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On the Solvability of a Nonstationary Problem Describing
the Dynamics of an Incompressible Viscoelastic Fluid

G. A. Sviridyuk and T. G. Sukacheva UDC 517.952

ABSTRACT. We study the local solvability of the Cauchy-Dirichlet problem for the system

(1 - xV¥)v, =vViv — (v . V)v - Vp+£(1),
0=-V(V-.v),

which describes the dynamics of an incompressible viscoelastic Kelvin—Voigt fluid. The configuration space of
the problem is described.
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Oskolkov’s system [1]
(1- KVZ)Vg =yViv — (v-V)v—-Vp+1£(t),
- 1
0=V-v

provides a model of the dynamics of an incompressible viscoelastic Kelvin—Voigt fluid. Let © C R",
n = 2,3,4, be a bounded domain with C*® boundary 8. Previously [2, 3], we have considered the
Cauchy-Dirichlet problem
v(z, 0) = vo(z), z€Q, @)
v(z,t) =0, (z,t) € N xR,

for system (1) under the assumption that the right-hand side f = (fy,..., fn) is independent of time,
that is, fx = fe(z), z € Q, k =1,...,n. This restriction depreciates the heuristic power of the model
and reduces generality (cf. [4], where problem (1), (2) is considered for the case in which fx = fi(z,?)
and »~! > —A;; here ), is the least eigenvalue of the Dirichlet problem for the Laplace operator in ).
On the other hand, the approach suggested in [5] permits one to consider problem (1), (2) in its full
generality, that is, for a nonstationary right-hand side f = f(z, t) and arbitrary values of the parameter
» € R, which characterizes the elastic properties of the fluid. (Note that negative values of » have been
observed experimentally [6, 7].)

To avoid the question of how can an incompressible fluid be elastic, one treats system (1) as the limit
case (as € | 0) of the system

(1—3V¥)vi =vViv —(v-V)v-Vp+Tf,
epr= -V -v,

3)

which models the dynamics of a weakly compressible viscoelastic Kelvin-Voigt fluid. In (3) we perform
the substitution p = Vp and set ¢ = 0; then we arrive at the system
(1-5V)v,=vViv—~(v-V)v-p+f,

0= *V(V . V). (4)

Although the kernel of V is nontrivial (it consists of constants), problem (4), (2) has no new solutions as
compared with problem (1), (2); this is due to the boundary condition in (2). The substitution p = Vp
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is motivated by the fact that in most hydrodynamic problems [8] it is preferable to consider the pressure
gradient instead of pressure itself.

We are interested in the local unique solvability of problem (2), (4). It is convenient to consider this
problem in the framework of the theory of Sobolev type equations. Therefore, in the first part of the paper
we develop some formalism, the main result being that a semilinear nonstationary Sobolev type equation
possesses quasistationary trajectories [5]. In the second part, this formalism is applied to problem (2), (4).

§1. The formal scheme

Let Y and § be Banach spaces, and let the operators L € L({{; §) and M € C*°(4; ) and a function
f: R— F be given. We consider the Cauchy problem

u(0) = uo (5)
for the semilinear nonstationary Sobolev type equation
Lu = M(u)+ f. (6)

A linear operator L: 4 — § is said to be bisplitting [9] if the kernel ker L and the range im L are
complemented in the spaces {{ and §, respectively. Suppose that L is bisplitting. By M, € L({; §) we
denote the Fréchet derivative of M at a point ug € . We consider chains of M, -associated vectors of
the operator L [10]; these vectors will be chosen from some complement coim L = (@ ker L of ker L. We
introduce the following condition:

Al) Regardless of the choice of coimL, the chain of M| -associated vectors of every vector ¢ €

ker L \ {0} contains exactly p elements.

Let L be the restriction of L to coim L. By Banach’s closed graph theorem, the operator L : coimL —
imL is a linear topological isomorphism. We set 4§ = ker L and consider the sets 4 = AUJ}, ¢ =
1,...,p, where A = L7'M, . Obviously, the sets {{J C coim L are linear spaces. Consequently, the
image §3 = M, [0} is also a linear space, and moreover, § Nim L = {0} (provided that condition A1)
is satisfied). Let us introduce yet another condition:

We denote by Q,: § — §9 the projection along im L and consider the operator A = L~Y(I-Q,)M. o
Note that A[Ug] =40,,, ¢=0,1,...,p—1, and A[)] = {0}. It follows that

{0}, gq+r>p,
AT ={ 7
[ ] 5-124-” q+r5p. ()

Let D be the restriction of the operator Q,M, AP: l — §) to J. By construction, D[UJ] = §9 and
D € L(43; F7)- Moreover, ker D = {0}, since otherwise the vector ¢ € ker D \ {0} C ker L \ {0} would
have an infinite chain {¢1,¥2,...,¥p,0,...} of M, -associated vectors. Again by Banach’s theorem,
the operator D: 43 — 33 is a linear topological isomorphism.

Let Py: L — {J be the projection along coim L. We consider the operators P, = AYD~1Q, M., JAPTY,
g=1,...,p. The operators Py: il — ﬂg are projections. Indeed, im P, = ﬂg , Py € L(U) and

P} = A7(D7(Q;M,, A7) D™ QM AP = P,
by the definition of D. Moreover, by virtue of (7) and the definition of Py, we have
PqP,.::P,.Pq=0, e, vr=0,1,...,p, q#r'

Set

P
w=@Pu, P=> P,
g=0
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The operator P € L(i) is a projection with im P = °. Let 4! =ker P. Then 4 =4’ @ U*.
We introduce the linear manifolds §; = M, [{Q], ¢ = 0,1,...,p — 1, and the operator B =

M,"oz"l(l— Qp). Since B[F}] =354, ¢=0,1,...,p—1, and B[F)] = {0}, we have

q _ {0}’ g+r>p,
Bigl={ g airen ®

By analogy with the preceding, it follows from (8) that the operators Q@ = BIM, D™'Q,B?™7, ¢ =
0,1,...,p—1, are projections on 33 , and moreover,

Qquerquoa 417‘=0,1,---7P» q#f‘

We set
?

S°=@32, Q=2ijq-

q=0 g=0

The operator Q € L(F) is a projection, and hence § = F° @ F', where §° =imQ and F' = kerQ.
Note that
LA'D™'Q, =B 'M, D7'Q,, ¢=1,...,p, (9)

by construction. Further,
BL = M, (I - Po). (10)

From (9) and (10) with ¢ = 1, ..., p, we obtain
LPy = LPy(I — Py) = LA°D™'Q,M, A?"%(I—Py) = B 'M,, D™'Q,B*"'M, (I — Py) = Qg1 L. (11)

Let us rewrite Eq. (7) in the form
Lu= M, u+F(u)+f, (12)

where F' = M — M, € C*®(i; §) by definition. By successively applying the projections Q,, ¢ =
0,1,...,p,and I —Q to (12), we obtain, by virtue of (11), the equivalent system

Lil = M, u§ + Fo(u) + fg,

Lip = My up_y + Fpr(u) + fo4, (13)
0= M,"ou?, + Fp(u) + f’?,

Li! = (I - Q)M(u) + f*,

where uj € U, fQ € F7, Fo(u) = QuF(u) + QM u', ¢=0,1,...,p, u’ €', and f! € F'. Thus we
have proved the following assertion.

Lemma 1. Suppose that L € L(U; §) and M € C*(U; §), L is a bisplitting operator, and condi-
tions A1) and A2) are satisfied. Then Eq. (6) is equivalent to system (13).

Remark 1. Under the assumptions of Lemma 1, the operator M is L-bounded at the point ug [5],
and the point at infinity is a pole of order p of the operator function (uL — M, )~'.

Let us now study problem (6), (7). A solution of this problem is a vector function u € C*°((—to, t); 4},
to = to(ug) > 0, satisfying Eq. (6) and condition (5). Here we encounter two difficulties. First, it is well
known (2, 3, 11] that problem (5), (6) is not solvable for some ug € {{. Second, even if problem (5), (6) has
a solution, it need not be unique [5]. To overcome the first (and partly the second) difficulty, we introduce
the following notion.
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Definition 1. A set B! C 4 x R will be called a configuration space of Eq. (6) if for any point ug € U
such that (ug,0) € B° there exists a unique solution of problem (5), (6), and moreover, (u(t), t) € B!.

Remark 2. If B! = B x R, where B C U, then the set B is called the phase space of Eq. (6)
(see [2, 3, 5]).

To remove the second difficulty completely, we restrict our considerations to quasistationary trajectories
of Eq. (6), that is, solutions u = u(t) of problem (5), (6) such that Lu® = 0 for all ¢ € (—to, %), where
u® = Pu [5]. To single out the quasistationary trajectories from the set of all possible solutions of
problem (5), (6), we impose several conditions.

A3) fd(t)=0forallteRand g=1,...,p.

Let us consider the set { = {uei: ug =const, g =1,...,p}. It is easily seen that flisa complete
affine manifold modeled by the subspace U pU. Let ug € 1~1; by 9., we denote some neighborhood
Dy, C U of the point ug.

A4) Fy(u)=0forall u€ Oy, and ¢=1,...,p.

Theorem 1. Suppose that
1) the assumptions of Lemma 1 are satisfied;
2) (uo,0) € B, where B! = {(u,t) € Ux R:Qo(M(u) + f(¢)) = 0};
3) f€C=(R;§);
4) conditions A3) and A4) hold.
Then problem (5), (6) has a unique solution, which is a quasistationary trajectory, and moreover, u(t) € B*
for every t € {—to, t0).

Proof. Suppose that we have found a solution of problem (5), (6). Then by virtue of conditions A3)
and A4) it follows from (13) that Lu® = 0, that is, the solution is a quasistationary trajectory. Let us
establish the existence and uniqueness of the solution.

Lemma 1 and conditions A3) and A4) imply that system (13) can be reduced in the neighborhood O,
to the form

0= M,,ug + Fo(u) + fg,
Lt = (I - Q)M(u) + f*.

Note that, by construction, the operator M}, : i — §J is nondegenerate and

(14)

? —
FOulﬁ=uo = 01

where Fy, is the Fréchet derivative of Fy at u. By the implicit function theorem, it follows that there exists
a neighborhood O} C (I — P)[D.,] and a vector function § € C®(D xR; O3 ), where O} = P[Ds,],
such that »
u(t) = u(t) + Zug +u! € B! vVt e R.
7=1
Here ud(t) = §(u?,t) for any u! € O} , and ug = Pyug = const for ¢ =1,...,p.

ug?

Next, it follows from (11) that QL = LP. This means that the operator L acts in the spaces
L:4' — §'. Let L, be the restriction of L to {'. The operator Ly € L({';F') is injective by
construction. Let us establish that it is surjective. Let f! € ¥'. Then the element u = L™! f! € coim L
is well defined. Suppose that Pu # 0, that is,

P P
Pi=) Pii=) g #0.
q=1 q=1
Then »
Li=LPi+L(I-P)i=Y Li+L(I-Pi=f"¢§"

9=1
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This is a contradiction. Hence L;: #!' — F' is a continuous bijection, and furthermore, L~! is the
restriction of L™?! to .
It follows from the preceding that system (14) on D} can be reduced to the form

w' = L7Y(I - Q)M(6(u*, t) + (P — Po)uo +u') + g(t) = ®(u, t), (15)

where & € C°(OL, x R; 4!) and g(t) = L~ f!(t). The unique local solvability of the Cauchy problem
u!(0) = (I — P)uo for Eq. (15) is a classical result [12]. The desired quasistationary trajectory has the
form u(t) = 8(u'(t), t) + u'(t), where u' € C°(—to,t0); OL,) is the solution of the Cauchy problem for
Eq. (15). O

Remark 3. By analyzing the proof of Theorem 1, one can see that the initial value can be taken
arbitrarily from some neighborhood of ug in B?. Thus B* is locally a configuration space.
§2. Interpretation of the formal scheme

Following [5], we reduce problem (2), (4) to problem (5), (6). To this end, we set
U=H2xH:xH,, F=H,xH,xH,, (16)

where H, is the closure with respect to the norm of L%(Q) = (Lz(Q))n of the linear manifold {v €
(C(R))" : V- v = 0} of solenoidal vectors, Hy = H}, and H, = Hy. Let £: L*(Q) — H, be the
orthogonal projection. Then T € L{(WZ(Q) N W(Q))"). We write imT = H2 and kerZ = H2 and
define operators L, M: {{ — § by the formulas

$A,Y TALD O
L:=|IA, X TA IO 0], (17)
0 0 0
where I =13, A, =1~ »xV?;
LB(us + ux)
M(u) = HB(ucr + u1r) - up ) (18)
C(ua + uw)

where B(us + tx) 1= vV3(uy + un) — (8o + 2x) - V)(uo + tx), Clus + ty) := =V (V- (us + ux)),

u = (Yo, Un, Up)-

Lemma 2. Let spaces {{ and § be defined by formulas (16), where n = 2,3,4, and let operators
L,M: 3l — §F be defined by formulas (17) and (18). Then

1) L € L(i; F); moreover, if ! ¢ o(—V?), then ker L = {0} x{0}xH, and im L = Hy xH,x{0};
2) M e C>=;3F).

Proof. Assertion 1) is obvious, and Assertion 2) can be verified in a straightforward manner. Let us

only point out that
B, B, O
M,=|10B, B, —-I], (19)

0 C 0

where B, (Bg) is the partial Fréchet derivative of the operator B at the point u, 4+ u, with respect
to up (ux). O

We set f = (fs, fx,0); thus completing the reduction of problem (2), (4) to problem (5), (6). Next,
let us verify conditions Al1)-A4). To verify the validity of Al), we consider the restriction A,, of the
operator £A4, X to H2.
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Lemma 3. Suppose that the assumptions of Lemma 2 are satisfied, and moreover, ker A,., = {0}.
Then each vector ¢ € ker L \ {0} has exactly one M, -associated vector regardless of the point u € {l.

Proof. Suppose that ¢ € (0,0, ¢,) €kerL, @, ¢ 0. Let us find a vector ¢ € i such that Ly = M .
It follows from (17) and (19) that

Asobe + LA,hx =0, A, Y + Ay = ~%p- (20)
By the Solonnikov-Vorovich-Yudovich theorem (see [3]), the inverse operator AL} € L(H,, H2) exists.

Hence from (20) we obtain 9, = —A,sTA,Px. It follows that if ¢, = 0, then ¢, = 0 and ¢, = 0.
Thus ¥ #0. O

Let
~ TAZIT TAZ'DT O
L7t = [ TAZ'Y HAZ'II o). (21)
] 0 0
Since
_ ¥ 00 5 T 00
L'L=[0 T ojeLy), LL'=(0 II 0] €Ly,
0 0O 0 00

we see that ¥, = ~SA p,, ¥x = —IIA;'y,, and the component %, of the vector ¥ may be arbitrary.

Next,
Z(BsYo + Bxipx)
M:ﬂb = H(Bdwa + Bn”)br) —¢p |-
Cx

Since ¥x # 0, it follows that Cy, # 0 [13]. We conclude that M4 ¢ im L regardless of u € {l.
Thus condition Al) is satisfied, and moreover, p = 1. Let us verify A2). By A, we denote the
restriction of the operator ITAZLII to Hy.

Lemma 4. Under the assumptions of Lemma 3, the operator A,.r: Hy — HZ is a linear topological
isomorphism.

Proof. By construction, A,r € L(Hx,H2). Let us verify that A, is bijective. Suppose that
fx €ker Ayer. Then A fr = u, € H2, that is, fr = A,u,. It follows that A,.,u, = 0; hence u, =0,
and so fr = 0. Thus A, is injective.

Let us prove that this operator is surjective. Suppose that u, € H2. We set u, = —A; A, .ur € HZ.
Then

YA ugy +XAu, =0, MA,u, + A, ur = fr.

It follows that A,.(us + ux) = fr, that is, ue + ux = A7V fr, ux = Aynfr. The proof is complete. O

By Lemma 2, the operator L in (17) is bisplitting. We set U3 = ker L and coim L = HZ x H2 x {0}
and construct the linear manifolds

89 = ML, (4] = {0} x H, x {0} = {0} x Hx x {0} Cim L,
949 = L7Y[30] = SAZ[H,] x Awx[H,] x {0} = TAZ AZL[H]] x HY x {0}.

By Lemma 4,
30 = M., (0] = B A7 H,] x IBoAZ [Hy] x CAZ [H,)

Let C be the restriction of C to H2. Since the inverse C~! exists [13], it follows from Lemma 4 that
30 = SBAJAZLC TV H,)] x By AL AZLC T [H,] x H,.
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Here and in the preceding By stands for the Fréchet derivative of B at u9 + 4%, and the operator L
is defined in (21).
Let us construct the operators

0 0O 0 P? o
Po = 0 0 0 N Pl = 0 I 0 ) (22)
0 0 1II 0 0 O
where P}? = SA;'A7l11, and the operators
c 0 O 0 0 QW
Q=@ I @), Q=00 QP], (23)
0O 0 O 0 0 1II
where
Q' = SBoAT ALLCT, QF =TB AL A0, Qf = ~TALALR, QFF = -QF Q1 - Qf°.

One can readily see that the operators P, € £L({) and Qx € L(F), k = 0, 1, are projections; moreover,
imP, = U3, imQ; = 5%, k =0,1, and PoP, = PiP) = 0, QoQ1 = @1Qo = 0. Since kerQ; =
im(I — Q1) =imL, it follows that ) ®im L = §, that is, condition A2) is satisfied.

Condition A3) is satisfied, since Q1 f = @1(f-, fx,0) =(0,0,0).

To verify A4), let us consider the set = {u € 4: Piu=const} = {u € U : uyr = const}. In our case,
condition A4) consists of the single equation

1°C(ue + ux) 0
QiM(u) = (Q';"‘C(u, +ur) | =101,
C(ua + ux) 0

which is satisfied identically [13] provided that u, = 0. Thus if we set U={uel:u,= 0}, then A4)is
satisfied.
Let us construct the set *8¢. By Theorem 1,

Bt = {(u,t) € A x R: Qo(M(u) + f(t)) = 0}.

Since
Uy fo(t) 0
Qo | M| 0 |+ | fol2) =[0] < (Q'Z+M)B(us) —up+ Q2 fo(t) + fx(t) =0
Up 0 0
and
UL 4N = ADMIAD' S + AJLTA T = ALTTASY, (24)
we have
B = {(u,t) € U x R: AJLIAL (B(uo) + folt)) + fr(t) = up, ux =0}. (25)

To prove (24), note that
MA AL+ MAMIALL =AY (ZA. + T4 = 0.
Hence

DA Awol = —A,xITA, S,  AZMIAJ'AL,T=-TA,%, AJMIAL'S = -TIA, AT =Q'S.

2

We have proved the following theorem.

Theorem 2. Suppose that the assumptions of Lemma 3 are satistied. Let f € C=(R; L*(f)), and let

(vo, 0) € B°(see (25)). Then for some to = to(Vvo) there exists a unique solution (v, p) of problem (2), (4)
such that v € C®((~to,t0); H2), vz =0, and p = A AN (B(ve) + fo(t)) + fx(2).
Remark 4. QOur formalism for problem (2), (4) is different from the one considered in [2, 3, 14).
Remark 5. If we do not intend to construct the set B!, then the proof of Theorem 2 can be simpli-

fied [6, 7].
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