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N u m b e r  o f  L a t t i c e  P o i n t s  i n  t h e  H y p e r b o l i c  C r o s s  

N. M.  D obrovo l ' sk i i  a n d  A. L. R o s h c h e n y a  UDC 511.9 

ABSTRACT. An asymptotic formula for the number of points of an arbitrary lattice in the hyperbolic cross is 
obtained. 
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For s > 2, let A C R s be a complete lattice. The domain K(T) = {~[~-1-.-~,  < T} ,  where 
= max( l ,  Izl) for any real z ,  is called a hyperbolic cross. Let D(T ] A) be the number  of nonzero points 

of the lattice A in the hyperbolic cross K(T).  The goal of this paper is to prove the following theorem. 

T h e o r e m .  For any lattice A and T > 3 the asymptotic equality 

2"Tln  s-1 T 
D(T[A)  = ( 8 -  1)!detA 

Tin  ~-2 T 
+ OC(h)  ~ , 

where C(A) = 2Se(a0 + 2)" and IO] _< 1, holds. 

w N o t a t i o n  

Let Aj = ( A j l , . . . ,  A~s) ( j  = 1, . . .  , s )  be an arbitrary fixed basis of the lattice A, and let 

1 s 
A =  A(A1, . . .  ,As)- -  l<j<smax ~ Z I A v j l .  (1) 

We del lo te  b y  ~ = ( " ~ 1 , - - - ,  "~s)  ( ]  = 1 , . . .  ,.s) the  reciprocal bas is  o f  the  polar l a t t i ce  o f  A* (as  is 
known [1], the reciprocal basis is defined by the relations 

- •  (A~, ~ )  = ~.~r = 6~j = 
u=l 0 

for i = j ,  
for i # j ,  

and the polar lattice A* is uniquely defined by the lattice A). 
We introduce the following domains: 

j = l  v=l  t,=l 

for an integer vector rfi, 

= m y ,  v =  1 , . . . , $  ; 

H * ( T [ A ) =  ~: Y i + E A ~ J  2 -  7 + yk ,k < T  ; 
j----1 v=l k=l 
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for a > 0 ,  

where 

H , ( T , a ) =  g :  [yjl+a<_T , I I ~ ( T , a ) =  g :  u(yj ,a)<T , 
1=1 j=l 

1 for [yl < a +  1, 

~(Y' ~) = lul - a for Ivl -> a + 1. 

Notice that IIx(T, 0) = II2(T, 0) = K(T). For a > 0 and T > 0, let 

 s(o, T) = J.(o, r) d~'. 
J Yt , . . . ,y .  >0  . I  Yt , . . . ,y.  >__0 

w Auxi l i a ry  l e m m a s  

L e m m a  1. 

P r o o L  

l-i~=t Atiml~-~...+A,jmo<Tfn(ra) dt'= f~(TI h) d~" 

For any two distinct integer vectors ff and rfi,the domains H(ff) and II(rfi) are disjoint. On 

= Z Aujmu, 

the other hand, if m,, = It,, + 1/21 (v = 1 , . . . ,  s), then 
$ 3 

y = l  v = l  v=l 

and so 

II(T I A) = [.J II(r~). 

r I~=l  Aliml"l'"'TAsira. <- T 

Now the statement of the lemma follows from the additivity of the integral. 

L e r n m a  2. 

P roo f .  Set 

[] 

fn d{= 1 fn d~', (2) (TI^) detA "(TI^) 

fn dr = 2"I,(a, T) for a > 1, (3) 
1(T,a) 

fn dr 2sJ,(a, T) for a _> 0. (4) 
~(T,a) 

Y ' =  ( Y l , - - ' , Y s )  ---~ ~;1~1 - ~ - ' ' ' - ~ t . ~ . ~  

Then 
8 

dg= 1---!--- fn dg, 
det A * (T I h) 

8 

Y~= E tiAJ" (u= l , . . . ,s) ,  
j = l  

After the change of variables (5), we get d~'= (det h ) - l d g  and 

(TIA) det A l-I}=, ui+E;=, ~q( l /2 - -11 /2T)"~[ -~!  Y~A;kl)'~ T 

(5) 

completing the proof of equation (2). 
We have [y] + a = lY[ + a for any a > 1 ; hence, by the symmetry of the domain II1 (T, a), the relation 

f .  2"fn, dy=2"I~(a, T) d~ = (yj+a)<T 
~(T,~) ~=~ - y~ ,...,~.>0 

follows, completing the proof of (3). 
Finally, (4) follows from the symmetry of the domain H2(T, a) for any a :> 0 [] 
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L e m m a  3. For any a > O and T > a s , 
s -1  

Is(a, T) = ( - 1 ) s + ' ( T  - a ' )  + T E ( l n T -  slna)"(-1) "-I-" 
n! 

P r o o f .  First of all, we establish a recurrence relation for Is(a, T). We have 

= /T/a'-'-a 
Is(a, T) dys ~ _ _ dyl ' . ,  dys-, 

Jo l-UZ,'(yi+=) < ,.--~. 
Y l  , - - - , Y , -  t >0 F'"-- F'"-' (T) 

= Is-1 a, dy= Is-1 a, dy. 
J O  . , a  

We shall use (7) and proceed by induction on s. For s = 1 we have 

~0 T - a  
Ii(a, T) = dy = T - a 

and (6) is valid. Eq. (7) and the induction conjecture for s - 1 yield 

I , ( a , T ) =  ~r/='-~ ( ( _ l ) ' ( T _ a ' - I  ) 

+ __T ~-~ ( l n ( T / y ) - ( s -  1) In a ) " ( - 1 ) ' - 2 - " ) n ,  dy 

Y n=1 

= ( - 1 ) ' T ( I n T - ( s -  1 ) lna- lna)  +(-1)'+~a "-~ -~_~ - a  

/ I n  T - ( , - l ) l n .  ~ ( l i l T -  u --(S -- 1)Ina)"(--1) s -2-n  du 
+ T  n[ 

Jln = n = l  

, -2  (__1)s_2_ . ~olnT_~,In = 
= ( - 1 ) s + ' ( T - a S ) + ( - 1 ) S T ( I n T - s l n a ) + T Z  n} t"dt  

s-~ (_I),_~_. 0 n T -  sln ~1"+' 
= ( - 1 ) s + l ( T - a S ) + T E  n! n + l  

$--1 
= ( - 1 ) ' + I ( T - a ' )  + T ~ ]  ( -1 )s - ' - '~ ( ln  T - s lna)"  

n! 
n = l  

which completes the proof of the lemma. [] 

L e m m a 4 .  For a n y a > 0 ,  T > _ l , a n d s > l ,  

s--I s--I --n 
T In" T 

v s  s - -k-1  " 

n=O k=O 

+ ( -1)ST(In  T - s l n a )  

P r o o f .  By the definition of Js(a, T),  we have 

J,(a T) [ " + '  f 
�9 = dys I y~ ..... ~._,>0 dyl ""dys-1 

JO Ju(y, ,a)--.u(y,_ t ,a)<T 
T + a  . . , 

+ dys f y~ ,...,y._~>o , dyl dys-1 

f = (a + 1)Js_,(a,  T) + Js-, a, dy. 

(8) 

(z) 

(8) 

(9) 
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We use the recurrence relation (9) and proceed by induction on s. 
For s = 1 we have 

Jl(a,  T)  = y>o dy = dy + dy = a + 1 + T - 1 = a + T, 
J u ( y , a ) < _ T  JO J a + l  

which agrees with equality (8). 
Set 

s--1 --n , - -1 n Tln T 
O.,,,(a) = ~ vs'~k'~"~s-k-lak, J.(a, T) = a" + ~ ~ Os,n(a). 

k=O n----O 

Then 

J~+l(a, T) = (a + 1)J,(a,  T) + J, a. dy 

�9 -1 T ln"  T j(1T( ~-i ln(T/y)Q..a),, 
= (a + 1)a ~ + ~ n ~ Q , . . ( a ) ( a +  1) + a" + Z T /y .  n! ' ( ) dy 

n----O n ~ O  

"- '  TIn"TQ, , . (a ) (a ,  , ,  , - I  T ~  . . In "+xT 
= a ' + l + a ' + T a ' - a ' + ~ ' ~  n! + I ) + Z ~  ~ ' ' ' ( a )  n + l  

n=O n=O 

-1 T l'n" T 
= a "+I + T(a" + O.,o(a)(a + 1)) + ~ n[ 

T In" 
= a'+l + n! TQ'+I'"(a)'  

where 

�9 --1 ~ S - ~ C s k  O.+l,o(a) = a" + (a + 11 Z C~aJ: = %,-,k-I ak + ak+ a" 
k=O k = l  k=O 

s--1 ~ k k s--l--O 

-- ~a" + ~ ( c ,  ~-1 + c,b,, ~ + ~ =  c:+,a  = )--:. c",+,c ~ 
k = l  k=O k=O 

(,+1)-1-s 
Qs+l,s(a) = Os,s-l(a) = 1 E f,k ~ ,  a k = , . . , s + l V s + l _ k _ l  

k=O 

and for l < n < s - 1 ,  

Os+1,.(a) = O.,.(a)(a + 1) + Q., ._,(a) 
s - - l - - n  s - - l - - (n - -1 )  

----(a+l) Z ~ , k ~ n  k r ~;-J'-la + Z CkC"-l. ~-k-1 ak 
k=O k=o 

- -  , - - 1 - - n  
~ r t k - - l  f ~ n  k f ~ n - - 1  ~ _ k  - -  r~s--r t .r"~n--1 s - - n  C~(C;_k_1 + % - k - 1 ) "  r  ~ . - 1  a = L b., % - ( k - O - '  a + ~ k . 
k = l  k=O 
,--ltl 3--1tl S--~ 

- Z  Z : co, . oo ck-lt,..~n a k  ,rnk,,,'~n k ~f'~rck-1 Cks)C:_ka k jr s v , - - O  
- -  s X-" s - - k  au L ' s  t-' s - k a  Z....~x s + 

k----I k=O k----I 
$--I'g 

k n = y - ~ ( C , + , Q , + , ) _ , _ ~ ) a  k. 
k----0 

This means that J,+~(a, T) obeys (8), completing the proof of the lemma. [] 

TINCT _ 
~ ( Q . , , , ( a ) ( a  + 1) + Q.,n-l(a)) A- ~ Q. , s - l ( a )  
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Coro l l a ry  1. For any a > 1 and T > 3, we have 

Tln .-1 T 
Is(a, T)  > (~ - 1 ) !  

e a S T l n ~ - 2 T _ a  s. (io) 

P r o o f .  Indeed, we have 

S--1 

Is(a, T) = ( -1 )s+1(T  - aS) + T Z (InT - s l n a ) " ( - 1 )  s - ' - "  
n! 

s - -1  _ _ T ~ ( - n  s-l-~ n! ~ cl ln~ T(-ll'-~(s In al~-~ +(-1W~T+ (-WAS 
n :  1 k = O  

s-, s-, (_ 1)s_,_.(_ l),,_k C~(s la a) ._ k =(-1)'aS+TZlnkTZ n' 
k : l  n : k  

+ r  ( - 1 / s §  n! (-l/"(~lna)" 

s-1 (s In a)" . - I  = (-1)SaS + ( -1)S+'T~ ,----5--- + T ~ ln' T(-1)'-'-~ 
n = O  k : l  

s - k - I  (s In a ) "  

E kin! 
n-~-O 

Tln  s-1 T s-2 s-k-1 (s I)! + T ~ l n k T ( - 1 ) s - i - k  (s lna)"  
-- -- k! Z n- - - - -~  -F ( -1 ) s a s  

k = O  n = O  

"-~ 1 s ~ l  ( s lna)"  
T ln  "-1 T TlnS-2 T E  ~ n! a" 

> ( s - -  i ) ]  k=o .=o 

T l n . _ I T  s-1 1 8 _ a  s_> T i n S - i T  
-> ( s -  1)! T l n S - ~ T E  ~ a  ( s -  1)! 

k = 0  

eaST in s-2 T -- a s , 

and the proof is complete. 

Co ro l l a ry  2. 

[ ]  

Tln  ~-1 T 
Js(a, T)  < . (s - 1)! 

+ (a + 2) 'T  In , -2 T + a s. 

P r o o f .  Indeed, we have 

J , ( a ,  T) - 
8-1 - ,  1)! ak T ln  s - 1 T  T l n " T  s!(s - k -  1)! aS 

( s - l ) !  + n! X: k ! ( ~ - k l ! n ! ( s - k - ~ -  + 
n = O  kmO 

n s - - l - - n  Tln  s-1 T In T _ .  s - n k k 
- -  (s-l)! -FT T C's E s _ k  C s - " - ' a  + a "  

n = O  k=O 

TIn  s-x T < 
- (s - 1)! 

Tln  s-x T < 
- (s - I)! 

, - 2  l n " T _ . s - n ,  l ) S _ . _  I a8 
+ T Z T !  C'  ~--~-~(a + + 

+ (a + 2)ST In s-2 T "4- a s , 

and the proof is complete. [] 

(II) 
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P r o o f  o f  t he  t h e o r e m .  From the definition of D(T [A) and Lemma 1, it follows that 

D(TIA)  + 1 =  Z 1 =  Z 1 =  ~n dr. 
~'EA l'I~ =, Alim,+'"%A,im. <T (TIA) 

zl.. .z. <T 

Applying Lemma 2, we obtain 

1 fn d/: D ( T [ A ) +  1 -  detA .(TIA ) 

Let a = A, where A is defined by (1). Then the inclusions I I l (T ,a )  C_ H*(T[A)  C_ I I2(T,a)  
because 

A-J - + 
j = l  1=1 v=l k=l j = l  

These inclusions and Lemma 2 imply the inequalities 

hold, 

2"I.(a, T) < D(T[A) + 1 < 28Js(a' T) 
det A - - det A 

Inequalities (10) and (11) yield 

det A \ (s - I)! 
ea'Tln 8-2T- a 8) <_ D(TIA ) § 1 

d e t h \  ( s - l ) !  + TlnS-2T(a q" 2)S + a" " 

It follows that 
28T In "-1 T TinS-2 T 

D(TIA)  = (s - 1)! det A + C(A)O det A 

with C(A) = 2Se(a0 + 2) s and a0 = minA(A], . . . ,  ,~,), where the minimum is taken over all the bases of 
lattice A. 

This completes the proof of the theorem. [] 

The main result of this work was announced in the summary [2]. 

The authors wish to thank Professors N. M. Korobov and V. I. Nechacv for their attention and useful 
discussions. 
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