Plastic Strains and Energy Density in Cracked Plates

Part I'—Experimental Technique and Results

To facilitate presentation of data and comparison to available theoty,
this paper is divided into two parts: the first is primarily concerned
with experimental procedure and results; and the second is
concerned with correlation of data to elastic theory and a discussion

of ductile fracture in light of experimental evidence

by William W. Gerberich

ABSTRACT—A technique is presented which allows
separation of the principal plastic strains within an en-
clave at a crack tip in relatively thin plates. For plates
with a number of crack lengths, several degrees of tensile
loading are applied to five ductile materials with widely
varying mechanical properties. Principal plastic strain
distributions, plastic distortional strain energy density
and total plastic energy are determined within the result-
ing plastic enclaves. It is shown that the degree of load-
ing and strain hardening greatly affect the principal
plastic strain and energy density distributions and that
this is reflected in the amount of strain energy that can
be plastically absorbed at a crack tip.

Nomenclature

a = half crack length
AA = incremental area within enclave
e, e, & = principal plastic strains
8 = relative retardation of 2.27 X 10~% in. corre-
sponding to first fringe order

E = tensile modulus of elasticity

F = loading factor defined in eq (7)
voet = Octahedral shear strain

k = strain optical coefficient

n = strain-hardening exponent
r, 8 = polar coordinates

rmax = distance from crack tip along maximum ex-
tension of enclave

rp = arbitrary value to define elastic-plastic
boundary
ry(8) = shape of enclave
r,’ = maximum extension of enclave measured at
a = 2000 pin./in.
r, = 0° = distance from crack tip along line of crack
extension
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g = applied stress, gross section

oy = uniaxial yield stress

t = plate thickness

t. = thickness of photoelastic coating
700t = Octahedral shear stress
U, = plastic strain energy in one enclave

w = plate width
W, = plastic distortional strain energy density

Introduction

Before 1950, a large amount of information was ob-
tained pertaining to completely elastic and com-
pletely plastic problems. Considerably less
information was available concerning combined
elastic-plastic deformation; in particular, a full
description of both the stresses and strains in the
neighborhood of a crack tip was lacking. Such
information, however, would be of great value, as
suggested by a partial list of the recent publica-
tions! %7 devoted to this problem.

The analytical and numerical solutions of Hult and
McClintock! 2 and Koskinen?® consider plasticity
at the tips of shear cracks. Several numer-
ical solutions are available for the plane problems.
Allen and Southwell* have examined the plastic
enclave for stresses and displacements at the tip
of an edge vee-notch in the case of both plane stress
and plane strain. Stimpson and Eaton® have deter-
mined the plastic enclave for a straight-edge cut in a
flat plate but only considered the stresses. A similar
analysis was made for the plane-strain case by
Jacobs.® Experimentally, there have been a number
of investigations of plastic enclaves such as the
photoelastic studies of Kawata,” Dixon,® and Ault.®
These studies, however, did not separate the prin-
cipal strains throughout the enclave. Two experi-
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mental studies, one by Liu and Carpenter'® and one
by Weiss, et al.,!! separated the principal strains but,
in the first case, very large deformations were ob-
served in a 3/+in.-thick plate which involved
considerable triaxiality, and, in the second, the
investigation was limited to relatively large deforma-
tions along the line of the crack.

Thus, there have been no analytical solutions and
relatively few numerical or experimental results on
the strains within a plastic enclave at the tip of a
crack under normal stress. As a result, for fracture
criteria, about the only available information has
been the planar elastic solutions typified by the work
of Inglis,'? Westergaard,!* and Williams!* and a
family of energy criteria derived from those typified
by Griffith,!* Orowan, and Irwin.’” For fracture of
very ductile materials, further information is neces-
sary as a first step to extend these criteria or to
generate new ones.

Therefore, an experimental technique was de-
vised to separate the principal plastic straing within
the enclave and thereby determine the plastic
energy density distribution and total plastic strain
energy in it. An extensive experimental program
studying these parameters as a function of applied
stress and crack length was conducted. Also, since
none of the numerical solutions considered strain
hardening and since no quantitative deductions
could be drawn from existing experimental data on
the effects of strain hardening, a number of materials
with widely varying strain-hardening properties
were studied.

To facilitate presentation of the data and compari-
son to available theory, this document has been di-
vided into two parts: the first being primarily
concerned with the experimental procedure and re-
sults, and the second being concerned with cor-
relation of data to elastic theory and a discussion of
ductile fracture in light of the experimental evidence.

Experimental Procedure

Since strain hardening and other material proper-
ties were to be studied, the following materials with
widely varying properties were chosen: 2024-0
aluminum, 6061-T6 aluminum, AZ-31B-H24 mag-
nesium, 4340 normalized steel and 7075-T6 alu-
minum. From sheet specimens of each material,
engineering stress—strain curves, true stress—true
strain curves and strain-hardening coeflicients were
determined.

To obtain plastic deformation at the tips of cracks,
a 3-in.-wide test coupon with an internal crack was
loaded to a predetermined stress level, and then un-
load. In analyzing the plastic strains of the result-
ing enclave, a photoelastic-coating method used by
Kawata’ was utilized in conjunction with the
measurement of thickness strains. Test coupons
3-in. wide by 12-in. long were made with crack
sizes ranging from 0.2 to 1.5 in.; at each end of a
relatively large slot, simulated cracks with root
radii less than or equal to 0.001 in. were produced by
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electrical-discharge machining. The nominal thick-
ness of all test coupons was 0.10 in., so that the in-
fluence of thickness was ignored except where
energy was determined. A photoelastic coating
having identical boundary conditions was bonded to
the surface of each specimen, following an estab-
lished method.’® After the specimen was loaded to
the desired applied stress, it was unloaded, and the
residual plastic deformation as indicated by the
isochromatics in the birefringent coating was
measured using a reflective polariscope. The zone
thus observed is termed a plastic enclave, following
Allen and Southwell.* Using several combinations
of the polarizer and analyzer, the birefringence was
recorded in at least half- and full-order fringes using
both color and black and white photography. From
the well-known strain-optical photoelastic law for
coatings,

a — e = 8/2kt. 1

the principal plastic strain difference contours were
determined. On an average, the strain optical
coefficient, k2, was 0.060, and the thickness of the
coating was 0.10 in., allowing estimates of &, — ¢
to be made within 200 yxin./in. The accuracy of the
measurement in regions of large strains was 10 per-
cent or better. The principal strain differences were
evaluated at 0.05- or 0.10-in. intervals on one quad-
rant of the plate, the spacing depending upon the
plastic-enclave size.

After the isochromatics were recorded, the photo-
elastic coating was carefully stripped from the speci-
men and the thickness of the plate was determined at
each mesh point, i.e., where the principal strain
differences were found. Using a Zeiss Orthotest
mechanical comparator, thickness differences of
2 X 10-% in. could be estimated. Using the initial
thickness of the plate, calculation of the average
principal strain through the thickness, e¢;, followed
directly.

In the regions of large plastic deformation, the
accuracy was within 10 percent, being commensurate
with the photoelastic measurements. Assuming the
incompressibility condition, ¢ + e + e = 0, and
using the measurements of & — ¢ and e, the indi-
vidual principal strains in the plastic enclave can
be readily resolved.

Once the principal strains were separated, the
octahedral shear strain, the plastic strain energy
density, Wy, and the total plastic energy, U,, were
determined. The octahedral shear strain is defined
as

Yoot = /3 V(e — &) + (& — ea)? + (& — a)? (2)

from which vy, was computed at each mesh point.
The distortional strain energy density is defined as

W, = fo " et Yoot @)

and may be determined from the stress—strain data
appropriate to the material under consideration.
This enabled determination of a generalized plane-
stress value of the plastic distortional strain energy
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density per unit thickness at each point of the
quadrant. By definition, the total plastic energy of
the entire enclave in half of the plate is next deter-
mined from

2% (ra() about 250 ksi were loaded within the elastic regime
U, - xﬁ) fo Walr)r dr do = ¢

ST owi AA (4) only. It was shown that the stress distribution
mesh determined from the photoelastic analysis was

Actually, U, was determined from the approxima-
tion by summing W, for equal increments of AA
over the entire enclave in half of the plate.

Verification of Test Procedure

very close to that predicted by numerical® and
electrical-analog?! solutions. Both the shape of the
isochromatics and their magnitude were almost
identical to the numerical solutions, even very close

to the crack tip.
For very small or no plastic deformations, the Also, the procedure for photoelastically deter-
elastic stress distribution should be approximated mining values of ¢, — ¢ in a specimen that under-

during loading. The author!® has used the photo-
elastic-coating method to examine the stress dis-
tribution about cracks in elastic plates. High-
strength steel specimens which had yield strengths

went large plastic deformations was verified.!®
A photoelastic coating was applied to a sheet of
2024-0 aluminum, loaded so that yielding had oc-
curred across the net section and then unloaded.

TABLE 1-—TENSILE DATA FOR MATERIALS OF THIS INVESTIGATION
L

0.2% offset Tensile True stress  True strain Strain-
yield stress, stress, Elongation Reduction  at fracture, at fracture, hardening
Material ksi ksi in2in., % of area, % ksi % exponent, n
2024-0 Aluminum 15.4 34.7 17.5 28.4 45.3 33.3 0.250
15.4 34.6 15.0 20.4* 40.6* 23.1%*
6061-T6 Aluminum 4.3 42.7 11.0 43.6 63.0 57.1 0.068
39.6 43.5 10.5 39.2 59.2 49.5
AZ-31B—H?24 Magnesium 31.8 42.8 13.0 16.8 51.4 18.4 0.215¢
31.6 42.8 12.0 14.3 50.0 15.6
4340-Normalized steel 62.0 9l.2 24.0 45.3 129.0 60.5 0.145
59.1 92.5 24.0 43.9 127.0 58.0
7075-T6 Aluminum 70.1 81.4 11.0 20.4 99.0 22.7 0.080
70.1 81.4 11.0 20.5 99.0 23.1

* Fractured at gage mark.
1 Averaged value—see Fig. 3.
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After isochromatic fringes were recorded, the bonded
plastic was milled down to one-half its original
thickness, again recording the fringes. After re-
peating this procedure once more, the fringe order
was determined at several distances from the crack
tip for each plastic thickness. Extrapolating to
zero plastic thickness, the data clearly showed that
errors in determining ¢ — ¢ with 0.1-in.-thick plastic
were less than 10 percent, even as close to the crack
tip as 0.05 in. Thus, it is seen that this photoelastic
method is reasonable for determining the principal
strain differences at distances from the crack tip
greater than the thickness of the material for de-
formations ranging from the purely elastic to very
large plastic ones.

It was necessary to know whether residual stresses
affected the measurements in the resulting plastic
enclaves. A specimen was loaded into the plastic
regime and then unloaded (as described earlier), the
isochromatics being recorded. The specimen was
carefully cut along the boundary of the enclave to
relieve any residual stresses in that area. No change
in the isochromatics was noted, indicating that
residual-stress effects were of secondary importance.

Experimental Resulls

Tensile results for investigated materials are
shown in Table 1. It is seen that the materials
chosen have a wide range of properties as indicated
by the variation in strength, strain hardening and
ductility. The true stress—true strain characteristic
of each material was used to determine each of the
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Tost — Yoos CUrves. 'The octahedral curves are shown
in Fig. 1 for the two materials which exhibited the
extremes in strain-hardening behavior. To facilitate
determination of energy density in the cracked plates,
plastic strain energy density was found as a function
of plastic octahedral-shear strain from tensile data.
This is shown in Fig. 2 for the 6061-T'6 aluminum and
is seen to be a relatively linear relation for this low
strain-hardening material. Also determined from
the true stress—true strain curves were the strain-
hardening exponents for each material. As seen
in Fig. 3, the log-log plots resulted in relatively
straight lines for all materials except the magnesium
alloy, which seemed to have two distinct regions of
strain hardening. To simplify the correlation of
results, it was assumed that this material had an
average strain-hardening exponent determined by
the slope drawn through the beginning and end
points of plastic deformation.

Plastic enclaves of various sizes and shapes were
obtained by loading twenty center-cracked tensile
specimens of the five materials. The various loading
and geometrical parameters for each specimen are
given in Table 2. The stress—strain characteristics
of a material had an effect on the resulting plastic
enclave, as may be seen qualitatively in Fig, 4.
Here, isochromatics for three plastic enclaves of
about the same size are shown. On the left is 2024-0
aluminum which has a strain-hardening exponent
n=0.250; in the middle is 6061-T6 aluminum
(n=0.068); and on the right is mild steel which
demonstrates a yield-point instability. The latter
is shown through the courtesy of J. R. Dixon.? It is



TABLE 2—EXPERIMENTAL DATA FOR PLASTIC ENCLAVES

Applied Plastict Plastic {
Yield stress, stress, Crack length, enclave size, energy,
Material Thick, in. ays, Ksi ag, ksi 2a. in. F* ry', in. Up, in.-1b
061-T6 Aluminum 0.0994 40.4 36.1 0.200 0.168 0.115 0.535
0.0996 40.4 26.6 0.780 0.366 0.169 0.920
0.0993 40.4 18.6 1.52 0.384 0.211 1.09
0.0995 40.4 27.8 0.780 0.398 0.223 1.76
0.0980 40.4 29.6 0.700 0.410 0.247 1.82
0.0992 40.4 19.8 1.53 0.442 0.293 2.17
0.0995 40.4 21.2 1.53 0.505 1.05 8.47
7075-T6 Aluminum 0.1002 70.1 45.4 0.220 0.09% 0.026 0.290
0.1010 70.1 30.3 0.780 0.157 0.088 0.340
0.1008 70.1 21.2 1.53 0.164 0.116 0.560
0.1001 70.1 41.0 0.775 0.285 0.134 1.13
4340 Normalized steel 0.1260 60.6 42.7 0.785 0.422 0.204 2.10
0.1282 60.6 30.8 1.52 0.476 0.256 2.42
0.1282 60.6 34.0 1.52 0.582 0.616 10.2
0.1281 60.6 52.5 0.800 0.654 1.02 22.4
0.1284 60.6 38.6 1.53 0.748 ~2.0% 76.0
AZ-31B Magnesium 0.1010 31.7 19.7 1.00 0.425 0.142 0.500
0.1001 31.7 21.4 1.05 0.530 0.275 2.34
2024-0 Aluminum 0.0937 15.4 11.1 0.965 0.546 0.144 0.365
0.0930 15.4 13.7 1.00 0.870 0.654 2.34

o= oo [+ an ()]

1 Measured at maximum extension of (e = 2000 gin./in.
I Plastic energy absorbed in one whole enclave or half the plate.
§ Extrapolated.

evident that as the strain hardening decreases, the
enclave tends to become more pointed. Quantita-
tive measurements of the principal strain distribu-
tions, €, e and e;, are shown for three materials with
varying degrees of strain hardening in Fig. 5. In all
cases, the shape and magnitude of the ¢ contours are
very similar to those of the ¢; contours for each mate-
rial. As will be shown in Part II,'* the shape of
principal strain contours for the high strain-harden-
ing material, 2024-0 aluminum, are closely approxi-
mated by the exact elastic solution of Inglis. Thus,
as the strain hardening decreases, there is a strong
tendency to deviate from the elastic solution for the

enclaves to become more pointed and to become
oriented closer to the line of the crack.

How the enclave shape varies with strain harden-
ing is more clearly seen in Fig. 6, where the ratio of
the maximum extension of the enclave, r..., to the
extension of the enclave along the line of the crack,
r, = 0°, is plotted vs. the magnitude of the larger
in-plane principal strain, ¢;. As the strain hardening
decreases, the enclave ratio becomes larger near the
elastic-plastic interface, indicating a much more
pointed enclave. However, very near the crack tip
there is a smaller effect of strain hardening on the
shape of the enclave. In Fig. 7, the effect of strain

Fig. 4—lsochromatic of plastic enclaves for 2024-0 aluminum, 6061-T6 aluminum and mild steel
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and for larger or smaller degrees of strain hardening,
the behavior for shape and orientation would
probably deviate from this linear behavior. Also,
similar effects may not be observed for specimens
with different thicknesses.

Fig. 6—Variation of enclave shape with strain hardening

hardening on both shape and orientation indicates

that the enclave ratio decreases linearly and the
enclave orientation increases linearly with increasing
strain hardening. For a different strain magnitude
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Besides strain hardening, there is also a strong
effect of load level as is evidenced by the relative
enclave size on the shape of the strain contours.
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In Fig. 8, the principal strain distributions for small,
medium. and large plastic enclaves of 4340 mnor-
malized steel are shown. As the enclave size in-
creases, the ¢ and ¢ contours become more pointed.
This is similar to the effect of decreasing strain
hardening. Also, there is a remarkable similarity
between the shape of the small enclave for this
medium strain-hardening material and that of the
larger enclave for the high strain-hardening 2024-0
aluminum shown in Fig. 5. Thus, the shape of the
¢, €& and ¢ distributions for the small enclave of
4340 are also similar to the elastic stress distributions.
The large enclave in Fig. 8 is similar in shape to the
one obtained for the low strain-hardening material,
6061-T6 aluminum, in Fig. 5. In Fig. 9, a plot of
the enclave ratio is made for the three enclave sizes
of the 4340 material. For the same strain magnitude,
the enclave ratio increases drastically with increasing
enclave size. Thus, increasing the size of the enclave
and decreasing the strain-hardening properties have
similar effects; namely, to cause a greater deviation
from the elastic solution. This is intuitive from the
shape of the stress—strain curves.

The next point of interest is the effects of strain
hardening and enclave size on the strain distribution
within the enclave. For three enclaves of about
the same size but of different degrees of strain
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hardening, the extension of the maximum principal
strain along the line of the crack is shown in Fig. 10.
As the strain hardening increases, the strain magni-
tude is reduced at a given distance from the crack
tip. To obtain a quantitative expression for de-
scribing the plastic-strain distribution within the
enclaves, Hult and McClintock’s! analysis for the
plastic strain distribution at a crack tip in a non-
strain-hardening material under shear is utilized.
The tensile analogy gives

«=2%(2-1) ®)
where 7, is an arbitrary value which gives a good fit
to the data. It is much closer to the elastic-plastic
boundary than the subsequently defined value of
r,’ taken at 2000 uin./in. The —1 in eq (6)
effectively subtracts the elastic strain. At the left-
hand side of Fig. 11, eq (6) fits the data rather well
for the relatively large plastic enclaves of two mate-
rials. For smaller enclave sizes in each particular
material, the strain distribution varies less sharply
than r,/r and tends to approach (r,/r)Y% which is
the type of distribution one might expect from elastic
considerations, It should be noted that in Fig. 11
the experimental data are for measurements along
the line of the crack. In the case of a small plastic

Maximum Principal Strain, €,, 1000 Lin./In.



enclave in 7075-T'6 aluminum, the strain distribution
varied as (r,/r)!/? as is seen in the lower right-hand
corner of Fig. 11. However, this does not neces-
sarily negate the preceding argument, for it has been
shown®® that the elastic stress distribution deter-
mined both experimentally and with numerical
solutions®: ?* varied more closely to (1/r)!* than
to the (1/r)Y? relationship obtained from the one-
term elastic solution. Thus, it seems that the plastic
strain distribution varies closely to r,/r for large
enclaves and then acquires the characteristics of the
elastic-stress distribution with decreasing size.
Having determined the shape of the enclave and
how the strain distribution varies within the enclave,
it was next necessary to determine how the plastic
enclave size varies with material and loading param-
eters. Referring to Table 2, the enclave size which
was measured at the maximum extension of the
enclave for ¢ equal to 2000 uin./in. is given for each
test coupon. The enclave size was measured at 2000
win./in. for two reasons. First, there was an un-
certainty as to where the elastic-plastic boundary
actually was. Second, it was convenient because
2000 win./in. is the value normally used to define
the yield strength of a material with some finite
strain hardening. Next, a simple parameter similar
to the stress-intensity factor!” was found to describe
the enclave size in terms of the crack length, plate
width, applied stress, and yield strength. This
dimensionless loading factor is given by

- @[] o

How the plastic enclave size varies with the loading
factor F is shown in Table 2 and in Fig. 12 for the
four materials with relative large plastic enclaves.
The experimental data show that the enclave size is
not a linear function of F but that it increases quite
rapidly for values of F' much greater than 0.4. It is
also seen that the rate of increase of the enclave size
is dependent upon the strain-hardening properties
of the material. For low strain-hardening materials
the enclave size increased quite rapidly, while for
high strain-hardening materials, it increased gradu-
ally.

With the shape, distribution and size of the plastic
enclave fairly well defined, the next thing to consider
was the plastic energy within it. First, the plastic-
strain energy density, W, was determined at each
point within the enclave. Three typical results are
shown in Fig. 13. Since W, is roughly proportional
to .. for low strain hardening materials and since
Yoot 18 fairly linear with ¢ or e; when e, is small, one
would expect the plastic strain energy density con-
tours to be very similar to the ¢ and e; principal
plastic strain contours. This is indeed observed
when comparing Fig. 13 to Fig. 6. A further dis-
cussion of strain energy density and its possible
use in a ductile failure criterion is given in Part I1.1?
With the strain energy density at each mesh point,
the total plastic energy for a single enclave (or for
half the plate) was determined by the method dis-
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Fig. 12—Effect of loading and strain hardening on
plastic enclave size

cussed above. In Table 2, the experimental values
of U, for each specimen are given. It is seen that
for a corresponding F value, the low strain-hardening
material can absorb considerably more plastic
energy. This is more clearly seen in Fig. 14, where
the plastic energy is plotted vs. the loading parameter
for each material. The effect of strain hardening on
the plastic energy absorbed is seen to be similar to
its effect on the size of plastic enclave formed. Tt
should be noted that the data in Fig. 14 were nor-
malized for a slight differences of thicknesses using
0.1 in. as the norm.

In this presentation of data, it has been seen
how loading and strain hardening affect the principal
plastic strain and energy density distributions, and
further, how this is reflected in the amount of strain
energy that can be plastically absorbed at the crack

tip.

Conclusions

1. A technique is presented which allows deter-
mination of the principal plastic strains, €, e and e
within a plastic enclave at a crack tip in thin plates
under tensile loading.

2. Consequently, the plastic-strain energy density,
W, and the total plastic energy, U,, may be deter-
mined in thin plates.

3. It has been clearly shown that the extent of
plastic deformation and strain hardening have a
major influence on the size, shape and orientation of
plastic enclaves and the strain distribution within
them.

4. The smaller the strain hardening and/or the

Experimental Mechanics | 343



W, psi Wy, psi
2024-0 Aluminum 4340 Normalized Steel
n=0.250 n=0.145

—

0.1 In, 0.1 In.

W, psi
6061-T6 Aluminum
n = 0.068

P
0.1 In.

Fig. 13—Plastic distortional strain energy density distributions for 2024-0 aluminum,

4340 normalized steel and 6061-T6 aluminum

larger the enclave size, the more pinched and dis-
tended the plastic enclaves become.

5. Within the enclave, the maximum principal
strain distribution varies as r,/r for relatively large
enclaves and (r,/r)!? for relatively small ones.

6. The shape of the plastic strain energy density
contours are very similar to the maximum principal
strain contours, ¢ and e;.

7. For an equivalent loading condition, a low
strain-hardening material will have a larger plastic
enclave and hence absorb much more energy plas-
tically than a high strain-hardening material.
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