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ABSTRACT. Previously investigated models are further elaborated here, with 
particular application to DNA. Accepting the premise that DNA may be 
characterized as an intrinsic semiconductor with a band gap energy of approx- 
imately 2 eV, a self-consistent method reveals term energies of reasonable 
magnitude. The treatment also determines that the mobilities are of the order 
of 10 to 10 2 cm2/V sec, indicating delocalization of the electrons with respect 
to the base-pairs. 

I. I n t r o d u c t i o n  

In this  paper  we compare  two mode ls  which have been h i the r to  cons ide red  
by  Rosen  1 and Krizan 2 as semiempir ica l  approaches  to  the  c o m p l e x  p ro b l em  
posed  by  per iodic  b iomolecules  such as DNA. Other  a p p r o x i m a t i o n  
schemes have been exhaus t ive ly  appl ied  to  organic molecules  b y  Pul lman 
and Pul lman 3 and Ladik  and H o f f m a n ,  4 and  m a n y  others ;  such calculat ions,  
a l though  dif fer ing somewha t  in the i r  results  a t  present ,  m a y  well con ta in  
the  germ for  a more  comple t e  unde r s t and ing  of  the  role  of  e lec t ron ic  
s t ruc tu re  in c o m p l e x  b iomolecules .  

For  the  present ,  however ,  we c o n t i n u e  to  investigate the  p r o b l e m  of  the  
exac t  d e t e r m i n a t i o n  of  band  s t ruc tu re  fo r  simplif ied one<i imens iona l  
models ,  and  apply  the  calculat ions to  DNA. The Kron ig-Penney  m o d e l  
was first  appl ied by  Rosen 1 to  the  p rob lem;  here  we re -examine  this 
mode l  and the  Harmon ic  Poten t ia l  mode l .  2 While our  t r e a t m e n t  is exac t  
as far  as the  band s t ruc ture  is conce rned ,  we do in t roduce  the  ef fec t ive  
mass a p p r o x i m a t i o n ,  in a sel f -consis tent  p rocedure .  This has the  e f f ec t  
of  p roduc ing  t e rm energies which  have qui te  realistic values. As in previous  
work,  x'2 we accept  the  premise  t h a t  b iomolecules  such as DNA m a y  be 
t r ea ted  as intrinsic semiconduc to r s ,  s'9 We would  n o t e  t h a t  Rosen  l ~  has 
r ecen t ly  shown h o w  a mode l  involving e lec t ron  exchange can lead to  ve ry  
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TABLE I 

NaDNA conductivity' Data* 

Source Form 0 0 Eg Reference 
(~-~'1 cm-1 ) (eV) 

Calf thymus solid gel 6X 10 2 2.44 15 
Calf thymus solid gel 4X 104 1.27 15 
Calf thymus fibers 3.2X 103 2.42 16 

{denatured) 
Calf thymus fibers 5X 107 2-2.2 17 
Chicken erythrocyte fibers 106 1.9 17 
Calf thymus dry fibers 102 2.36 18 
Salmon sperm 
Herring sperm oriented 3.5X 103 to 2.18 5 

films 3.5X 104 
Calf thymus compressed 4X 103 2.4 7 
Salmon sperm films and 2.43 19 

compressed 
tablets 

*in part from Vasilescu 2~ 

narrow band widths, suggesting contac t  with models which treat  energy 
exchange between monomers  in terms of  exc i tons}  1'x2 The band widths 
obta ined here are larger than those of  Rosen ~~ and this is possibly more 
consistent with the mechanism of  intrinsic semiconduction.  We also 
obtain mobilities which are of  the order  of  magnitude of those estimated 

by Suhai} a 

II. Band Gap Energy 

Organic molecular crystals and macromolecules such as DNA exhibit  

a dc conduct iv i ty  which varies according to  the relation* 

.= O0 e'W/kT (1) 

where o0 is a constant ,  and W is the experimental ly  determined activation 

energy. The equations (with classical statistics) for  intrinsic semi-conductors 
are assumed to  apply and so Eg = 2W is the band gap energy: this is the 
minimum energy an electron must acquire if it is to make a transition f rom 
the valence band to  the conduct ion band. Many researchers have measured 

the resistance of  DNA as a funct ion of  tempera ture  and have determined 

tha t  Eg lies between 2 and 2.4 ev, bu t  there is a large variation in the 
value for  Oo because of  the difference in the water con ten t  of  the samples. 
Table I is a compilat ion of  some of  the experimental  results. 

*For detailed aspects of conduction in polymers, see the paper by Pohl. 14 
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The conductivity measurements are usually made on samples which are 
in the form of dried films, microcrystalline powders, or compressed tablets 
so that  the native two-stranded complementary structure may not  be 
present. However, O'Konski 7 reasons that  

"a substantial portion of the hydrogen bonded structure is probably restored 
upon cooling the solution, even if a complementary rematching of the strands 
over the entire lengths is not possible under the experimental conditions. Although 
separated from its complement, a given polynucleotide chain can apparently fold 
back upon itself and find complementary sections intramolecularly, perhaps with 
the formation of additional short loops consisting of  one or more bases which 
cannot match the opposite chain." 

The models presented here take into account the double periodicity of  
DNA in the sense of  Refs. 1 and 2. That is although the unit  cell is 
defined according to the base periodicity, the helical periodicity is treated 
implicitly by means of  a coordinate transformation,  according to Tinoco and 
Woody. 21 The effect of the parameter associated with the helix pitch is, 
however, suppressed in what follows due to the use of a self-consistent 
effective mass approximation. 

The order of  bases in the macromolecule is assumed to have no effect 
on the band structure. Carrier motion is postulated to take place by 
tunneling between the bases, or by conduction along the sugar phosphate 
backbone. 

III. The Model 

The dispersion relation for the energy as a function of  wave number 
was obtained in Ref. 2. This relation holds in general for any periodic, 
symmetric potential form. In particular it was applied to a periodic 
harmonic potential, for which the Schr6dinger fundamental  solutions 
were confluent hypergeometric functions.  In general however, in the 
notat ion of Ref. 2, 

F ( z  § = +1 + 2 ( y l ' y 2 ) z +  = -1 + 2 ( y l y 2 ' ) z +  (2) 

where y~, Y2 are the fundamental  solutions o f  the Schr6dinger equation, 
for any symmetric potential. The relation could also be used for the 
Kronig-Penney model; however, care would have to be taken not  to 
actually pass to the limit of infinitely high and infinitesimally thin barrier, 
since cont inui ty  of  function and derivative were assumed in derivation 
of (2). 

The function F(z + ) is restricted to lie between the values +1. This 
restriction determines the band edges. In Ref. 2 only a single filled band 
was plot ted analytically for the Harmonic Potential model. In the present 
paper we apply the above relation to a DNA realization with nine filled 
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bands, where the calculation has been extended with the aid of a computer.  r 
According to the above, the zeroes of  Yz, Y2' and Y2, Yl' determine 
the locations of  the bands. 

The band gap energy is chosen as 2.4 eV. (See Table I) for use in both  
the Harmonic Potential model and in the Kronig-Penney Potential model,  

and the band structure is found by means of  a self-consistent method where 
the bandwidth o f  the conduction band determines the effective mass of the 
electron. 

The location of  the zero set associated with the lOth (conduction) band 
and the upper limit of the 9th (valence) band was determined by requiring 
that  the band gap be fixed at 2.4 eV. The width of  the conduction band 
in turn is related to the effective mass, according to a relation given by 
Shockley, 22 m*e -- h2/8~2~,  where h is Planck's constant,  12 is the unit  
cell lattice constant  and ~i~ is the width of  the conduction band (this may 
be obtained by assuming a parabolic density of states for the thin band). 
A similar relation can be developed from the Uncertainty Principle, 
namely me* = ~h 2/~2 ~ .  Either form may be used without  changing the 
final results very much and we will use the former expression for the 
effective mass. The procedure is self-consistent since the value of 5~ 
is used to generate the parameter z § in equation (2) and one proceeds 
iteratively until the parameter group consisting of z § , 5~, me*, and the 
band gap edges form a self-consistent set. 

At this point  we comment  on the choice of a number of bands: based 
on the results of Subertova and Drobnik 5 and Ladik and Hoffman 4 there 
are an average of  18 7r electrons in each base pair, so there are nine filled 
bands. While the actual number of lr electrons is 12 for adenine and 
thymine,  14 for guanine and 10 for cytosine, Subertova's values for the 
band gap of  2 to 2.2 eV indicate that  17 to 19 ~ electrons per base pair 
form the valence bands. Ladik's HMO-LCAO calculations on G-C and A-T 
show that when the base pairs are in close proximity (as in DNA) some 
of  the energy levels coalesce to form a single energy band, resulting in 
9 valence bands. In fact, however, our results do not  differ very markedly 
if one assumes 10, rather than 9, filled bands (for comparison we include 
term energies for both cases). 

By incorporating the 18 electrons per base pair, the effective mass 
relation and the band gap energy of 2.4 eV into two computer  programs, 
the band structure given in Table II results. The self-consistent procedure 
was followed for the Kronig-Penney model by  passing to the delta function 
limit and using the well-known relation, ~ rather than Eqn. (2). Without 
the effective mass relation, and simply using the Tinoco-Woody 21 

tFor computational details, see J. Altieri, University of Vermont, M.S. thesis, 
1974 (unpublished). 
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TABLE II 
i 

Energy Band Edges for the Harmonic Potential and Kronig-Penney Potential Models. 

Band 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

m e/m 

rnh/m 
i i  

Harmonic Potential 

Nine Filled Bands Ten Filled Bands 
(eV) (eV) 

30.19 
29.57 

27.91 27.17 
27.21 26.94 

24.81 24.26 
24.55 24.18 

21.83 21.38 
21.75 21.36 

18.90 18.53 
18.88 18.52 

15.98 
15.98 15.67 

13.08 12.82 

10.17 9.97 

7.27 7.13 

4.36 4.28 

1.45 1.43 

4.67 5.26 

12.46 13.96 

Kronig-Penney Potential 

Nine Filled Bands Ten Filled Bands 

(eV) (eV) 

17.51 
16.87 

16.46 14.47 
15.73 13.94 

13.33 11.72 
12.74 11.29 

10.53 9.26 
10.06 8.92 

8.06 7.09 
7.70 6.83 

5.92 5.21 
5.66 5.02 

4.11 3.62 
3.93 3.48 

2.63 2.32 
2.51 2.28 

1.48 1.30 
1.41 1.25 

0.66 0.58 
0.63 0.56 

0.17 0.15 
0.16 0.14 

4.49 5.10 

5.50 6.14 

t r ans fo rma t ion ,  we get the  same values as Rosen  in his paper  (apar t  f rom 

an appa ren t  typograph ica l  error:  the b o t t o m  of  his seventh band  should 

read 29.0 eV).  Bo th  the Kronig-Penney  and Harmonic  Potent ia l  models ,  

with self-consis tent  effective mass approx ima t ion ,  appear  to be good 

representa t ions  o f  the band s t ructures  o f  D N A  inasmuch as reasonable  
term values are obta ined .  Note  tha t  Pul lman and Pul lman (see also 

Rosen l ~  ob ta in  an energy  dif ference o f  a b o u t  28 eV be tween  the lowest  
and highest  7r e lect ron energies (see Table II) ;  our  co r respond ing  7r energy 
values, par t icular ly  for  the  Harmon ic  Potent ia l  model ,  give surprising 

app rox ima te  agreement .  Wi thou t  such a self-consistent  a p p r o a c h  Rosen 1 
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found  the energy difference between the top of the lOth valence band 
and the bo t t om of  the first valence band to be 73 eV (assuming ten filled 
bands), while Ladik and Hoffman determined this energy difference to 
be only 10 eV (for nine filled bands). For both  the models the conduction 
band widths are of the order of  tenths of  an electron volt, which indicates 
tha t  the electrons are relatively mobile. The top of the potential barrier in 
the Harmonic Potential model is 19.6 eV which is below both the conduction 
band and the 9th valence band, and this also implies mobile charge carriers. 

IV. Mobilities 

For biological materials, there may be several ways of defining mobilities, 
and these frequently do not  agree with each other, x4 Here we estimate the 
ohmic mobil i ty  after making several assumptions and approximations for 
the charge carriers in the Harmonic and Kronig-Penney Models. The ohmic 
mobilities are smaller than the local mobil i ty for electrons in DNA as 
estimated by Suhai 13 but  are larger than the drift mobilities measured 
for anthracene. 24'25 The local mobility, t~ = vQ/E is the mobility of a charge 
carrier in a single crystaUite, whereas the drift  mobility,  Pd = Vd/E, is 
the mobil i ty of a charge carrier in a macroscopic polycrystalline sample. 
The distinction is necessary, of course, because in a measurement of the 
drift  mobil i ty the charge carriers undergo intermolecular motion and may 
be scattered by structural defects or impurities, or may be influenced by 
the surface of the sample. The ohmic mobil i ty Po, may be estimated from 
the conductivity data given in Table I, since go = o/nq. The following 
expression also then results if one assumes DNA to be an intrinsic semi- 
conductor  23 

Oo = 2q(pe + gh) k h2 rrl2 

where q is the electron charge, Pe and Ph are the electron and hole mobilities, 
and m is the rest mass of the electron. For calculating P0 we here take as 
a reasonable experimental estimate O'Konski 's value of a0 = 4X103 
o h m ' l c m  "x . The "cons tan t"  Oo is a funct ion of temperature, but  a 
calculation for ao at 300~ differs from one at 400~ by only a factor 
o f  1.5 which is small compared to the uncertainty in a0 of  an order of  
magnitude or more. The effective masses me and mh taken from Table II 
are found through the Shockley relation and are the effective masses of  
the charge carriers within a single crystal of  DNA. However, here we will 
assume they are reasonable approximations of  the carriers' effective 
masses anywhere within the DNA sample. Making a final assumption 
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that  the electron and hole mobilities are equal, then the mobilities for 
the two models are Po = 24 cmZ/V sec for the Harmonic Potential and 
P0 = 45 cm2/V sec for the Kronig-Penney Potential. 

Few organic semiconductor mobilities have been measured, but  typically 
they are very small compared to those of semiconductors like Si and Ge. 
The drif t  mobilities for anthracene lie in the range of  10 -2 to 10 cm2/V sec 
and an estimate of the local electron mobili ty in DNA has been made by 
Suhai from O'Konski 's ac conductivity data. Suhai reasons tha t  the ac 
conductivity levels off  at 10 s Hz because motions of the electrons are 
totally confined to the molecules. They make no intermolecular jumps, 
so they are not  impeded by intermolecular barriers and are not  scattered 
by structural defects or impurities. Suhai notes that  this value is only 
approximate since the lengths of  the molecules are not  accurately known. 
The calculations presented here show that  the models do not  give unreason- 
able values for the ohmic mobility, but  because of the uncertainty in Oo, 
because of the number of approximations, and because of the lack of  
experimental data on P0 there is some doubt  in the validity of  the 

calculations. 

V. Summary 

We have applied simplified models to  the problem of the determination 
of  term energies in DNA. Similar calculations may be carried out  for 
other molecules for  which periodicity may be exploited. No perturbation 
approximations have been employed in the ~ electron calculation here 
although an effective mass has been defined. This effective mass arises 
in a self-consistent manner, where the physical band gap is assumed given 
by the experimental data. While admit tedly the effective mass approx- 
imation seems crude compared to an approach from first principles, it 
does bring in the fact that  the electrons may exchange energy with the 
lattice and with other electrons (albeit in a phenomenological way). In 
any event, the concept of effective mass does continue to be a useful 
one in diverse solid state applications. 

The model calculations show that  the conducting electrons are relatively 
mobile and that  the conduction widths are of the order of  tenths of  an 
electron volt. The mobilities are high and better comparison will have to 
await more exact and reproducible measurements. The term energies 
compare favorably with those obtained by more complicated approximations. 
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