The Alignment Error of the Hole-drilling Method

The stress-strain relationship for the eccentric hole case has
been derived and expressed in terms of the off-center distance
(hole center to strain-gage-rosette center) and the polar angle

by Hsin-Pang Wang

ABSTRACT—The hole-drilling method is one technique for
measuring residual stresses. All the existing equations for the
calculation of residual stresses are based on the assumption
that the hole is located at the rosette center. In this paper, the
stress—strain relationship for the eccentric hole case has
been derived and expressed in terms of the off-center distance
and the polar angle. The alignment error is studied and
demonstrated by two examples, namely, a uniaxial-stress
field and a hydrostatic-stress field. The error analysis yielded
the following typical result: ten percent of hole radius off-
center will yield about five-percent measurement error for the
standard rosette (EA-09-062-RE-120).

Introduction

The hole-drilling method for determining residual
stresses has been developed by many researchers'™*  for
several decades. The method is based on the fact that
residual stresses can be calculated from the measurement
of surface strains which result when stresses are relieved
by a hole. There are various procedures to relax the
stresses, either the mechanical method, i.e., hole drilling
or some modern techniques such as abrasive jet.¢

Because of possible eccentricities occurring between a
hole center and the rosette center, the alignment-error
analysis is important to the final stress results.

Theory

Several assumptions should be made before formulation
of the problem : (1) the dimensions of the test specimen
are large with respect to the diameter of the hole; (2) the
surface deformation will not continue after the hole depth
reaches one-diam deep,?™* (3) the variation of stresses over
the thickness is neglected. With these assumptions the
problem is simplified to the case of the stresses around a
circular hole in an infinite plate.
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By the hole-drilling method, the residual stresses are
not fully relieved at the strain gage unless the gage is
infinitesimally small and located at the edge of the hole.
However, the relief stress field can be derived by super-
posing two known functions,? the stresses on a flat plate
and the stresses around a hole. The relief stresses are:

oi+o, a? 01— 0, 4a’ 3a*
= 4 - — cos 26
’ 2 r? 2 ( r? + ré )
o+0;, a? o,—0, 3a‘
. = —_— — cos 26 I
? 2 2 7 0
where g,,0, = the principle stresses

a the hole radius
r the radial distance from the hole center
# = the angle between o, and o,.

Concentric Hole
By Hooke’s law, the radial strain is

€ = IE (g, — vo,) (2)

where

E = Young’s modulus
v = Poisson’s ratio

il

‘Substituting eq (1) into eq (2), the measured strain e,

becomes :
_ _ 1 o+ 0, L g —0;
“ = “ T E/a) R
B + »)/(r.a)* — 4] cos 20} 3)

As shown in Fig. 1, r, is the radial distance from the
rosette center to the center of each gage. The gage reading
€, expresses the averaged value of the radial strain over
the gage area.
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For the uniaxial stress field (o, = 0), assuming the
gage direction coincided with the stress direction, the
reading e, is

g
e,(o=0)=1<11—5‘— )
where
K. = -5 — v+ 3(1+v)/(r0/a)?
e 2(ro/a)?
and the uniaxial stress o, is
E
o =5 )

In a biaxial-stress field with known principal directions, a
two-gage system is used for the measurement. The
measured strains are

& (0= 0°) = £ (Kiy + Kacw) ©)
e (8 = 90°) = —E‘—(Kza. + Kz02) M
where
3—v—-31 + v)/(re/a)?
Kz =
2(ro/a)?
and the pricipal stresses are
_ “Klfgl + Kzégz
o, =FE —K:_K® 8)
Klegl - Kzégz
g, = E Kzz — Klz (9)

Fig. 1—Dimensions of a strain-gage rosette
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If the principal direction is not known, three unknowns
a1, 0, and 0 in eq (6) can be solved by three simultaneous
equations obtained by putting three gages in the directions
#, 0 + o and § — «. The general solutions are found to
be

0 = 1 tan'l [( 261 — cos 2 )(f—q — €o )]

9 — €x — €-g sin 2

(10)

- _E{ €atea—26 08 2a  [(€—€a)?+ (€o—€-0)]"?

T2V 241 - cos2a) V2 B sin 2«

an

” _E{ €t e.—26€5 COS 2 _ [(e6—€a)*+ (€s—€- )2 }
T2l 241 - cos2a) \2 B sin 2¢

(12)

whereA=£l_+_VLz. B=2§_2_[_1 ¥ M]
2r? r: 4r?

Eccentric Hole

Figure 2 shows each parameter in the eccentric-hole
analysis, where C, is the center of the gage system and C
is the hole center. The 8 angle denotes the gage direction
relative to the line connecting the hole center and the
center of each gage.

From the basic Mohr’s circle, the strains in the 0
direction can be found in terms of the principal strains,
€ and €.

€, COs20 + ¢, sin%f (13)

€,

€ = € sin?@ + ¢, cos?f (19

Similarly, the measured strain ¢, can be expressed as
€ = €, ¢082 (6 — B) + e;sin? (60 — B) (15)
Solving the simultaneous eqs (13) and (14) for ¢, and ¢,

and substituting these two values into eq (15), the measured
strain becomes

= 1 29 _ in2 2 —
€ cos’f — sin’d [(e, cos?0 — e, sin*8) cos? (8 — B)

+ (€ cos*8 — ¢, sin?6) sin? (6 — B)] (16)
By Hooke’s law for plane stress, eq (16) yields

¢, = 2— (L., + Lsa.) an

where

L,

[(cos?8 + » sin?@) cos?(0 — B) — (sin*8 + v cos?6)
sin? (8 — 3)]/ (cos*8 — sin?#)
L, = [(cos?8 + » sin%8) sin2(0 — B) — (sin?8 + » cos?8)
cos? (8 — B)]/(cos*8 — sin%8)
In the hole-drilling process, the measured strain is
caused by the relief stresses. Therefore, the stress function

in the eq (17) should be represented by eq (1). Finally, the
measured strain becomes



1 o+0, a’ 4q? 3a*

€ = —E{(—L1+Lz) - o+ (L. =+ =)
4 —

1, 3r‘: 1222 cos 26} (18)

Using the law of cosine (see Fig. 2) the dimensionless
distance r/a is
r/a = [(R/a)* + (ro/a)* — 2(R/a) (ry/a) cos y]*'?
(19)
where off-center distance R and v angle are shown in
Fig. 2. By the law of sine, the sin 3 becomes
R/a sin y
[(R/a)* + (ro/a)* —2(R/a)(ro/a)cosy]'?
(20)

sin 3 =

For the uniaxial stress case, the gage is assumed to be
parallel to the stress field. The strain is

&(0 = —B) = Ku (r/a,$) 5 @1
where
{1ty 3 _ 5 cip?
Ku(r/a,B)={[~ 5 + Gy ~ D0 = 2sin 8]
- 1 3
[1 = = »)sin?g] + [2 S

(1 = 2sin28)] [-v — (1 = »)sin?g]}
/ [(r7a)* (1 = 2 sin?B)]

K., (r/a,() can be written in terms of R/a, vy and r,/a by
egs (19) and (20). The stress is then

_ _E . = E
K. (r/a,8) * K.(R/a,y, ro/a)

& (22

[¢51

As shown in Fig. 3, a two-gage system is used for the
biaxial-stress case. Let § = 6,; 8 = B, for gage one and
0 = 0,; B = B, for gage two. Since the direction of the
gage system is consistent with the principal axes, then
0, = —Bi; 0; = 90° + B,. The strains ¢, and ¢,, become

6111(0= —BIyr‘_‘rl):%‘[Ku(rl/a;Bl)al+K12(rl/ayBl)02]

@3)

Fig. 2—Schematic showing geometrical
parameters and stress components

s (0=90° + By, r = 1) = % (K (ra/a,B:)0s

+ K (r: /a,3:) 0] (24)

where K., K12, K31, and K,, can be obtained by eqs (18),
(19) and (20) and are listed in the Appendix. Now, the
principal stresses o, and o, are

_ E
K11K22 - KZIKIZ

_ E
KuKn - K21K12

0, (K260 — Kiz€2) (25)

02

(—Ku€a + Kiie2)  (26)

The alignment error analysis will be demonstrated by
two extreme cases, the uniaxial-stress field and the hydro-
static-stress field. The general solutions of o,, 0, and 6 for
the eccentric case, have not been solved yet due to
complexity of eq (18).

Alignment Error

First, the uniaxial case will be discussed. Let o be the
stress solution of the eccentric hole and ¢* be the stress
solution of the concentric hole. From eqs (5) and (22), the
error is
K (R/a, v, ro/a)

g* — ¢
n o = Ki(ro/a) 27)

Figure 4(a) shows the alignment error vs. y angle for the
case R/a = 0.1. It is seen that the error is higher at the
axis of the gage (y = 0, 7) and increases with the hole
size. The alignment error vs. the off-center distance R/a
is shown in Fig. 4(b). It is obvious that the error increases
as the R/a increases.

For the hydrostatic case, the alignment error is dependent
upon the number of the gage being used. The single-gage
case will be discussed first. Substituting o, = g, into eq
(23) yields

Ee, _ (n/a)* (1 — 2sin’By)

- K + Kn h -1+ v) Ee

(28)

Fig. 3—Schematic of the two-gage rosette
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Fig. 4(a)—Alignment-error analysis for the uniaxial-stress
field (Rfa = 0.1; » = 0.3)

30 -
Fig. 4(b)—Alignment-error analysis for the uniaxial-stress
field (v = o,%,%,‘:—“, xi(rofa = 33;» = 0.3)

Similarly, eq (6) gives the stress o* of the concentric hole

Ee (ro/a)?
* = L = -
¢ K1 + Kz I +v Eég (29)
Hence, the error of the single-gage is
o¥—o Wy = K11+K12 oy (ro/a)2 —1
o T K+K, ~ (r/a)*(1 -2 sin?B,)
(30)
By employing eqs (19) and (20), the error becomes,
*_
it
(ro/a)? _
(R/a)*+ (ro/a)*~2(R/a)(ro/a)cosy—2(R/a)*sin*y
E2))]

Figures 5(a) and 5(b) show the alignment error of the
hydrostatic case by a single-gage measurement. It is noted
that (7o/a)? is dominant in the eq (31).

Unlike the single-gage case, the errors for the two-gage
system are in two directions.
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Fig. 5(a)—Alignment-error analysis for the hydrostatic-
stress field by single gage (R/a = 0.1; » = 0.3)
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Fig. 5(b)—Alignment-error analysis for the hydrostatic-
stress field by single gage (y = 0, 41 —27r—, %’r—, ;
ro/a = 3.3; v = 0.3)
o*—a % = -Kie+Krep, KiuKe—KuKy, -1
o Kapen— K€ K;*—K,?
‘ (32
a*—a 7 = Ky — K€ K K2~ K K2 -1
o —Kunea+Kueg KiP2-Ki?
(33)

where o0,* and o,* are calculated by substituting ¢,, and
¢,z into eqgs (8) and (9) for the concentric hole.

For the hydrostatic condition, e, in eqs (25) and (26)
can be expressed

€1 = Nep (34
where N = (Ku + Ku)/(Kzz + K21).
Now the errors become
o*~0 o = —K\N+K; K. K3, — K K, -1
ag 0= KzzN“Ku Kzz_Kl2
4 (3%
(71*—0 % = KZN_KI KuKzz_Kleu -1
g - KuN+K;, KK
(36)

R/a
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Fig. 6(a)—Alignment-error analysis for the hydrostatic-
stress field by two-gage rosette (R/a = 0.1;r./a = 3.3;
v = 0.3)
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Fig. 6(b)—Alignment-error analysis for the hydrostatic-
3
stress field by two-gage rosette (y = 0, g T, —;—;

roda = 3.3; v = 0.3)

Where v is equal to 45 deg or 225 deg, the hole is a
symmetric position and the strains from both gages are
equal. The errors for these two specific angles are

*__ *_
[+ 21 ag Vo = [+73 g 0 =
g
-Ki+K, KuKn-KKn
-1 37
K»n—Kan K, —K? 37

Figures 6(a) and 6(b) show the alignment error of the
hydrostatic stress field for two gages and the symmetric
characteristic along the ¥ 7 and 1% x directions.

Conclusion

From Table 1 of computed results, it is noted that the
alignment error increases when the r,/a ratio decreases at

TABLE 1—COMPUTED RESULTS OF MAXIMUM ALIGNMENT
ERROR FOR R/a = 0.1

ro/a = 3.3* re/a =20
% %
Uniaxial 5.8 8.1
One Gage 6.3 10.8
Hydrostatic  Two Gages 4.7 8.3

* The standard rosette (EA-09-062-RE-120).

a constant value of R/a. For a standard rosette (EA-09-
062-RE-120) the alignment error is about five percent in
the stress solution for the case with 3 mils out of the
rosette center in which R/a is equal to 0.1.

It is recommended that the general solution for the
eccentric hole case be derived. Then the principal direction
and the principal stresses can accurately be calculated by
substituting the measured values of R and . However,
with the present formulation the principal direction can
only be solved iteratively.
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APPENDIX

The general expression of coefficients K,,, K2, K3, and
K, in terms of (r./a), (B.), (r:/a) and (B.) can be
written as :

Ko (ri/a,6,) =
12

; 3\ — 7 cin? — (1 -
{[-% + (2(r./a)’) 20 - 2sin’B)I[1 - (1 - v)
sin?B,] + [4 F 7(7137‘52—(1 — 2sin?8)] [~ v

— (1—v)sin?B,1} / [(ri/a)* (1 -2 sin*B,))

Ky (ra/a,B) =
22

{I-% = (7,237“)7 - 2) (1-2sin?B.] {1~ (1-v)
sin’B,] + [ + 2_(;-23/_(1)7(1_2 sinB,)j[— v

—(1~v)sin?B;)} / [(r:/a)*(1 -2 sin*B,)]

where r,/a, B8,, r./a and 3, are also functions of R/a, v,
and ro/a based on the following equations :

(ri/a)* = (R/a)*+(ro/a)*—2(R/a)(ro/a)cosy
(R/a)*sin*y
(R/a)*+(ro/a)*—2(R/a)(ro/a)cosy

sin’8, =

(r2/a)* = (R/a)*+(ro/ay*—2(R/a)(re/a)cos(90°—v)
(R/a)*sin?(90°~ v)
(R/a)y +(ro/a)*— 2(R/a)(ro/a)cos(90°— v)

sin?f; =
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