
Dynamic-finite-element and Dynamic-photoelastic Analyses 
of Two Fracturing Homalite-lO0 Plates 

Numerically determined and experimentally established dynamic-energy-release 
rates show remarkable agreement with each other 

by A. S. Kobayashi, A. F. Emery and S. Mall 

ABSTRACT--A dynamic-finite-element code, HONDO, was 
used to analyze two single-edged-notch fracturing Homo- 
l ite-100 plates which had been previously studied by dy- 
namic photoelasticity. A single-edged crack in the finite- 
element model was advanced in incremental jumps such 
that the time-averaged crack velocity matched the measured 
crack velocity in the Homalite-100 plate. Dynamic-energy- 
release rates were computed for a constant-velocity crack 
and a crack which arrested after a somewhat constant 
deceleration. These results were compared with the corre- 
sponding dynamic-energy-release rates, which were com- 
puted from the dynamic-stress-intensity factors determined 
by dynamic photoelasticity, and with static-strain energy- 
release rates. Despite the crude modeling of the running 
crack, the coarseness of the finite-element-grid breakdown 
and the differences in the modeled and actual grip condi- 
tions, the computed and measured dynamic-energy-release 
rates, except for occasional large differences, generally 
agreed within 10 percent of each other. 

Introduction 
For the past six years, one of the authors and his col- 
leagues 1-5 have been using dynamic photoelasticity 
to determine t ransient  isochromatics in stiffened and 
unstiffened Homalite-100 plates with single-edged 
cracks subjected to uniaxial  tension with and without 
impact loading under  fixed grip conditions. More re-  
cently, dynamic photoelasticity was used to analyze 
the t ransient  states in dynamic- tear - tes t  (DTT) 
specimens and wedge-loaded double-cant i lever -beam 
specimens. In  the above dynamic- f rac ture  experi-  
ments, the runn ing  cracks either arrested, branched 
and /o r  penetrated through the test specimens. In  
some instances, the runn ing  crack c i rcumvented an 
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open hole straight ahead in  its path. In  other cases, 
the crack would r un  through or arrest  be tween  
p inned or p inned and bonded str ingers which s imu-  
lated riveted and riveted and adhesively bonded 
crack arresters. The dynamic photoelastic pat terns  in  
these tests were then used to determine dynamic-  
s t ress- intensi ty  factors, dynamic-energy-re lease  rates 
and crack velocities. The corresponding stat ic-stress-  
intensi ty  factors and s ta t ic-s t rain energy-re lease  rates 
were computed by using conventional  f in i te-e lement  
analysis of a model with relat ively coarse nodal  
breakdown. Average dynamic-energy-re lease  rates, 
which are the total dynamic energies released dur ing  
crack propagation divided by the total newly  created 
crack-surface areas, were found to correlate with 
crack arrest  and crack branching  resul t ing in pro-  
posed crack arrest  and crack-branching criteria. 6 A 
controversial  conclusion derived through these in -  
vestigations is that the arrest s t ress- intensi ty  factor, 
unl ike  the critical s t ress- intensi ty  factor, is not  a 
mater ial  proper ty  as being proposed by some in -  
vestigators, r 

More recently, Dally et al .  conducted dynamic-  
photoelasticity experiments  to de termine  the frac-  
tu re -dynamic  parameters  governing a r unn i ng  crack 
under  static or dynamic loading, s'l~ The arrest stress- 
in tensi ty  factor in their  invest igat ion was found to 
be close to the critical s t ress- intensi ty  factor and 
tends to verify the postulate that  the arrest  stress- 
in tensi ty  factor is a mater ial  property.  In  part icular ,  
their  results agreed with the f rac ture-ar res t  concept 
advanced by I rwin  in 19699* 

The above brief  survey of the current  and past in -  
vestigations in fracture dynamics using dynamic  
photoelasticity show that different conclusions can be 
reached by different investigators possibly due to the 
differences in exper imental  setups and photoelastic 
models which they used. Such differences could imply  
certain f rac ture-dynamic  parameters,  such as the 
crack-arrest  s t ress- intensi ty  factor, should vary  with 
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Fig. 1--1sochromatic patterns of dynamic 
crack propagation for Test No. B2 

Fig. 2--1sochromatic 
patterns of dynamic 
crack propagation for 
Test No. B13 
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the  solut ion p rocedure  used i f  the  d y n a m i c - p h o t o -  
e las t ic i ty  results,  despi te  i ts numerous  sources of e x -  
pe r imen ta l  inaccuracies,  y ie lded  reasonab ly  accura te  
dynamic - s t r e s s - in t ens i ty  factors. A t  this  t ime, when  
the authors  fel t  tha t  the i r  dynamic-pho toe las t i c i ty  
exper iments  should be r e - e x a m i n e d  independen t ly  
by  some other  analyt ica l ,  numer ica l  or  expe r imen ta l  
procedure,  the  dynamic - f in i t e -e lement  code, HONDO, 
became avai lable .  This  code was the re fo re  used to 
s imulate,  as closely as possible,  the  f rac tur ing  H o m a -  
l i te  p la te  such tha t  the  computed  d y n a m i c - f r a c t u r e  
pa rame te r s  could then  be compared  against  those 
measured  prev ious ly  by  dynamic  photoelas t ic i ty .  In  
the  following, a b r ie f  account of this  compara t ive  
s tudy  is given. 

Dynamic-f ini te-element Code, H O N D O  

The dynamic- f in i t e -e lement  code, HONDO, used in 
this inves t igat ion was developed by  S. W. Keys  of the  
Sandia  Labora to r i e s J  2 I t  is a u se r -o r i en ted  f in i te-e le-  
ment  code using expl ic i t  t ime- in t eg ra t ion  scheme and 
s imple cons tan t - s t ra in  quadr i l a t e ra l  elements.  The  
code is capable  of handl ing  geometr ic  non l inea r i ty  as 
wel l  as nonl inear  ma te r i a l  p roper t ies  involving visco-  
plast ic  mate r ia l  and  t ime-dependen t  bounda ry  con- 
ditions. 

Because the code is not capable  of handl ing  con-  
t inuous ly  extending  cracks, the c rack - t ip  mot ion was 
modeled by  discontinuous jumps  where  the  crack t ip 
moved from one f in i te-e lement  node to another  at  
p rescr ibed  t ime intervals .  The in te rnoda l  distances 
d iv ided  by  the t ime in tervals  of nodal  j umps  p ro -  

vided average  crack velocit ies which  were  ma tched  
wi th  the  measured  crack veloci t ies  in the  f r ac tu r ing  
Homali te- lO0 plate .  This p rocedure  was used w i th  
cons iderable  success in previous  w o r k  13 bu t  the  j e r k y  
mot ion  of the  crack  t ip in the  p resen t  analys is  r e -  
sul ted  in significant oscil lat ions in the stresses and 
c rack-open ing  displacements  genera ted  b y  the  d is -  
crete burs t  of s tress  waves  when  the  crack t i p  was  
advanced one nodal  d is tance and the  p resc r ibed  su r -  
face t rac t ion  was" sudden ly  app l ied  to this  n e w l y  
f reed  crack  surface. As a resul t ,  some t i m e - a v e r a g i n g  
p rocedure  was deve loped  to ex t rac t  d y n a m i c - f r a c t u r e  
in format ion  of a cont inuously  runn ing  crack  f rom the  
c rack- t ip  model  wi th  in t e rmi t t en t  jumps.  Deta i l s  of 
this  p rocedure  wi l l  be descr ibed  in a fo l lowing sec- 
tion. 

Fracturing Homali te- lO0 Plates 

Two prev ious ly  r epor ted  dynamic-pho toe las t i c J ty  
exper imen t s  involving 3~-in.- thick Homal i te-100 
plates  wi th  un i fo rm and l inea r ly  decreas ing edge 
d isplacements  I were  r e - ana lyzed  by  the d y n a m i c -  
f in i te -e lement  method.  F igures  1 and 2 show the d y -  
namic  photoelas t ic  pa t t e rns  of this  s i ng l e - edge -  
c racked p la te  where  the  crack e i ther  p ropaga t ed  
th rough  the p la te  or a r res ted  at a p p r o x i m a t e l y  70 
percent  of the  p la te  width.  Detai ls  of the  p rocedure  
for  comput ing the  dynamic - s t r e s s - in t ens i ty  factors  
a re  g iven in Ref. I. In  addit ion,  the  d y n a m i c - e n e r g y -  
release ra te  was computed  f rom the dynamic - s t r e s s -  
in tens i ty  factors by  using Freund ' s  equation.  14"16 Some 
deta i led  discussion on this computa t iona l  p rocedu re  
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F i g .  4--Dynamic-finite-element analysis of a running crack in an edge-cracked tension plate subjected 
to prescribed displacement 

is g iven in  Ref. 5. The genera l i ty  of F reund ' s  equa-  
t ion re la t ing  the  d y n a m i c - e n e r g y - r e l e a s e  ra te  and the  
dynamic - s t r e s s - in t ens i ty  factor  is also descr ibed in  
Ref. 17. 

In  the past, c rack  velocit ies measured  d i rec t ly  f rom 
the dynamic  photoelas t ic  pic tures  and the L i t e -Mike  
t iming marks  were  fa i th fu l ly  recorded as ins tan ta -  
neous crac]~ velocit ies which were  shown to f luctuate 
as the  crack propagated .  More-accura te  c rack-ve loc -  
i ty  measurements  by  D61P 8 who showed tha t  the  
crack  veloci ty  does not change even under  the severe  
condit ion of crack branch ing  indicate  tha t  the  fluctu- 
a t ion in the  recorded crack velocit ies m a y  b e  an 
ar t i fac t  of the exper imenta l  procedure.  As a result ,  
the  smal l  f luctuations in appa ren t  crack veloci t ies  a re  
ignored and smoothed crack velocities, shown in 
Fig. 3, were  assigned as input  condit ions to the  finite-  

e lement  analysis  of the  two Homali te-100 p la te  
specimens.  

The averaged  dynamic  mate r i a l  p roper t ies  of 
Homali te-100 p la tes  used here  were  de te rmined  by  
Bradley.  1 The dynamic  modulus  of elasticity,  dynamic  
Poisson's  ratio,  dynamic - s t r e s s -op t i c  coefficient and 
s ta t i c - f rac ture  toughness a re  4.65 G P A  (675 ps i ) ,  
0.345, 27.1 k P a - m / f r i n g e  (155 ps i - in . / f r inge)  and 636 

�9 k P a v ~  (579 psi ~v/i-E'.), respect ively.  

Dynamic-finite-element Analysis of the Fracturing 
Homalite-lO0 Plates 

As descr ibed previously ,  the essent ia l  fea ture  of 
this  f in i te -e lement  analysis  is in p ropaga t ing  the 
crack at  p rescr ibed  crack velocit ies which  were  de te r -  
mined  expe r imen ta l ly  f rom previous  dynamic  photo-  

Fig. 5---Finite-element 
breakdown of an 
edge-cracked tension 
p l a t e  
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Fig. 6--Stresses ahead and behind the crack tip and C,O.D. of running crack in Test No. B2 

elastic analysis. The computed dynamic states of 
stress, strain and dynamic crack-opening displace- 
ments  (COD) are then sifted for possible clues for a 
dynamic fracture and crack-arrest  criterion. This 
procedure differs from those used in Refs. 13 or 19 
where the crack propagates under  hypothetical  dy-  
namical - f rac ture  criteria. 

The actual dynamic-f in i te-e lement  solution con- 
sisted of superposition of two solutions, namely  a 
static solution of the initial  single-edged cracked plate 
under  fixed-grip loading and a fracturing plate with 
an unloaded fixed-grip plate with surface tractions 
prescribed over the crack surface shared by the side 
of a finite element which has just  been freed by a 
discrete jump in the crack-tip node. Figure 4 shows 
schematically this f racturing plate. By superposing 
a succession of dynamic solutions with increasing 
crack lengths to the static solution of the first prob-  
lem, the dynamic solution to the original problem 
is obtained for a given time or crack length modeled 
by the superposition of these two solutions. 

Figure  5 shows the f ini te-element breakdown used 
in  this investigation. Only half of the specimen is 
considered because of symmetry  of the problem and 
thus a total of 133 elements and 160 nodes were used. 
The fixed-gripped condition is s imulated by pre-  
scribed normal  displacements with vanishing tan-  
gential  tractions. For  simplicity in modeling, the ini-  
tial crack length in the two problems were assumed 
to be of 0.0127 m (0.5 in.). 

Solutions to the first problem, which are two static 
analyses of two Homatite-100 plate specimens with 
prescribed boundary  displacements of uniform or 
l inear ly  decreasing boundary  displacements, were ob- 

rained by using a s tandard s ta t ic-f ini te-element  pro-  
gram with quadri la teral  elements. Total CPU time on 
a CDC 6400 computer for such analysis is typical ly 
57 s. 

Identical f ini te-element  breakdown was used in the 
second problem with prescribed van i sh ing -boundary  
displacements on the gripped edges of the specimen. 
As ment ioned earlier, crack propagation was accom- 
plished by freeing the current  crack-tip node at dis- 
crete time intervals.  Simultaneously,  a normal  surface 
traction, which is equal in magni tude  and opposite in  
sign with the residual normal  surface tract ion at cor- 
responding location in the static solution, is p re -  
scribed on the crack side of the rec tangular  e lement  
containing the newly freed node and the new crack- 
tip node. These surface tractions remain  prescribed 
dur ing  the entire crack-propagat ion interval .  

Because of the discontinuous advance of the crack 
tip, the normal  stresses in  elements sur rounding  the 
old and new crack tip as well  as the crack-opening 
displacements (COD) in the second problem showed 
significant oscillations. The relat ive magni tudes  of 
such oscillations in the resul tant  stresses and resul tant  
COD are shown in Fig. 6. Also shown are t ime aver -  
ages of these quanti t ies which were then used to esti-  
mate the dynamic-s t ress - in tens i ty  factor, KD. Inhe r -  
ent numerica l  errors in KD estimations due to the 
coarse nodal b reakdown were somewhat  reduced by  
scaling the KD with the ratio of a s ta t ic-s t ress- in ten-  
sity factor obtained from coarse-grid analysis. These 
KD values were then used to compute the dynamic-  
energy-release rate, ~D, using Freund ' s  equat ion 14-1~ 
with the known crack-velocity curve in Fig. 2. The 
total dynamic energy released which was obtained by  
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i n t eg ra t ing  the  a rea  unde r  this  ~ D  must  be  at  the  
most  equal  or  less than  the to ta l  ene rgy  re leased  
which  is de te rmined  f rom the corresponding curve of 
s ta t i c - s t ra in  ene rgy - r e l ea se  rate,  ~.  The to ta l  d y -  
namic  energy  de te rmined  f rom stress considerat ion 
was 1.02 t imes the  l a t t e r  to ta l  s ta t ic - s t ra in  energy  in 
Test  B2 and is a phys ica l  impossibi l i ty .  When  the 
dynamic  COD was used to compute  the  to ta l  dynamic  
energy  released,  this  value  was 0.86 of the  to ta l  s ta t ic-  
s t ra in  energy  re leased  and is much h igher  than  the  
corresponding ra t io  of 0.69 obta ined f rom dynamic  
photoelas t ic i ty .  This compar ison  indica ted  tha t  Kn 
de te rmined  both  f rom local  stresses or  local  COD 
could be over -es t imated ,  poss ib ly  as much as 20-30 
percent ,  when  one considers the  possible  dynamic  
energy  losses in the  test  specimens.  

In  o rde r  to reduce the induced  numer ica l  er rors  
due ma in ly  to the  coarseness of the  f in i te -e lement  
breakdown,  a d i rec t  p rocedure  of comput ing the d y -  
namic  energy  released,  which follows the stat ic p ro -  
cedure,  was used. Fo r  the  t i m e - a v e r a g e d  stress and 
t i m e - a v e r a g e d  COD, dur ing the increment  of crack 
advance,  At, the  dynamic  energy  re leased  in this  e le-  
ment  a lgor i thm becomes, 

aE = 2[~yy]ave " [uy]ave ~a (1) 
w h e r e  

ha is the inc rementa l  advancement  of the  crack 
t ip and is equal  to length  of the side of the  rec-  
t angu la r  e lement  shar ing the c rack- t ip  node. 
[~yy]ave is the t ime -ave raged  stress in this e le -  
men t  dur ing  the t ime  increment  p r io r  to crack 
advance.  
FU~]ave is the  t ime -ave raged  COD of the f reed 
node on the c rack  surface in this e lement  dur ing  
the  t ime increment  af ter  crack advance. 

The  dynamic - s t r e s s - in t ens i ty  factor  can be com- 
puted  by  F reund ' s  fo rmula  TM of, 

{ AE ( 1 + ~ 2 2 ) 2 - - 4 ~ 1 # 2  } 1/' 
KID = 2G �9 (2) 

~,a ~ ( ~ 2 2  - -  1)  
where  

G is the  dynamic  shear  modulus  of Homal i t e -  
100 

C 

Cp 
C2 

is the  crack veloci ty  

is the  p la te  veloci ty  in  I-Iomalite-100 

is the  dis tor t ional  wave  veloci ty  in Homal i t e -  
100 

Because of the  a lgor i thm used in comput ing the d y -  
namic  energy  re leased  dur ing  crack propagat ion,  this 
dynamic - s t r e s s - in t ens i ty  factor  is assigned to the  
new c rack- t ip  node af ter  crack advance. 

The accuracy of this direct  computa t ional  p ro -  
cedure  for d y n a m i c - e n e r g y - r e l e a s e  ra te  was assessed  
by  model ing  Baker ' s  solutiOn 20 (plane  s t ra in)  which 
was also s tudied in  some deta i l  by  G. C. Smith.  ~1 For  
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this purpose,  the  same f in i te -e lement  model  shown 
in Fig. 5 wi th  an ini t ia l  crack length  of 0.1143 m (4.5 
in.) and  zero bounda ry  d isp lacement  was used. This 
p rob lem can be considered as a semi- inf ini te  crack in 
an infinite p la te  (p lane  s t ra in)  if the  reflected stress 
waves  do not reach the region of the  moving crack t ip  
or, for this  pa r t i cu la r  problem,  if the  lapse  t ime is less 
than  app rox ima te ly  80 US. A uni t  p ressure  was appl ied  
at t ---- 0 + and the c rack  was advanced  0.0127 m (0.5 
in.) twice  at t ---- 31.5 and 67.5 ~s. The dynamic-s t ress -  
in tens i ty  factor  a t  31.5 us for  a s t a t ionary  crack in a 
Homali te-100 plate,  suddenly  pressur ized  by  36.9 Pa  
(1 psi)  is, ~0 

Ks ( t  = 31.5 s) ---- 1.677 kPa  N/~" (1.527 psi ~/I'K.) 

The  dynamic - s t r e s s - in t ens i ty  fac tor  for  a pressur ized 
crack runn ing  at  a crack veloci ty  of C --  4030 rn/s  
(1.59 • 104 in . / s )  can be  computed  b y  z4 as, 

KID : k (C) �9 Ks ( t  : 31.5 ~ )  

= 1.37 k P a  ~/~"  (1.25 psi ~/1~.) 

where  the  va lue  of function, k(C) - -  0.8, was r ead  
off f rom Fig. 3 in Ref. 14.* The dynamic - s t r e s s - in t en -  
s i ty  factor  obta ined  f rom the dynamic -ene rgy - r e l ea se  
ra te  (p lane  s t ra in)  computed  d i rec t ly  b y  the HONDO 

analysis  is 1.35 kPa  ~ /m (1.24 psi ~/ in . )  which is in 
excel len t  agreement  wi th  the  ana ly t ica l  results.  

* Figure 3 in Ref. 14 was constructed for a mnterlal with Poisson's 
ratio of 0.25 and not 0 345 of Homalite-lO0. The error due to this 
dtC~ere.ce in Poisson's ratio is estimated to be about i percent from 
R#. 2~. 
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Results 

Using the f ini te-element  model shown in Fig. 5, the 
initial  crack of length 0.0127 m (0.5 in.) was ad- 
vanced in 16 increments  to a crack length of 0.2159 m 
(8.5 in.) at appropriate time intervals.  The total 
CPU t ime of a CDC 6400 computer for such analysis 
is typically 345 s. 

The dynamic-energy-re lease  rate, (plane stress), 
~D ---- • obtained directly by the procedure de- 
scribed above, are plotted in Figs. 7 and 8 for the 
constant-veloci ty crack in Test B2 and the arrested 
crack in Test B13. These dynamic-energy-re lease  
rates are normalized by the cr i t ical-s t rain energy-  
release rate. ~Qc, of the Homalite-100 plate. Also shown 
in these figures are the corresponding s ta t ic-s t rain 
energy-release rate, (plane stress), ~, and the dy-  
namic-energy-re lease  rate, (plane stress), ~D, deter-  
mined directly from the dynamic-s t ress- in tens i ty  
factor, KD, obtained via dynamic photoelasticity using 
the method of four parameter  fitting of isochro- 
matics. 1 Other  than  the differences in the detailed 
maximum and m i n i m u m  values, the agreements be-  
tween the exper imental  and numerica l  ~D values are 
remarkable.  

The total energies released by the numerica l  and 
experimental  ~D curves in Test B2 are 75 percent  
and 72 percent, respectively, of the total s ta t ic-s t rain 
energy released. This agreement  is remarkable  when  
one considers the differences in boundary  conditions 
between the numerica l  and exper imental  models of 
the fracturing Homalite-100 plate. For Test B13, the 

total energies released by the numerica l  and  experi -  
menta l  ~D curves are 77 percent  and 68 percent, re -  
spectively, of the total  s ta t ic-s t ra in  energy released. 

Discussion 

I t  is interest ing to note that  the dynamic-f in i te -  
e lement  results as well  as a r e -examina t ion  of the 
old dynamic-photoelast ici ty results show momen ta ry  
decreases in  dynamic-energy- re lease  rate  immedi -  
ately after the ini t ia t ion of crack propagat ion in  Figs. 
7 and 8. Such dip at a lower crack velocity has been 
postulated by I rwin  23 and has been used by K a n n i n e n  
in his crack-propagat ion model. 24 

Figure 8 shows that  the numer ica l ly  de termined 
dynamic-energy- re lease  rate, ~n,  prior to crack ar-  
rest  was almost identical  to its exper imenta l  counter-  
part  and is less than 75 percent  of the corresponding 
s ta t ic-s t rain energy-release rate at the arres t -crack 
length. The numer ica l ly  determined dynamic-  
energy-release  rate at arrest coincides wi th  its experi-  
menta l  counterpart  and is about 0.51 ~c bu t  then  
drops fur ther  to about 0.4 ~c immedia te ly  after ar-  
rest. This good agreement  between the exper imenta l  
and numerica l  arrest  values of the dynamic -ene rgy-  
release rate underscores the importance of reana lyz-  
ing, by this dynamic-f in i te -e lement  procedure, our  
previous crack-arrest  exper iments  which yielded un-  
expectedly low arrest  s t ress- intensi ty  factors 1#,5 which 
also varied with tes t -specimen configurations. The 
la t ter  finding implies the inadequacy in  using static 
equivalency in de termining an arrest s t ress- intensi ty  
factor as a mater ial  property.  

The numer ica l  result  for the crack-arrest  case 
yields an average dynamic-energy- re lease  rate of 
~ D ] a v e  ~ 1.66 ~c at arrest. This large ~ D ] a v e  a t  crack 
arrest is due to the lack of dissipated energies, which 
are of significant magni tude  in our dynamic-photo-  
elasticity experiments.  

The effect of the differences in the boundary  con- 
ditions prescribed in the f ini te-element  model and the 
dynamic photoelastic model has been of general  con- 
cern since the inception of this f in i te-e lement  ana ly -  
sis. These differences are indicated in the plots of 
ma x i mum shear stresses at four locations along the 
specimen boundary  with time. Other than the lack of 
stress s ingular i ty  at the specimen corner in the finite- 
e lement  model the differences in the s t ress -boundary  
conditions of the f ini te-element  model and the dy-  
namic-photoelast ici ty model was smaller  than  ex- 
pected. Thus, the edge-boundary  conditions pre-  
scribed in the f ini te-element  model appear  to be a 
fair modeling of the actual boundary  conditions in 
the dynamic-photoelast ic i ty  experiments .  

Conclusions 

A simple dynamic- f in i te -e lement  program has been 
used to successfully model two fractur ing Homali te-  
100 plates in  which the crack propagated through at 
a constant  velocity in one case and arrested in the 
second case. The numer ica l ly  determined and ex- 
per imenta l ly  established dynamic-energy- re lease  
rates showed remarkable  agreement  with each other. 
With appropriate development,  two-dimensional  dy-  
namic-f in i te -e lement  analysis should be replacing 
two-dimensional  dynamic photoelasticity in  its ap-  
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plication to fracture dynamics in the near  future. 
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