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ABSTRACT—The paper presents a method to deter-
mine dynamic fracture toughness using a notched
three-point bend specimen. With dynamic loading of a
specimen there is a complex relation between the stress-
intensity factor and the force applied to the specimen.
This is due to effects of inertia, which have to be ac-
counted for to evaluate a correct value of the stress-in-
tensity factor. However, the stress-intensity factor is pro-
portional to the load-point displacement if the fundamental
mode of vibration is predominant in the specimen. The
proportionality constant depends only on the geometry
and stiffness of the specimen. In the present method we
have measured the applied force and load-point dis-
placement by a modified Hopkinson pressure bar, where
two-point strain measurement has been used to evaluate
force and displacement for times greater than the transit
time for elastic waves in the Hopkinson bar. We have
compared the method with the stress-intensity factor de-
rived from strain measurement near the notch tip and
good agreement was obtained. The method is well suited
for high-temperature testing and results from fracture
toughness tests of brittle materials at ambient and ele-
vated temperatures are presented.

Introduction

Three-point bend specimens are widely used for de-
termination of static fracture toughness, K., as well
as dynamic fracture toughness, K,y. To evaluate the
fracture toughness two quantities must be known,
namely, the stress-intensity factor, K,(£), and the time,
t;, for initiation of crack growth. Under static condi-
tions, the stress-intensity factor, K|, is proportional to
the applied force. Under impact loading, this propor-
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tionality does not hold due to effects of inertia.” If
the time to fracture is sufficiently long, however, quasi-
static conditions at the time for initiation of crack
growth can be assumed and therefore the static for-
mula can be used. Server has presented a procedure
for performing such a quasi-static test.’

Many authors have studied the problem to evaluate
the dynamic stress-intensity factor, K(f), and several
techniques have been proposed. One possibility is to
calculate the stress-intensity factor from a local mea-
surement made near the crack tip and thereby avoid-
ing problems with effects of inertia. Most common
are strain-gage measurements or optical techniques such
as the caustic method and methods based on photo-
elasticity.* Other techniques make use of modeled dy-
namic behavior of the specimen to account for effects
of inertia. The model can be a finite-element model
or an approximative analytical one.>®

Kishimoto et al.” assumed a linear relation between
the dynamic stress-intensity factor and the load-point
displacement. A two-dimensional finite-element anal-
ysis confirmed that assumption. They calculated the
load-point displacement from the applied force using
the relation obtained by Nash.’

The standard techniques for impact loading have
been the instrumented Charpy test and the drop-weight
test. The applied force has been measured by strain
gages on the Charpy striker or on a striker tup but the
impact velocity has remained undetermined.

The Hopkinson pressure bar technique® makes it
possible to measure both the applied force and the
load-point velocity. Integration of the velocity gives
the load-point displacement. The conventional Hop-
kinson bar method does not allow calculation of the
applied force and load-point displacement when the
time to fracture is longer than the transit time of the
elastic waves in the bar.

The method presented in this paper is based on the
assumption of a linear relation between the stress-in-
tensity factor and the load-point displacement mea-
sured by a modified Hopkinson pressure bar. Two-
point strain measurement’ has been used to evaluate
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the applied force and the load-point velocity. This
method extends the time interval that can be studied.
We have compared our method with a more direct
one, where the stress-intensity factor was derived from
strain measurements near the notch tip on a three-point
bend specimen. There was a good agreement between
the two methods. A specific advantage with our method
is that high-temperature tests are easy to perform.
Fracture toughness tests have been made on brittle
materials at both ambient and elevated temperatures.

Evaluation of Dynamic Fracture Toughness

The dynamic fracture toughness, K4, is a material
property, which depends on both the temperature and
the rate of loading. It is equal to the value of the dy-
namic stress-intensity factor, Ki(¢), at the time, ¢;, of
initiation of crack growth.

Ky = K(1) (1)

Thus, to determine the dynamic fracture toughness the
stress-intensity factor at the time of initiation of crack
growth must be known. Since the time derivative,
K\(f), is normally used to represent the rate of loading,
the full time history, K,(#), and the time, ,, are needed
from dynamic tests. Moreover, the rate of loading
should be kept constant during the test. Three-point
bend specimens have a nearly constant Kl(t) during
dynamic loading. We have used such specimens for
the evaluation of the fracture toughness.

Dynamic Stress-intensity Factor

The dynamic stress-intensity factor, K(), is'

K(®) = lim [V 2mr ox(r, 8 = 0, 1] 2
r—0

where ¢, is the stress perpendicular to the crack di-
rection. In bending of crack-free beams this stress is
proportional to the bending moment, and it is sup-
posed that this relation holds also when a crack is
present. Thus, the bending moment at the midspan of
the specimen will be proportional to the dynamic stress-
intensity factor.

Nash has made an analysis of the forces and bend—
ing moments in a notched three-point bend specimen®
where he considered all symmetric modes of vibra-
tion. If the first mode is assumed to be predominant
in the specimen it follows from his analysis that the
load-point displacement is proportional to the bending
moment and thereby also to the stress-intensity factor.
Kishimoto et al.’ have assumed and verified propor-
tionality between load-point displacement and stress-
intensity factor through comparison with two-dimen-
sional finite-element solutions for step loading and for
final-peak-sawtooth-pulse loading.

The dynamic stress-intensity factor can, with the
assumption of first mode vibration only, be expressed
as

218 -« September 1994

Kt = Cu(r) (3

where u is the load-point displacement and C is a con-
stant. This expression is valid also under static con-
ditions.

The static stress-intensity factor, K|, is expressed
by Tada et al." for the specimen geometry in Fig. 1
as

35Va (__)

K=——
2BW* \W

4)

where F is the applied force and Y is a calibration
function. According to Srawley' this function is given
for specimens with S/W = 4 by

)
199~ (1 - W) (2 15-3.93 2 +2. 7<W)2)
(=) w

Equations (3) and (4), together with the static relation

where k is the specimen stiffness. With eq (6) inserted
into eq (3) the dynamic stress-intensity factor can be

written as
Y<i>k @
w)" %

Evaluation of Load-point Displacement and
Applied Force

35\/_
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The normal force and particle velocity at the end
of the modified Hopkinson pressure bar shown in Fig.
2 were obtained from the measured strains e,(¢) and

F()

@ L Lt

Fig. 1—Three-point bend specimen



eg(f) at x, and xg, by use of the method developed by
Lundberg et al.” This method applies to nonuniform
rods, and we have used the special case of a uniform
rod with Young’s modulus E, density p, and cross-
section area A. The wave propagation speed is ¢ =
VE/p, and the characteristic impedance is Z = Apc.
The normal forces at x, and xp are related to the
measured strains through
Nu@) = AEen()  Ng(t) = AEex(1) (8)
respectively. The particle velocity V,(¢) at X, is re-
lated to these quantities by

1 .
Va(f) = valtp) + 2 [=Na(®) — Na(tp) + 2Ng(t — Ta)]
)
Where tp =1 - ZTBA and TBA = (XB - XA)/C. From
N4(@) and v,(7) the corresponding quantities at the cross-

section xg at the end of the rod can be determined
from the relations

1
Ng(?) = 5 [Na(t + Tga) + Nao(t — Tea))
Z
+ 5 [valt + Tga) — valt — Tra)l
1
ve() = 5 [va(t + Tga) + valt — Tga)l

1
+ E'Z” [Na(t + Tga) — Nao(t — Tra)] (10)

where Tga = (xg — xa)/c. The load-point displace-
ment #(¢) and the applied force F(z) can be expressed
as

u(t) = j ve(T)dr an
0

F(t) = —Ne(®) 12)

Determination of Specimen Stiffness

If only the first mode of vibration is present, and
in the absence of damping, the specimen can be mod-
eled as a one-degree-of-freedom system with stiffness
k and natural frequency w. For such a system the the-
oretical response ug(?) to an applied force F(z) is

() = — f F(r) sinfo(t, T)]dr
k Jo (13)

In our case the force F(r) and the displacement u(z)
were known, and k and o were found by an iterative
minimization procedure which minimized the error &(k,
w) defined by

T
€k, w) = f (ua(®) — u(d))’dt
0 (14)

where T = ¢; is the time of initiation of crack growth.
This method has been developed by Popper and Os-
izm4s" and is a special version of the generalized se-
cant method.

The method to determine the stiffness of the spec-
imen is especially interesting when the Young’s mod-
ulus of the tested material is rate dependent, as it is
for PMMA. The stiftness is determined during the ac-
tual fracture toughness test, that is, with the correct
rate of loading.

Detection of the Initiation of Crack Growth

The initiation of crack growth reduces the stiffness
of the specimen, and therefore the force applied to
the specimen decreases drastically. There will be a
time interval between the initiation of crack growth
and the decrease of the measured force due to the wave
travel time. If the force is evaluated directly on the
surface of the specimen, however, this interval will
be a minimum.
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Fig. 2—Modified Hopkinson pressure bar
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With strain gages bonded near the notch tip, we
have verified that the drastic decrease of the applied
force corresponds to the initiation of crack growth.
This has been done for specimens of glass as well as
of PMMA.

Experimental Method

Experimental Setup

Experimental tests were made with the setup shown
in Fig. 3. The Hopkinson bar was impacted by a cy-
lindrical projectile driven by an air gun. A damper
was placed between the projectile and the Hopkinson
bar to give a smoother incident pulse and thereby re-
duce three-dimensional effects. The axial strain was
recorded at the cross sections A and B. The load-point
displacement and the applied force were determined
from the measured strains at A and B, according to
the two-point strain method.

The Hopkinson bar was made of a refractory aus-
tenitic steel (Thyssen Thermax 4841) with a length of
1000 mm and a diameter of 10 mm. The wave-prop-
agation speed was ¢ = 4840 m/s, the density was p
= 7818 kg/m’, and the elastic limit was o, = 230
MPa. The bar was supported by low-friction slide
bearings so that it was free to move axially during the
tests. Two different projectiles were used in the ex-
periments. For the tests on PMMA, a steel projectile
with length 300 mm and diameter 10 mm was used.
The impact velocity was varied in the range of 1.0 to
1.4 m/s. This corresponds to an amplitude of 100 to
140 p-strain and a duration of 270 ws for the incident

Air gun Projectile

B

pulse. For the tests on glass, a projectile made of
PMMA with length 200 mm and diameter 8 mm was
used. The impact velocity was varied in the range of
1.8 to 5.7 m/s. This corresponds to an amplitude of
12 to 40 p-strain and a duration of 320 ps for the
incident pulse.

Semiconductive strain gages with a gage factor of
140 (Kulite AFP-350-090) were used to measure the
rather small strain. Two pairs of strain gages, forming
a full-bridge to eliminate bending contributions, were
bonded to each of the cross sections A and B. The
bridges were connected to bridge amplifiers (Mea-
surements Group 2210). The strain signals were re-
corded with two two-channel digital oscilloscopes
(LeCroy 9410) with sampling interval of 1 ps. The
recorded strain histories were transferred to a com-
puter (Macintosh II) for evaluation.

Calibration and Test of the Measurement
System

The gages were calibrated statically using a known
weight. Then the measurement system was tested in
two ways, with a free end of the Hopkinson bar.

In the first test we used the measured strain at cross
section A together with the zero strain condition at
cross section E, the free end, to calculate the force at
cross section B according to eqs (8)-(10). The result
was compared with the force measured at B and is
shown in Fig. 4.

In the second test the displacement at the free end
E was calculated from measured strains at A and B,
and compared with the displacement measured di-
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Fig. 3—Experimental setup
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Fig. 5—Displacement Ug at £

rectly by an optical extensometer (Zimmer OHG). The
result is shown in Fig. 5.

The good agreements in the two tests indicate that
the measured distances, the impedance of the bar, and
the wave propagation speed are correct. They also in-
dicate correct sensitivity at the two gage sections.

Results and Discussion

Test of the Method

To test the method we have compared the stress-
intensity factor K}, determined from the measured load-
point displacement, with the stress-intensity factor
K§, derived from strain measurement made on the
specimen near the notch. The latter method gives an
accurate value of the strain near the notch. However,
it cannot be used during high-temperature tests, and
it is not well suited for test series with many speci-
mens, as each specimen must be instrumented and
calibrated separately.

The strain gage on the specimen was first calibrated
statically using the static relation between the applied
force and the stress-intensity factor. Since the stress-
strain relation is rate dependent for PMMA, we ad-
justed the calibration factor with respect to the dif-

ference in specimen stiffness for static and dynamic
loading.

The test was made on a PMMA specimen with a
projectile made of PMMA. The impact velocity was
low enough not to break the specimen. This gave a
long time for comparison. The result is shown in Fig.
6, where the stress-intensity factors determined from
the measured load-point displacement, Ky, measure-
ment made on the specimen near the notch, Kf, and
the applied force and the static relation, K3, are com-
pared.

The stress-intensity factor determined from load-point
displacement agreed well with the result obtained from
strain measurement near the notch tip. In this case the
use of the applied force gave an incorrect result. This
is due to effects of inertia, as has been noted by sev-
eral authors, e.g., Kalthoff et al.'

An evident advantage with the use of measured load-
point displacement instead of applied force was the
quality of the measurement. The displacement was
determined from the time integral of the velocity.
Furthermore, the relative error in the evaluated ve-
locity was lower than the relative error in the applied
force. This was due to the low stiffness of the spec-
imen. The incident compressive pulse was reflected
as a tensile pulse, and the applied force was propor-
tional to the small sum of the strains associated with
the incident and reflected waves, whereas the velocity
was proportional to the large corresponding differ-
ence.

In this test we evaluated the stress-intensity factor
from measured strains during 4 ms, which corre-
sponds to a wave travel distance of approximately 20
m in the Hopkinson bar. With the conventional Hop-
kinson technique, the maximum evaluation time is
limited by the length of the bar.

Fracture Toughness Tests

We have made a test series on PMMA specimens
to determine the dynamic fracture toughness. The static
fracture toughness has been determined for compari-
son. These tests have been made at ambient temper-
ature.
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Fig. 6—Stress-intensity factor, K
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The specimens have been notched by a circular saw
with a thickness of 0.2 mm. The geometry of the
specimens is shown in Fig. 1, and the dimensions were
B =90 mm, W= 10.0 mm, S = 40.0 mm, L =
50.0 mm, and ¢ = 4.0 mm.

The dynamic stress-intensity factor, K' (¢), deter-
mined from load-point displacement, and the stress
intensity factor, Kj(f), determined from applied force,
in one of the tests on PMMA are shown in Fig. 7.
The time to initiation of crack growth was about 600
s and the period for the first natural frequency of the
specimen was 280 ps. The oscillations in the dynamic
stress-intensity factor were greater than in the test
shown in Fig. 6. This was due to a shorter incident
pulse. The frequency of the oscillation corresponds to
the wave travel time in the Hopkinson bar. A smoother
variation of K\(f) can be obtained by a longer projec-
tile.

The values of the measured fracture toughness, K4,
are plotted versus the average loading rate, Kj, in Fig.
8. The results of the tests on PMMA indicate that the
dynamic fracture toughness is higher then the static
fracture toughness. This tendency has also been re-
ported by Sahraoui.'* According to his work the static
fracture toughness is 1.6 MPa\/m and the dynamic
fracture_toughness is 2.4 MPaVm for K, = 2
MPa\/B/ms. Our results agree well with these re-
sults.
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Fig. 7—Fracture toughness test on PMMA
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Fig. 8—Measured fracture toughness, K, for PMMA
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Three series of tests on glass were made. One was
made at ambient temperature, one at 200° C, and one
at 450° C. Both the dynamic and static fracture tough-
ness have been evaluated in all test series.

The dimensions of the specimens were B = 10.0
mm, W = 10.0 mm, § = 40.0 mm, L = 50.0 mm,
and a = 4.0 mm. Two notch widths, w = 0.2 mm
and w = 1.0 mm, were used for the tests at ambient
temperature, whereas only the notch width w= 0.2
mm was used for the high temperature tests.

The dynamic stress-intensity factor, Kj(z), deter-
mined from load-point displacement, and the stress-
intensity factor, Kj(?), determined from applied force,
are shown in Fig. 9 for a test at ambient temperature
on a specimen with w = 0.2 mm. The time to initi-
ation of crack growth was about 120 s and the pe-
riod for the first natural frequency of the specimen
was 90 ps.

The values of the measured fracture toughness, K4,
at ambient temperature are plotted versus the average
loading rate, K, in Fig. 10. The values of the mea-
sured fracture toughness, Ky, at 200° C and 450° C
are plotted versus the average loading rate, K|, in Fig.
11.
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Fig. 9—Fracture toughness test on glass at ambient
temperature
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Fig. 10—Measured fracture toughness, Ky, for glass at
ambient temperature
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Fig. 11—Measured fracture toughness, K4, for glass at
200° C and 450° C

The results indicate that the fracture toughness in-
creases with loading rate and decreases with higher
temperature.

It should be noted that our results have been ob-
tained from notched specimens, which gives an over-
estimation of the fracture toughness. The dependence
on notch radius of the evaluated fracture toughness
has been studied by Kalthoff et al.' The results in Fig.
10 were obtained from tests on glass specimens with
two different notch widths, but the evaluated fracture
toughness was approximately the same. This is be-
lieved to be explained by the presence of microcracks
near the notch tip. Such microcracks were observed
on uncracked specimens with a microscope. These
microcracks have an irregular shape along the notch
tip and this is also believed to explain the variation
in the results.

We have shown that the method can be used to de-
termine the dynamic stress-intensity factor even when
the effects of inertia are considerable. This makes it
possible to determine the fracture toughness at high
loading rates.

The fact that all measurements are made at remote
cross sections of the bar makes the method well suited
for high temperature testing. In our study the maxi-
mum temperature was 450° C. We used a bar made
of a refractory steel and there was no significant change
of material properties. If higher temperatures are used
the change of characteristic impedance along the bar
can be accounted for by a method developed by Ba-
con et al.”
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