ) A vector y in R27¢+)

determine 2 m vectors in R**! by the associationy = (yi,. .., ¥,,). The
set % of vectors y in R>™®+ D guch that the rank of {y,,...,¥,,} is at
most m is a real manifold of dimension A = m(n 4 1) 4+ m?;indeed ¥
1s the union of linear R manifolds of dimension at most 4. Hence, if

of dimension >2m(n + 1) — r(

2m+2
2m(n+1)—r< m3 >>m(n+1)—|—m2 there are points a =

=(a;,...,a,)onJ noton%¥. Thusifn>m+ 5 r(m +1)@2m+1)
there existm + 1 linear independent pointsby, .. ., b, in R”*! such that
T, (b, },bk) =0, l<v<r, 0<i,jk<m; whence C(tobg + ... +
+ t,b,) 1s identically zero. Thus Ag(r,m) <2rm? if m> 35 and
Ag(r,m) < 5rm*if m> 1.

An adaptatlon of this method for the field @ would yield
Ag(r,m) < r3 m'* which is better than the bound obtained above if r is
very large compared to m.

Since we have shown Ag (r,m) < r*m? and AR (r,m) < rm , it is
dlsappomtlng to have to settle for Ag(rsm) < Ar'm + Br3m’® resp.
Ag(r,m) < rom",

! An algebraic proof of this theorem for polynomial mappings of odd degree has
been given by KNEBUSCH [11].
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If one were to make full use of the local information it would
appear some recourse to the Hardy—Littlewood method or adelic
methods will be needed. To date we have been unsuccessful in
adopting such methods to determining linear manifolds on algebraic
varieties.

It is easily seen that the proof of Theorem 3 can be adapted to give

Theorem 4 (W. Schmidt). Let Ag(r, d; m) be the least number such
that the zero set of any r forms of odd degree d with real coefficients in
§ > Ag(r, d; m) variables contains an m-dimensional linear projective
real space. Then Ag(r,d;m) < C(d)rm®, where C(d) is a constant
that depends on d.
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