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ON THE UNIVERSALITY OF THE RIEMANN ZETA-FUNCTION

A. Laurindikas*

Let {(s), s = o +it, denote the Riemann zeta-function. In 1975 S. M. Voronin [1] discovered the following
famous property of the function ¢(s).

THEOREM A (Voronin). Let 0 <r < 1/4. Let f(s) be any continuous function on the disk |s| < r, which is
analytic and nonvanishing in the interior of this disk. Then for every ¢ > O there exists a real number v = t(¢)
such that

max
blsr

§<s+§+ir)~—f(s)' <. (1)

A property of the function {(s), indicated in Theorem A usually is called the universality. Roughly speaking,
this property asserts that any analytic function can be approximated uniformly on the disks of the strip D =
{s € C, 1/2 <o < 1}, where C stands for the complex plane, by translations of the function £(s5). A stronger
concept of the universality was proposed by A. Reich [2]. Let d(A) = lim;_, ,1/T meas{t € [0, T]N A} denote
the lower density of the set A. Here meas{A} stands for the Lebesgue measure of the set A. This stronger version
of the universality asserts that a set of numbers t, satisfying the inequality (1) has a positive lower density. B.
Bagchi in [3] applied the limit theorems in the space of analytic functions to prove the universality theorems,
and he obtained that any analytic function can be approximated uniformly on some compact subsets of D by
translations of {(s). A final version of the universality theorem for £(s) is presented in [4, 5] as the following
theorem.

THEOREM B. Let K be a compact subset of the strip D with conected complement. Let f(s) be a nonvanishing
continuous function on K which is analytic in the interior of K. Then for every ¢ > 0

gl_(v: € R, sup|L(s +it) — F(s)] < e) > 0.
sekK

Here, as usual, R denotes the set of all real numbers. In [6] a limit theorem for the Riemann zeta-function
with weight in the space of analytic functions has been obtained. Moreover, in [7] the explicit form of the limit
measure in the latter theorem was indicated. Thus a possibility turned up to prove the universality theorem with
weight for ¢(s).

Let w(¢) be a positive function of bounded variation on [Ty, oc), Tp > 0, and such that its variation Va” w on
[a, b] satisfies the inequality Va” w < cw(a) with some ¢ > 0 for all b > a > Ty. We define a function

T
U=U(T,w)=/w(t)dt
Ty
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and suppose that limr., U (T, w) = oo. Moreover, we require some additional property of w(z), related to
ergodic theory. Let EX denote the mean of a random variable X. Let X (7, ) be an ergodic process defined on
a probability space (2, F,P), T € R, E|X(r, w)| < oo, such that the sample paths are integrable almost surely
in the Riemann sense over every finite interval. Suppose that

T
Elj—/w(r)X(t +t,w)dt =EX({t, w)+o(1+|t])*

To

almost surely for all ¢t € R with some o« > 0 as T — oo. The latter relation is some generalization of the
classical Birkhoff—Khintchine theorem which asserts that

T
o1
Tlgrolo?. X(r,w)dt = EX(0, w)
0

almost surely.
Let I, stand for the indicator function of the set A. Our aim is to prove the following assertion.

THEOREM. Suppose that the function w(t) satisfies all conditions indicated above. Let K be a compact
subset of the strip D with connected complement. Let f(s) be a nonvanishing continuous function on K which
is analytic in the interior of K. Then for every ¢ > 0

T

.1
lim - w(T) (z: sup [KGs+in)-f)<e) T > 0.
T—oc0 7 ek

0

The proof of the theorem is based on a limit theorem with weight in the space of analytic functions. Let
B(S) stand for the class of Borel sets of a space S. Denote by y the unit circle on the complex plane, that is,

= {s € C, |s| = 1}, and take
QZH}’p,
P

where y, = y for all primes p. With the product topology and pointwise multiplication the infinite-dimensional
torus §2 is a compact topological group.” Therefore there exists the probability Haar measure m on (2, B(£2)).
Thus, one gets a probability space ($2, B(£2), m). Let w(p) stand for the projection of w € Q to the coordinate
space yp. Let G be a simply connected region on the complex plane. Denote by H(G) the space of analytic on
G functions equipped with the topology of uniform convergence on compacta. Let D; = {s € C, o > 1/2}. On
the probability space (2, B(S2), m) define an H(D))-valued random element {(s, @) by the formula

_ 0@\
. =TT (1 - 22
2 p

and denote by P, the distribution of {(s, w). Let P, be the restriction of P, to (H(D), B(H(D))). Define on
(H(D), B(H(D))) the probability measure

T

1
Prw(A) = T / w(T) [ir: ¢(s+inyea) dT.
To

LEMMA 1. The probability measure Pr ., converges weakly to Py, as T — oo.
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Proof. The lemma is a part of a theorem from [7].

Now we state one lemma on the support of the measure P ;. Let S be a separable metric space and let P be
a probability measure on (S, B(S)). We recall that a minimal closed set Sp C S, such that P(Sp) = 1, is called
the support of P. Note that Sp consists of all x € S such that for every neighbourhood G of x the inequality
P(G) > 0 is satisfied. Let

={f € HD), f(s)#0or f(s) =0}
LEMMA 2. The support of the measure Py is the set S.

Proof of the lemma is given in [1], see also {5].
For the proof of theorem we will need one property of the weak convergence of probability measures.

LEMMA 3. Let P, and P be the probability measures on (S, B(S)). Then two following assertions are
equivalent:

19 P,, converges weakly to P as n — oo;

2° lim P,(G) = P(G) for all open sets G of S.

n—>oo

Proof. The lemma is a part of Theorem 2.1 from [8] where its proof can be found also.
The following assertion is called the Mergelyan theorem.

LEMMA 4. Let K be a compact subset of C whose complement is connected. Then any continuous function
f(s) on K which is analytic in the interior of K is approximable uniformly on K by the polynomials of s.
Proof is given, for example, in [9].

Proof of theorem. First suppose that the function f(s) has nonvanishing analytic continuation to D. Denote
by G the set of functions g € H(D) such that

sup |g(s) — f(s)| <e.
sek

By Lemma 2 the function f(s) € S, i.e., it is contained in the support of the random element ¢ (s, w). Clearly,
the set G is open. Since by Lemma 1 the probability measure Pr, converges weakly to Py, as T — 0o, it
follows from Lemma 3 as well as from the properties of the support that

hm _fw(f)l(r sup ¢ (1)~ —f@i<eydt 2 P (G) > 0. (2)
To

Now let f(s) be as in the statement of the theorem. Then by Lemma 4 there exists a sequence of polynomials

{pn(s)} such that p,(s) — f(s) uniformly on K. Since f(s) # O on K, we have that p,,(s) # 0 on K fora
=00

sufficiently large np and .

sup [ f(s) — pny($)] < £/4. (3)

sek

Obviously, the polynomial p,,(s) has only finitely many zeros. Thus we may choose the region G; with
connected complement such that K C G; and py,(s) # 0 on G;. Consequently, there exists a continuous
version of log p,,(s) on Gy, and log pn,(s) is an analytic function in the interior of G;. By Lemma 4 again we
can find a sequence of polynomials {g,(s)} such that g,(s) et log py,(s) uniformly on X. Consequently, for

sufficiently large n;
sup |Pry(s) — explgn, (D} < /4.
se ’

The latter inequality together with (3) gives

sup 1f(s) — expign, ()}] < €/2. C)
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Obviously, exp{q;(s)} # O for all 5. Therefore by (2) from the first part of this proof we have

hm = / w(f)l(r s 12 (s+it)-explgn, (<)) <e/2) 4T > 0.
Ty

Hence, taking into account the inequality (4), we find that

. 1
lim —‘/w(f)l(rz sup [t (s+iT)—f ()| <e) AT > 0.
-0 U T sekK
1]

The theorem is proved.
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