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ABSTRACT--A new method for analyzing low-order moir6- 
fringe patterns of displacement fields is presented. This method 
adapts the techniques of half-fringe photoelasticity to molt6 
and extracts continuous displacement information in the 
regions between integral fringes. The effectiveness of the 
technique is illustrated with three examples: a uniform uniaxial 
field, a tapered specimen in tension, and a disk in diametral 
compression. 

Introduction 

Moir~ patterns were first interpreted by Rayleigh more 
than a century ago in 1874. Developments since then have 
resulted in many applications of moir6 fringes to static 
and dynamic displacement and strain analysis. '2 The 
conventional method for two-dimensional displacement 
measurement usually compares the distortions of either 
a stretchable grating bonded to a specimen, or a photo- 
graphically reproduced grating on the surface of the speci- 
men, with an undeformed reference grating. Under applied 
load the specimen grating deforms and optically interferes 
with the undeformed reference, 'master '  or analyzing 
grating. Moir~ fringes result from this interference. Each 
fringe corresponds to the locus of points of equal displace- 
ment in a direction normal to that of the reference 
ruling. If before deformation the two gratings had identical 
pitches, a displacement equal to the pitch produces one 
fringe. Thus, if there is no rigid-body displacement or 
rotation between the two gratings, a simple count of the 
obtained fringes gives the displacement 

u = N p  (1) 

where u = displacement normal to the moir~ gratings, 
N = fringe count from any reference fringe, and p = 
pitch of the undeformed gratings. 

If a Cartesian coordinate system is chosen such that u 
coincides with x,  then consecutive differentials with 
respect to x result in the strain cx normal to the grating 
lines. 

e= = U,x (2) 
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For a uniaxial field this means that the distance between 
successive fringes becomes the effective gage length and 
the pitch of the grating becomes the resolution. The value 
for ex is an average over the gage length. In the absence 
of rigid-body motions, this need for spatial rate of change 
of fringe density is the Achilles heel of  the moirg method. 
For small strains it is not possible to obtain a sufficient 
number of moir6 fringes for accurate differentiation. 

Until now, attempts to reduce the seriousness of this 
limitation have concentrated on increasing the density of 
initial gratings or on increasing the number of obtained 
fringes from a specific grating by sharpening and/or  
multiplication of the moir~ fringes? .3.' Probably the most 
significant advance in this direction was Post 's  intro- 
duction of a practically useful method for generating and 
using very high density gratings (2400 e/ram). '.5 An 
alternative method which uses fractional moir~ fringes 
was introduced and developed by Sciammarella in 1965. 6 9 
The theory u t i l izesa  light intensity versus displacement 
relationship and was applied to several examples by using 
a microdensitometer to record the light intensity. Un- 
fortunately, this approach did not catch on, mainly 
because of the relative inconvenience of using the micro- 
densitometer and the cumbersome way in which the data 
had to be processed. A renewed interest in using the 
fractional moir~ system has been shown in recent work by 
Hunter. ~~ Hunter, however, still utilizes fairly large 
numbers of full moir~ fringes in the field. 

Recent developments in the field of digital image analysis 
have led to significant progress ~ in automated measure- 
ments of light intensity in photoelasticity over fairly large 
fields and with high accuracy. ~2." When this general 
approach is modified to apply to molt6 f!elds , it leads to 
a greatly improved capability for interpolating between 
relatively widely spaced moir6 fringes. This paper describes 
how it can be done. 

It can be shown 6 that for a grating with known pitch 
the relationship between displacement and light intensity is 

I ( x )  = Io + l ,  cos  27r O ( x )  + /2 cos  67r O(x) + . . .  

where [Fig. l(b)] 

(3) 

Io = the average background intensity 
I , , I s ,e tc .  = the intensity amplitudes of corresponding 

harmonics [Figs. l(a) and l(b)] 
Q (x) = relative displacement of the two grids 

(master and deformed) 

The relative displacement 0(x)  can be expressed through 
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the displacement field u(x ) .  After substitution in eq (3) 
one gets 

I ( x )  = I o + I ~ c o s  27ru(x) + I2cos 67ru(x)  + . . .  
/9 p 

(4) 

where p is the pitch of the analyzing and original rulings. 
This above analysis assumes an ideal optical system 

which is perfectly focused. Since such conditions are rarely 
met, the system's response to higher frequencies is sig- 
nificantly decreased. Therefore, if the aperture of the lens 
system is reduced and the system is slightly defocused, the 
higher harmonics of the molt6 system are filtered out. It 
was shown that for gratings with a 20 lines per millimeter 
frequency, it is not necessary to take any precautions for 
the lens system/ Under commonly used conditions of 
observation of the moir6 patterns, the condition of 
filtering the harmonics of order higher than one are 
usually met.2.67 Consequently, the light-intensity distribu- 
tion is related to the displacement field as 

u ( x )  = ~ arc cos [ I (x)  - I o ] / L  (5) 
~ T f  

The validity of eq (5) is extended to any displacement 
fields. But the equation is valid only over any one-half 
fringe of the moir~ pattern, that is, any cycle of change in 
light intensity from dark to light or light to dark. 

The authors have developed procedures that use a 
digital-image-analysis system to record and process frac- 
tional fringe orders in photoelastic models. '2.'3 Those 
procedures have been modified to perform a similar task 
in moir6-fringe fields. The procedure utilizes eq (3) in a 
way analogous to the photoelastic method to determine 
fractional moird-fringe orders. The result is equivalent to 
a moird-fringe multiplication but is achieved without 
sophisticated and/or  cumbersome optical setups. Thus, 
relatively coarse moir6 rulings can be used to obtain high- 
resolution displacement data. The concept should be well 
suited to stress analysis of real problems in actual 
environments. 

Method 

A moir~ pattern, which can be achieved by any con- 
ventional technique,'.2 is viewed through the video camera 
of a digital-image-analysis sytem. ~2 The image on the 
vidicon tube of the chosen field of view is divided spatially 
into 640 by 480 picture elements or pixels. The light 
intensity of each pixel is digitized to 8-bit resolution and 
is stored in the 'Z register' as a magnitude from 0 to 255~ 
For one entire picture this process is completed in 33 #s. 
The characteristic response of l~he vidicon tube to light 
intensity is log linear rather than linear. The value, Z,  is 
therefore related to the light intensity, I ,  in the following 
way: ~ 3 

Z = K I ~ (6) 

where 3' = the sensitivity of the tube, and K = a pro- 
portionality constant. Both -y and K are characteristics of 
the vidicon tube. 

Information about displacement is usually required 
along particular lines rather than ove(r a n  area. So, the 
required input d a t a  for a typical moll-e analysis are the 
variations of light intensity along a specified line. 

Since eq (5) requireslight intensity values, the acquired 
Z values must first be transformed to corresponding 

intensity values according to eq (6) before displacements 
are calculated from eq (5). There is usually more than one 
half  of an integer fringe value present in a moir6"field 
such as Fig. 1. 

A routine was therefore developed to account for 
increments involving more than just one half fringe. Since 
the minimum and maximum values of the recorded light 
intensity are located at positions defined by multiples of 
the half-fringe values (0.0, 0.5, 1.0, 1.5, 2.0, 2.5, etc.), 
each half-fringe region has to be treated separately. The 
resulting displacement is obtained by consecutively 
accumulating the partial displacements inside individual 
regions. Software has been developed to scan the recorded 
data until the first minimum is reached (which is in the 
black band). This position is assigned as fringe number 
zero, and the routine continues to scan until the next 
maximum is reached, which is assigned the fringe value of 
one half (light band). The displacements are calculated by 
using eq (5). Thus, the displacement at the zero fringe is 
zero and at the one half fringe is half pitch ( p / 2 ) .  The 
scan continues until the next minimum (black band) is 
reached; fringe value of one is assigned to this position. 
Substitution of the light-intensity data in this region into 
eq (5) results in a 'fictional'  displacement field, which 

'has to he shifted by one half of the pitch value. This 
procedure continues until the last maximum is reached. 
Thus, the information in the region from first minimum 
to last minimum is processed and is used for evaluation 
of the displacement field. 

Results 

To verify the proposed methodology, several cases 
with known displacement fields were studied. The first 
example was a pure polyethylene tensile specimen (250 • 

Fig. l(a)--Moir6 pattern for the pure tension (20 C/mm). 
Black vertical lines are scale markers on the master grid. 
They are 6.4 mm apart. White wave pattern is a plot of Z 
values from intensity measurements along the horizontal 
line AA 

POSITION 

'Fig. l(b)--Definit ions of intensity amplitudes 
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40 x 6 ram) which had a bondable moir~ grid* with 
20 lines per millimeter (500 gpi) applied to its surface. The 
specimen was loaded and the moir6-fringe pattern was 
observed through the vidicon videocamera. Figure l(a) is 
a photograph of  the image of  the moird pattern as it 
appeared on the video screen of the monitor. The dotted 
white curve is the plot of the light intensity along line AA. 
The solid white line is the baseline for the plot; that is, it 
is 'zero intensity', which is represented by the darkest 
point on the line AA, The vertical black lines are reference 
lines on the moird grating 6.4 millimeters (0.25 in,) apart. 
The lines may be useful for scaling but were not used in 
the present approach. Since the monitor screen is curved, 
there is an apparent distortion of straight lines. This is a 
feature of the screen display and does not occur on the 
image as stored and manipulated in memory, Hard copies 
of the data are not distorted. 

The traditional approach counts only three integer 
fringes on Fig. l(a). They are spaced approximately 8.3 
millimeters apart. This is insufficient if information is 
needed on the displacements in the regions between integer 
fringe positions, 

The information acquired along A A  was first smoothed 
by using a five-point sliding average routine. The smoothed 
data were converted to light intensity and were processed 
through eq (5) and the routine described above. This 
results in a plot of the real displacement field along any 
line of  interest. The result is shown in Fig. 2, which is a 
photograph of  the video screen of  the image-analysis, 

system. The 'fiat spots' in the displacement curve are. 
caused by the fact that the light intensity in these areas 
(extreme bright and dark) changes very little. The plot is a 
straight line for the displacement field along the AA base- 
line. The theoretical displacement for this case is, of 
course, a straight line. 

As a second example, a tapered tensile specimen was 
prepared. A grating of 20 lines per millimeter (500 fpi) 
was photographically reproduced on its surface. The 
loading device and the specimen are shown in Fig. 3. This 
specimen was loaded axially to two different levels. The 
first load resulted in 10 full-fringe orders along the length 
of the specimen, while the second produced only three 
full fringes [Figs. 4(a) and (b)]. The apparent curvature in 
these figures is caused by the curvature of  the video 
screen. The light-intensity distribution was acquired along 
the axis of symmetry of the specimen. The resultant 
light-intensity distribution is shown in Figs. 5(a) and (b), 
The solid white line is again the baseline. 

The displacement field along the axis of symmetry of a 
tapered beam may be represented as 

P 
u = - �9 l n ( b  + 2 x  tan a)  (7) 

(2Et)  tan c~ 

where P = applied load, E = Young's modulus, t = 
thickness of  the specimen, c~ = angle of the slope of the 

*Type FTG 500 by Photolastic Div., Measurements Group, Inc., 
Raleigh, N C  

(a) 

Fig. 2--Result ing displacement along line AA, as 
computed from Fig. 1 

Fig. 3--Loading device and test setup for tapered 
specimen 

(b) 

Fig. 4--Tapered tensile specimen at two different loads. 
The reference grid is a straight stock with parallel sides 
overlaid on the tapered specimen. Straight lines have 
apparent distortions on the curved screen of the video 
monitor. (a) Ten fringes. (b) Three fringes 
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specimen edge with respect to the axis of symmetry, b = 
tapered width of the specimen at the smallest cross section, 
and x = position along the axis of symmetry measured 
from b. The measured displacements for the two load 
levels are shown as photographs of the video screen in 
Figs. 6(a) and (b). When these results are redrawn and 
compared with the theoretical distribution, the match is 
within ten percent (Fig. 7). 

A 

"" :g V : :  : :  ~ " : : 

The validity of the technique in biaxial fields was 
evaluated with a disk under diametral compression. The 
theoretical distribution of stress, strain, and displacement 
fields is well known. ~" The disk was prepared from poly- 
ethylene, and a grid of 20 lines per millimeter was applied 
by photographic transfer. The master grid had the same 

(a) (a) 

(b) 

Fig. 5--Light intensity along the axis of symmetry from 
the tapered tensile specimen of Fig. 4. (at Ten fringes in 
the field of view (high load). (b) Three fringes in the field 
of view (low load) 

/Y / 
(b) 

Fig. 6--Displacements for the tapered tensime specimen of 
Figs�9 4 and 5. (at Ten fringes. (b) Three fringes 

Fig. 7--Comparison between theoretical and 
measured distributions of displacement for 
the tapered specimen. (Left-hand scale is for 
three-fringe case; right-hand scale is for 
ten-fringe case) 

mm 

0 . 1 2 5  

z 

o.ioo 

o.o75 

0.05o 

0.025 

0.000 

~ / ' / ~  % ~  

q ~ ' ~ "  Z - "  
. .-5.- '- 

f f  f s 

E• / "  S - - ' -  ----T,EORY 

5 10 15 20 25 mm 
POSITION ALONG THE BEAM 

mm 

'0.5 

0 . 4 ~  

0 . 3 ;  

0.2 3 
ta. 
t/3 
H 

0.1 

0.0 

Exper imenta l  Mechanics  �9 257 



density. The specimen was loaded in a direction normal to 
the grids; the resultant moire-fringe pattern along the 
diameter is shown in Fig. 8. The information in the loading 
area (approximately 3 mm) was lost because the moir~ 
grid peeled under the localized load. The light-intensity 
data of Fig. 8 were processed through the corresponding 
software to yield the displacement data shown as the solid 
line in Fig. 9. The theoretical displacement field is shown 
as the dotted line in Fig. 9. 

Conclusions 

These results show that digitally processed fractional 
moir~ may be used effectively to evaluate displacement 
fields from low numbers of moir6 fringes. This combina- 
tion of half fringe with conventional moir~ image analysis 
results in a simple, yet powerful tool for experimental 
stress analysis. Since the method does not need elaborate 
optical setups, it is applicable for use on actual structural 
components in a working environment. All that is needed 
on the site is a vidicon camera that can record the resulting 
moir~ pattern on a video recorder. This information may 
be processed later as described in this paper. 
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Fig. 8--The moir6 pattern and superimposed light 
intensity along the horizontal diameter for a disk 
under axial load 
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Fig. 9--Displacement field along the horizontal diameter 

X 

mm 50 

258 �9 September 1986 


