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ABSTRACTmA combined Moir6-Sagnae interferometry 
method is developed for in-plane (u and v) and out-of-plane 
(w) surface deformation measurement. The combined op- 
tical setup is used to measure three-dimensional crack tip 
deformations of AI 2024-0 and AI 2024-T4 specimens at 
room temperature and an Inconel 909 specimen at 570~ 
Measured displacements near the crack tip region of the AI 
2024-T4 specimen are used as input nodal displacements to 
determine stress intensity factors based on two-dimensional 
and three-dimensional Jacobian derivative method. The val- 
ues compare favorably with theoretical calculations. The 
extent of the three-dimensional crack tip deformation zone is 
also discussed. 

KEY WORDS--3-D crack-tip deformation, Moir6-Sagnac 
Interferometry, high-temperature measurement, Jacobian 
Derivative method 

Three-dimensional crack tip displacement measurements 
are often needed in the field of fracture mechanics research. 
The crack tip region may be subjected to large deformation 
gradients, and typical experimental methods, which can only 
measure discrete surface deformations, may not provide suf- 
ficient information about the deformations in this region. Ac- 
quiring crack tip displacements becomes even more compli- 
cated when the measurements are made under harsh envi- 
ronmental conditions such as under high temperatures. In 
these instances, it may not be possible or desirable to af- 
fix a measuring device to the specimen. As an alternative, 
various optical techniques have been developed to measure 
surface deformations. These optical techniques provide full- 
field measurements. The response time is essentially instan- 
taneous, and the measurement system does not interfere with 
the process examined. 

Moir6 interferometry has been shown to be applicable for 
in-plane deformation measurement of specimens under harsh 
environmental conditions, i.e., at elevated temperatures 1-4 
or in liquid medium. 5 To obtain out-of-plane displacements, 
techniques such as Michelson interferometry, moir6 inter- 
ferometry and holographic interferometry have been em- 
ployed, but only under stable environments, e.g., room 
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temperature. 6-I~ Measurements obtained by Michelson in- 
terferometry or similar interferometric methods are sensitive 
to variations in the medium (such as temperature field fluc- 
tuation and flatness of the furnace window) and thus may not 
be suitable for high-temperature testing. Moir6 interferom- 
etry can be used to measure both in-plane and out-of-plane 
displacements; 8,9 however, the approach requires the place- 
ment of a reference grating near the surface of the specimen to 
measure the out-of-plane displacements. This configuration 
is not practical for a specimen under elevated temperature 
conditions. The technique of holographic interferometry re- 
quires the superposition of a deformed image onto an original 
undeformed image 6 and thus is sensitive to the stability of the 
mechanical system and environmental conditions, l~ A sim- 
pler method for obtaining the out-of-plane displacements is 
desired. 

The purpose of this paper is to report the development 
of a combined optical method capable of full-field three- 
dimensional surface displacement measurements of speci- 
mens under elevated temperature conditions. Moir6 inter- 
ferometry is used to obtain the in-plane displacements, and 
an application involving Sagnac interferometry, which was 
presented in 1913 as a method for measuring angular ve- 
locities, is developed for measuring the out-of-plane surface 
deformations. Both interferometric techniques give full-field 
measurements and do not require physical contact with the 
specimen. This combined method has been used to measure 
the crack tip deformations in single-edge-notched tension 
(SENT) specimens of different materials and under differ- 
ent environmental conditions. The three-dimensional crack 
tip deformation fields obtained from an A1 2024-T4 speci- 
men are used as input boundary nodal displacements to de- 
termine the stress intensity factors based on two-dimensional 
and three-dimensional Jacobian derivative method (JI)M).I 1 
Finally, out-of-plane deformation fields obtained in this ap- 
proach are compared with theoretical predictions 12 and with 
previous results from an etching technique, 13 finite element 
analysisl4,15 and caustics. 16 

Sagnac Interferometry 

The Sagnac interferometer (also referred to as a triangular- 
path macro-interferometer, an anti-resonant ring interferome- 
ter or a beam splitter interferometer) is an amplitude-splitting 
device that was used in 1913 by G. Sagnac to measure the 
angular velocity of a rotating system. 17 More recently, it has 
been used in applications such as fiber lo~icagates, laser gy- 
roscopes and quasi-microwave junctions. 18,1VThe main fea- 
ture of this device is that the two beams present in the system 
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Fig. 1--Optical paths of a Sagnac interferometer 

travel in identical but oppositely directed paths before they 
are recombined at the beam splitter. 

The Sagnac intefferometer is similar to a Michelson inter- 
ferometer, but the initial null field (i.e., no fringes) is always 
achieved irrespective of the initial specimen surface warping. 
An example of a three-mirror Sagnac interferometer is shown 
in Fig. 1. A collimated wave front is first divided by a beam 
splitter into two wave fronts with the same waveform. Each 
waveform is then directed around an identical closed path in 
opposite directions and then recombined at the beam splitter. 
This initial alignment produces a null field from the interfer- 
ence between the recombining wave fronts, since both have 
the same wave shape and pathlength. When one of the mir- 
rors is subjected to a translational shift (dh, dr) ,  an optical 
path difference (dl) between the two wave fronts is formed, 
i.e., 

dl = 2(dv - dh) .  (1) 

For a purely translational shift, dv  is equivalent to dh and 
dl becomes zero. This corresponds to rigid-body transla- 
tional, and no interferometric fringe will be generated. How- 
ever, for a rotation of one of the mirrors by an angle O, the 
recombining wave fronts will intersect at an angle of 20 and 
form interferometric fringes; i.e., for a surface that rotates an 
angle 0, the corresponding out-of-plane displacement can be 
represented by 

Nk 
w = (2) 

2 '  

where X is the wavelength of the light source and N is the 
fringe order. This optical setup is insensitive to rigid-body 
translation and to the initial surface warping of the mirrors; 
however, displacements resulting from rigid-body rotation of 
one of the surfaces will cause fringe formation. 

Note that the three-mirror setup will generate a transposed 
image, as shown in Fig. 2(a); therefore, for the experimental 
work presented in this paper, a four-mirror Sagnac interfer- 
ometer was adopted such that the two recombined images 
will superimpose onto each other at identical input locations, 
as illustrated in Fig. 2(b). As also shown in Fig. 2(b), one of 
the four mirrors of the Sagnac interferometer is replaced by 
the specimen and the remaining mirrors are fixed; thus, any 
fringe pattern produced will be due to surface deformations 
of the specimen. 
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Fig. 2mlmages acquired from a (a) three-mirror Sagnac in- 
terferometer and (b) four-mirror Sagnac intefferometer 

Experimental Program 

SENT specimens made of A12024-0, A12024-T4 and In- 
conel 909 were tested using the combined moir6-Sagnac in- 
terferometry method. The general configuration of the spec- 
imens is shown in Fig. 3. In each specimen, an initial saw 
cut crack was made using a thin diamond-edge saw blade. 
After the cut, the AI 2024-T4 and Inconel 909 specimens 
were fatigue-precracked, with the maximum cyclic load cor- 
responding to 15 percent of the fracture toughness value of 
the material. 

Spec imen Grating 

Once the initial crack was generated, the cross-lined grat- 
ing necessary for moir6 interferometry was applied to each 
specimen. For the tests conducted at room temperature, 600 
lines/mm cross-lined grating was transformed onto the spec- 
imen using PC-6C adhesive (Measurements Group Inc.) fol- 
lowing standard moir6 grating transfer procedure. 2~ How- 
ever, for tests conducted at elevated temperatures, a special 
grating transfer procedure 1 was applied to chemically etch a 
300 line/mm cross-lined pattern onto the Inconel 909 speci- 
men surface, i.e., zero-thickness specimen grating. 

Optical  Setup 

Figure 4 shows the combined moir6-Sagnac interferom- 
etry optical setup for conducting tests to record the three- 
dimensional full-field crack tip deformations. The Sagnac 
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Fig. 3reTest specimen geometry 

interferometry component is shown with a solid line, and 
the moir6 interferometry component is shown with a dotted 
line. The specimen, which is mounted on a loading frame, 
and the entire optical setup, excluding the recording device, 
is assembled on an optical isolation table. The Inconel 909 
specimen is mounted inside a furnace that is also mounted 
on the optical table. Previous work 2"5 has shown that the 
window required to be placed in the optical path for the high- 
temperature testing has no effect on the in-plane moir6 fringe 
patterns produced. The optical setup consists of a 200 mW 
argon ion laser, a spatial filter, a collimating lens, a beam 
splitter and several mirrors used as beam-directing elements. 
The collimated light that passes through the center portion 
of the collimating lens is used for the Sagnac interferometer. 
The collimated light from the outer edges of the collimating 
lens is used for the moir6 interferometry setup (dotted lines), 
which has been described in several publications. 4'20'21 

The images produced by the moir6 and Sagnac interferom- 
etry setups were recorded using two 35 mm cameras (one to 
record the u and v displacement fields and the other for the w 
displacement field) with Kodak T-Max 3200 black-and-white 
film. 

Results and Discussion 

Large-scale Deformation Fields 

To demonstrate that for a thin specimen the moirr-Sagnac 
interferometer can record the shear-lips characteristic of a 
plane stress ductile specimen, an A1 2024-0 specimen of 

Mirror 
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Camera Camera 

Fig. 4---Optical setup for combined moir&Sagnac interferom- 
etry (dotted line = moird intefferometry, solid line = Sagnac 
intefferometry) 

0.8 mm thickness was tested. This material was chosen for its 
strain-hardening behavior with large out-of-plane deforma- 
tion at the crack tip region. The specimen was loaded incre- 
mentally to initiate stable crack growth leading to final failure, 
and the corresponding fringe patterns were recorded. Figures 
5 and 6 illustrate the progression of displacement fields from 
small-scale yielding to large-scale yielding. The shear-lips, 
clearly visible in Fig. 6, can be compared to the theoreti- 
cal predictions 12'22 under the plane stress condition and to 
previous experiments performed by Hahn and Rosenfield. 13 

High-temperature Testing 

The feasibility of applying the combined moir&Sagnac 
interferometry technique for the three-dimensional surface 
deformation measurement of specimens at elevated tempera- 
tures was demonstrated using an Incone1909 specimen. This 
specimen was first placed in the furnace, and then the furnace 
temperature was increased incrementally to 570~ this pro- 
cess took about 1 h to complete. A constant load of 4048 N 
was then applied to the specimen. Figures 7 and 8 show the 
specimen under constant load at t = 0 min and t = 300 rain, 
respectively. As can be seen in Fig. 7, some amount of spec- 
imen surface oxidation has already been formed at this test- 
ing stage. Figure 8 shows that much moresurface oxidation 
accumulated and the contrast of the moir~ fringes further de- 
teriorated. Subsequent photos became even more difficult to 
analyze; thus, for Inconel 909 at 570~ the testing period 
is limited. However, for materials that do not exhibit such 
extensive oxidation, such as Inconel 718, the testing time can 
be increased significantly (over one week3'4). 

K/Evaluation Using JDM 

An AI 2024-T4 specimen was tested to provide three- 
dimensional crack tip surface deformations to be used as 
input for an algorithm based on JDM. 11 This material was 
used as an elastic perfectly plastic material. The fringe pat- 
terns were obtained corresponding to a number of incremen- 
tally applied loads. Figure 9 shows one such set of fringes 
under an applied load of 3848 N. Also shown in the figure 
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Fig. 5--Three-dimensional  displacement fields for AI 2024-0 
specimen at P =  311 N 
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Fig. 6---Three-dimensional displacement fields for AI 2024-0 
specimen at P = 547 N 
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Fig. 7--Three-dimensional displacement fields for Inconel 
909 specimen at P =  4048 N and t=  0 min 

are the superimposed meshes that were used to obtain nodal 
displacement values for calculating mode I stress intensity 
factors using JDM. 

JDM, which was proposed by Barbero and Reddy, 11 is a 
method for computing the strain energy release rate (G). The 
derivation of JDM is an extension of virtual crack extension 
method (VCEM) 23 and the stiffness derivative method, 24 As 
in VCEM, the strain energy release rate is computed from the 
formula 

~U 
G = - -  (3) a a '  

where U is the strain energy and a is the crack length. The 
theoretical formulation presented by Barbero and Reddy pro- 
vides the following expression for the strain energy release 
rate 

1 

fZ, 

r BoIJI] + B  D ~ j d r a s ] , ,  

(4) 

where u is the vector of nodal displacements, B is the strain- 
displacement matrix, D is the constitutive matrix, f2e is the 
domain, e is the number of elements connected to the crack 
tip and 

= j .  (s) 
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Fig. 8---Three-dimensional displacement fields for Inconel 
909 specimen at P = 4048 N and t = 300 min 
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Fig. 9---Three-dimensional displacement fields for A12024-T4 
specimen at P = 3848AI (mesh with d / B  ratio of .65 super- 
imposed on the u and v fields, and meshes with d / B  ratios of 
.1625, .325 and .65 superimposed on the w field 

The derivatives of the Jacobian are computed by the formula [EE  ax, 
E ,.r aa 

OJ t~. Oxi 
Tg = Oa  

t~. OXi 
,.t a-; 

Ozi "1 E dPirOYi" Oa E i.r"~a [ 

dp azi I 
�9 ~ a  

E ,t, azi I 
oa E i.t"~a I 

(6) 

where (r, s, t) are local coordinates of the isoparametric ele- 
ment qbi, (x/, yl ,  zl) are global coordinates of the elements 
and vector 

(,Ox__i Oyi OZi 
v = \ Oa Oa Oa (7) ) 

indicates the direction and shape of the virtual crack 
extension. 

Note that with JDM, it is not necessary to assign an arbi- 
trary crack extension to the specimen as with VCEM, since 
JDM calculates G from eq (4) exactly. However, evalua- 
tion of eq (4) requires the nodal displacements of two ele- 
ments surrounding the crack tip. These nodal displacements 
can either be two-dimensional in-plane displacements with 
the added constraint of either plane stress or plane strain or 
three-dimensional with no added constraint. Typical two- 
dimensional and three-dimensional meshes are shown in 
Fig. 10. In these diagrams, d is the dimension of the elements 
and B is the thickness of the specimen. Two-dimensional and 
three-dimensional JDM computer codes were obtained from 
Barbero. 25 

Analysis of the A1 2024-T4 specimen was done using 
both two-dimensional and three-dimensional JDM. For the 
two-dimensional case, plane stress was assumed. As typi- 
cally shown in Fig. 9, a mesh with a d/B ratio of 0.65 is 
shown superimposed on the u and v displacement fields, and 
meshes with dlB ratios of 0.1625, 0.325 and 0.65 are super- 
imposed on the w displacement field. Displacement values 
were assumed symmetric for both specimen surfaces in the 
three-dimensional case. Elements with dlB ratios of 0.1625, 
0.325 and 0.65 were applied to the displacement data for 
P = 2055 N, P = 3100 N and P = 3848 N, respec- 
tively, to obtain strain energy release rates (G) for each case, 
which were converted to stress intensity factor (K/) using the 
relation 

KI = ~G--E, (8) 

where E is Young's modulus. 
Stress intensity factors obtained from two-dimensional 

and three-dimensional JDM were compared with each other 
and also with theoretical calculations. 26 The comparison of 
the stress intensity factors given in Tables 1 and 2 shows 
that the two-dimensional and three-dimensional cases have 
the best correlation as the element size increases. Three- 
dimensional JDM is within 1.2 percent of the theoretical 
value for each of the loading cases for a dlB ratio of 0.65, 
compared with a maximum difference of 14.2 percent for the 
two-dimensional case. As the elements become smaller, both 
the two-dimensional and three-dimensional methods produce 
stress intensive factors that are significantly different from the 
theoretical values, with the two-dimensional case producing 
a larger percentage difference. This should be the case be- 
cause the assumption of plane stress becomes less valid (i.e., 
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Fig. 11--Radius of 0.7 times the specimen thickness (3.2 
mm) superimposed on w displacement fields of an AI 
2024-T4 specimen for loads of (a) 2055 N, (b) 3100 N, (c) 
3848 N, (d) 4088 N, (e) 4617 N and (f) 5129 N 

closer to the crack tip). As would be expected, the largest 
percentage error is for the case of highest loading and with 
the smallest d/B ratio, where the elements are dominated by 
the three-dimensional crack tip plastic deformation. There- 
fore, application of JDM should be restricted to mesh nodal 
points sufficiently away from the crack tip region where the 
assumption of linear elastic deformation is valid. Based on 
the results shown in Tables I and 2, we suggest the use of a 
mesh size larger than a d/B ratio of 0.65 for two-dimensional 
JDM and a mesh size from a dlB ratio 0.33 to a dlB ratio 
of 0.65 for three-dimensional JDM. This technique has been 
previously compared to the crack closure technique, ]1 and it 
has been shown that the solution from the crack closure tech- 
nique approaches the two-dimensional JDM solution. There- 
fore, three-dimensional JDM should provide more accurate 
stress intensity factor values compared with the crack clo- 
sure technique. Note that application of three-dimensional 
JDM should use elements that are on the periphery of the 
three-dimensional crack tip region but outside of the crack 
tip process zone. 

Comparison of Out-of-plane Displacements with Previ- 
ous Investigations 

Several investigators have attempted to determine the ex- 
tent of the three-dimensional field in a crack tip region.]a-16 

Through numerical calculations performed by Yang and 
Freund, 14 those investigators determined that the three- 
dimensional deformations were dominant within a region 
with a radius between 0.5 and 0.75 times the thickness of 
a specimen, and that outside this radius the deformations 
can be considered as under a plane stress condition. They 
also showed that within this region, the deformation field 
cannot be approximated by a plane strain solution. Finite 
element analysis performed by Nakamura and Parks 15 and 
experimental results by Rosakis and Ravi-Chandar 16 illus- 
trate how the three-dimensional effect does occur within a 
radius of approximately 0.5 times the specimen thickness. 
Our results are in agreement with their findings. Figure 11 
shows the w fields of the AI 2024-T4 specimen, where a 
circle of radius 0.7 times the specimen thickness is super- 
imposed on the out-of-plane deformation fields for different 
loads. As shown, it can be seen that the radius of the three- 
dimensional deformation region increases rapidly as the load 
is increased but remains confined within a radius of about 
0.5 times the specimen thickness, which correlates well with 
previous investigations. 14-16 

Conclusion 

Based on the results presented in this paper, the following 
conclusions are drawn: 
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TABLE 1--STRESS INTENSITY FACTORS FOR VARYING d/B RATIOS (A12024-T4 SPECIMEN): (A) THREE-DIMENSIONAL 
JACOBIAN DERIVATIVE METHOD AND/B/TWO-DIMENSIONAL JACOBIAN DERIVATIVE METHOD 

Three-dimensional Jacobian Derivative Method (MPa~/rn) 
(A) Contour 1 Contour 2 Contour 3 

Load (d/B = 0.1625) (d/B = 0.325) (d/B = 0.65) Theoretical 
P= 2055 N 13.86 11.98 13.02 12.88 
P = 3100 N 21.76 19.56 19.67 19.58 
P = 3848 N 36.07 26.56 23.84 24.12 

Two-dimensional Jacobian Derivative Method (MPa~/rn) 
(B) Contour 1 Contour 2 Contour 3 

Load (d/B = 0.1625) (d/B = 0.325) (d/B = 0.65) Theoretical 
P = 2055 N 11.41 10.77 11.77 12.88 
P= 3100 N 15.66 15,68 16.80 19.58 
P = 3848 N 28.77 23.43 21.28 24.12 

TABLE 2--PERCENTAGE DIFFERENCE BETWEEN EXPERIMENTAL AND THEORETICAL STRESS INTENSITY FAC- 
TORS: (A) THREE-DIMENSIONAL JACOBIAN DERIVATIVE METHOD AND (B) TWO-DIMENSIONAL JACOBIAN DERIVA- 
TIVE METHOD 

Three-dimensional Jacobian Derivative Method (percentage difference) 
(A) Contour 1 Contour 2 Contour 3 

Load (d/B = 0.1625) (d/B = 0.325) (d/B = 0.65) 
P = 2055 N 7.61 6.99 1.09 
P= 3100 N 11.13 0.10 0.46 
P= 3.848 N 49.54 10.12 1.16 

Overall 22.76 5.74 0.90 
Two-dimensional Jacobian Derivative Method (percentage difference) 

(B) Contour 1 Contour 2 Contour 3 
Load (d/B = 0.1625) (d/B = 0.325) (d/B = 0.65) 

P= 2055 N 10.41 16.38 8.62 
P= 3100 N 20.02 19,91 14.20 
P= 3848 N 19.28 2.86 11.77 

Overall 16.57 13.05 11.53 

�9 A combined moir6-Sagnac interferometry method is 
developed for in-plane (u and v) and out-of-plane (w) 
surface deformation measurement. 

�9 Measurements of three-dimensional full-field crack tip 
deformations on SENT specimens of AI 2024-0, AI 
2024-T4 and Incone1909, under different testing con- 
ditions, demonstrate that this method is applicable for 
small-scale yielding and for large-scale yielding defor- 
mation measurement. Furthermore, this method is ca- 
pable of three-dimensional deformation measurement 
of specimens under elevated temperature conditions~ 

�9 Good correlation between the experimental and the- 
oretical stress intensity factors shows that two- 
dimensional and three-dimensional JDM can be suc- 
cessfully employed to obtain the stress intensity fac- 
tors from the experimental data of two-dimensional 
and three-dimensional crack tip deformations. 

�9 The extent of the three-dimensional crack tip field 
is discussed. Our experimental results are in agree- 
ment with previous investigations 14-16 that the three- 
dimensional crack tip region is confined to approxi- 
mately 0.5 times the specimen thickness. 
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