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Number of Lattice Points in the Hyperbolic Cross

N. M. Dobrovol'skii and A. L. Roshchenya UDC 511.9

ABSTRACT. An asymptotic formula for the number of points of an arbitrary lattice in the hyperbolic cross is
obtained.

KEY WORDSs: complete lattice, polar lattice, asymptotic formulas for the number of lattice points, hyperbolic
Cross.

For s > 2, let A C R* be a complete lattice. The domain K(T) = {Z|Z,---Z, < T}, where

Z = max(1, |z|) for any real z, is called a hyperbolic cross. Let D(T |A) be the number of nonzero points
of the lattice A in the hyperbolic cross K(T). The goal of this paper is to prove the following theorem.

Theorem. For any lattice A and T > 3 the asymptotic equality

2°TIn® ! T Tin® 27
s - Ay— —
Gotrdeta TN —gn

where C(A) = 2%e(ag + 2)* and |0©]| < 1, holds.

D(T|A) =

§1. Notation
Let Xj =(Aj1,---,Ajs) (7 =1,...,5) be an arbitrary fixed basis of the lattice A, and let

- - 1
A=Ay, X) = max 52_:11,\,,1. (1)

We denote by /\ = (A1) (T=1,..., s) the reciprocal basis of the polar lattice of A* (as is
known [1], the rec1proca.l basxs is defined by the relations

1 fori=j,
Ai = Aw = l = . .
! J) ; i {0 fori#j,

and the polar lattice A* is uniquely defined by the lattice A).
We introduce the following domains:

(T |A) = { HZA.,,t +Zz\y,(——{t +2 })5T};

j=1v¢=1

for an integer vector m,
. - 1
H(m):{t: [t"+§] =m,, t/=1,...,s};

(T |A) = {@‘: f[yj +2’jxv,-(% - {% +im:k}) < T};
j=1 v=1 k=1
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for e >0,
I(T,a) = {37 H lyjl +a < T}, (T, a) = {g‘ Hu(yj,a.) < T},

where
1 for lyj <a+1,

u(y,a)= { Iyl._a for |y| 2a+1
Notice that II,(T,0) = II,(T,0) = K(T). For a>0 and T >0, let

I(a,T) = /n;=1(y,-+«)s:r dy,  Js(e,T) = [m;., uy;,0)<T Y-

y;,...,y.ZO ylr"-vyﬂzo
§2. Auxiliary lemmas

Z / dt = / dt.
() O(T|A)

H;=1 Al.,i7731"’""*'A3j7n- <T

Lemma 1.

Proof. For any two distinct integer vectors i and m,the domains II(7) and II(m) are disjoint. On
the other hand, if m, = [t, +1/2] (v =1,...,s), then

St + 3 A (5= {645} = X hm,
v=1 v=1 v=1

and so '
(T |A) = U ().
1} XijmitFA;m.<T
Now the statement of the lemma follows from the additivity of the integral. O

Lemma 2.

- 1
dt = / dy, (2)
./II(T|A) det A Ji-(T|A)

/ dy=2°1,(a,T) for a2>1, 3)

Hl(T,u)
/ dy =2'Js(a,T) for a2>0. (4)

Hz(T:'l)

Proof. Set . .
T=W1,---»¥s) =tidr + -+ 1A, (5)
Then

3 3
=3ty (w=1,...,5), t=FAX) =) i
v=1

i=1
After the change of variables (5), we get df = (det A)™!d§ and

/ di= df = — / i
= Yy = ’
(T [A) det A JI1:_ ;¥ Mi (12— (1724 Samy 905, DET det A Jr-(ra)

completing the proof of equation (2).
We have |y| +a = |y| + a for any a > 1; hence, by the symmetry of the domain II;(T, a), the relation

/ =2 /H;~’=1(y,-+a)5T dy = 2°I,(a, T)
nl(Tla) Y

1 .-~'»!I._>_0

follows, completing the proof of (3).
Finally, (4) follows from the symmetry of the domain (T, a) forany a >0 O



Lemma 3. Forany a >0 and T > a°,

~slna)*(—1)*"1-n
n! ’

I,(a, T) = (__1)5+1(T . as) + TS-: (lnT

n=1

Proof. First of all, we establish a recurrence relation for I,(a, T). We have

T/a*"!-a
I(a,T) = / /H;:l(y,+a)<

Y1y Ya— l>0

dyy -+~ dys—1

T/a'~'—a T T/a*"} T
= I,_ 3 d bl I_q— » d .
A O A AR L

We shall use (7) and proceed by induction on s. For s =1 we have

T—a
Il(a,T)=/ dy=T—a
0

and (6) is valid. Eq. (7) and the induction conjecture for s —1 yield

I(a,T) = /aTlal_l ((__1).; (% - aa—l)

LT 5: (I(T/y) ~ (s = 1) lna)"(-1)*~2" ) dy

¥y o n!

= (~1)'T(lnT ~ (s —1)lna —Ina) + (~1).+1a,*1( T a)

a*~1

du

n!

N T/ln T—(s~1)Ina f (InT ~u—(s— l)lna)"(—l)"“z’"
i

na n=1

=2 s~2—q In T—sina
= (=1)"*Y(T — a*) +(~ 1)’T(1nT—slna)+TZ(1)—/ t"dt
1}

n=1
§$—2~n —sl n+1

= (=1)"*Y(T - ’)+TZ( 1) (nT n:‘;“) +(~1)"T(InT — slna)

s~1 —1=-n n
_ a1 o (-1)° (InT - slna)

(=1)™(T - )+T; ~ ,
which completes the proof of the lemma. O
Lemma 4, Foranya>0,T>1,and s> 1,
Tin" T ="
Js(a, T) = a’ +Z - Z cter . a*.
n=0 k=0

Proof. By the definition of Js(a, T), we have

a1
J,(a. T) = / dys / Yooy Ys—120 dyl c dya—l
0 u(yl 1“)"'u(y!—11a).<.T

T+a
+/ dy,/ Vs ¥s-120 dyy -+ dys—
a+1 u(y;,a)- u(y, 1,8)<T/{y~a)

T T
=(a+1)Js—l(a7T)+/ JS-‘I (ai ;) dy
1

(6)

(7)

(8

9)
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We use the recurrence relation (9) and proceed by induction on s.
For s =1 we have

a+1 a+T
Jl(a,T)=/y20 dy=/ dy+/ dy=a+14+T-1=a+T,
u(y,a)<T 0 a+1

which agrees with equality (8).

Set . .
e — Tla" T
Qua(@) = 3 CrCriliat, U@, T)=a’+ Y —Qy n(a).
k=0 n=0
Then

Josi(a, T) = (a + 1)Js(a, T) + /IT J, (a, ':g-) dy
~ (a4 D)o’ +ZT1n T dun(a)at 1) /1 ( +§T/y ln"(T/y)Q’ (a ))

n=0

a4 a* +Ta’ —a +Z Q,n(a)(a+1)+Z Qn()

n=0 n—O

Tln T Qa n(a)(a + 1) + Qsyn— l(a)) +

n=0

Tln T n"t! T

Tln‘

= a1 T(a* + Q, o(a)(a+1))+Z Qs,s-1(a)

Tln T
=a-’+1 +Z Qs+l n(a),

n=0

where

s—1 s—1

Qs+1,0(a) =’ +(a+1)) C¥ "—ZC" “la¥+) Cka* +a?
k=0 k=1 =0
s~-1-0

= sa’ +Z(Ck 4 C)at +1‘Z 1at = Z Cly1-k10",

(s+1)-1-s
Qut1,4(8) = Quomr(a) =1= Y CiClhyiyd’,

andfor 1<n<s-1,

Qs+1,n(a) = Qs,n(a)(a +1) + Qs,n-1(a)
s—1—-n s~1—(n—-1)

=(a+1) Z cker ,_af + Z C"’C'",c e
k=0
s—1—n

_ch 'C ~(k-1)~ 1‘1 + Z Ci(Cox- +C 1)‘1 +C;T"CRTia"

= Z CEICT ot + Z CiCr_iat = Z(c" '+ CHCI e + 00T 4a°

k=1
= n k
= Z(Cfﬂc(aﬂ)—l-k)a ‘
k=0

This means that J,4(a, T) obeys (8), completing the proof of the lemma. O



Corollary 1. Forany a > 1 and T > 3, we have

I(a,T) 2

Proof. Indeed, we have

Tl 'T

T——l—)_r —ea’TIn* 2T — ¢°.
s—1)!

I,(a, T) = (_1)s+1(T _ as) + T’i (lnT - Slna)"(—l)-’—l—n

n!
n=1

n

=TZ(—12:—I;ZC"1n T(-1)""*(slna)"~* + (=1)*H'T + (-1)%a’

n=1

k=0

— (- 1)’a’+TZl "TZ( D —"( D" Ck(stnayn—*

k=1

+T(( -1 ’+‘+Z

’_‘1( lsln

E—1rsmar)

s—1 s—k-—1

(slna)?

__( 1)3a3+( 1)s+lTZ(31na) +TZln T( l)s—l -k Z .

n=0 n=0

Tln’ i 2 1In* T( 1)'-1 “'" ‘(slna) ..
(s—1)! TZ 'Z::o T (=1)a
Tln®~ 1T vz & 1(slna)" .
2o Tln TZ o ,.z-:o —a
Tin*!T = Tl'™! T
~TI® 2Ty =@’ —a*> ———F —ea’TIn* 2T — a°,
(s - 1) I:Z% k! (s—1)
and the proof is complete. O
Corollary 2.
s—-1
Js(a,T) £ 1;1 )T+( a+2)'Tn’° 2T +a’.
Proof. Indeed, we have
Tl 'T SEThT K" si(s —k—1)! r
Iola, T) = (s—1) nz—o Z kl(s—k)nl(s—&k —n—l)!a ta
T 'T S " T ,," s
_—(;_...—T).— TZ C kz 5 — kC,_,, la +a
0
Tln’ T In™ T —n—-1 s
- (s- 1)' TZ ta
Tin®* ™' T 2
8 §— T S
S GO +(a+2)’Tln +a°,

and the proof is complete. O

(10)

(11)
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Proof of the theorem. From the definition of D(T |A) and Lemma 1, it follows that

D(T|A)+1= 1= 1=/ dt.
( ) Z Z (T} A)

L f%fs'r Mo MjmiteF A jm, T

Applying Lemma 2, we obtain

-

1
D(TIAN)+1= / dt.
( l ) detA H‘(TIA)

Let @ = A, where A is defined by (1). Then the inclusions II;(T,a) C II*(T'|A) € (T, a) hold,

because
g 8 E] 1 1 8 E
T ost, ) < TTws + 30w (5= {5+ Lwein} ) < It + o)
j:l ji=1 v=1 k=1 j=l

These inclusions and Lemma 2 imply the inequalities

2°I,(a, T)
det A

28 Js(a, T)

< 1<
<DTIA)+1< —g oy

Inequalities (10) and (11) yield

s s—1
d:m (2"_ 1)? —ea’TIn® 2T — a’) < D(T|A)+1
2 (Th''T

< =2 s ).
< detA( G =1) +TIn“T(a+2)°+a )

It follows that . .

2°TIn* " T Thh*™*T
D(TIA) = Grdea T MO 5

with C(A) = 2%¢(ao + 2)° and ag = minA(X, ..., A,), where the minimum is taken over all the bases of
lattice A.
This completes the proof of the theorem. O

The main result of this work was announced in the summary [2].

The authors wish to thank Professors N. M. Korobov and V. I. Nechaev for their attention and useful
discussions.
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