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ABSTRACT. We construct a quantum extension of the Markov semigroup of the classical Bessel process of order
v > 1 to the noncommutative von Neumann algebra B(L2(0, +00)) of bounded operators on L?(0, +o0).
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§1. Introduction

The notion of a quantum stochastic process on a *-algebra A ranging in another *-algebra B defined
as a family (J¢),5, of *-homomorphisms j, : B — A, was introduced by Accardi, Frigerio and Lewis {1].
It generalizes the concept of classical stochastic process (z:)i>0 on a probability space (R, F, P) ranging
in a measurable space (E, £). Indeed, such a process z, can be defined via the family of homomorphisms

Ji: L=(E, &) - L=(Q, F,P), Ji(f) = f(ze).

Just as in classical probability theory, in quantum probability theory one can describe Markov processes via
their semigroups, which are ultraweakly continuous completely positive semigroups on (noncommutative)
von Neumann algebras [2]. The quantum Markov process thus obtained is called a quantum eztension of a
classical Markov process if the restriction of the completely positive semigroup to an Abelian subalgebra
(an algebra of functions) coincides with the classical Markov semigroup.

Quantum extensions of several classical Markov processes were described in [3-6] in terms of the quan-
tum stochastic calculus. In this case, the quantum stochastic process satisfies a quantum stochastic
differential equation given in explicit form. However, a number of analytical difficulties are encountered
in dealing with the simplest classical processes whose domain has a boundary (7] because it is not clear
how the classical boundary conditions affect the domain of the infinitesimal generator of the completely
positive semigroup.

In this paper, following the general scheme developed in (3, 7] (see also [4]), we construct a quantum
extension of semigroups corresponding to the classica: Bessel processes of order v > 1 to the von Neumann
algebra B(L?(0, +00)). This scheme can be applied to a wide class of classical Markov processes, since it
does not depend on special properties of a specific process. However, the scheme requires a deep analysis
of operators related to the infinitesimal generator. In §4 we perform this analysis and obtain a quantum
dynamical semigroup which is likely to be the desired extension for all real values v > 0 of the dimension
parameters. Using the sufficient conservativity condition [8] for quantum dynamical semigroups, we show
that this is indeed the case for v > 1. In the last section, we describe the relationship of the quantum
dynamical semigroup that extends the classical semigroup of the Bessel process of the integer dimension n
with the quantum dynamical semigroup extending the semigroup of the classical n-dimensional Brownian
motion. This result is a generalization to operator algebras of a well-known classical formula.

A noncommutative analog of the Bessel semigroup for integer dimensions was constructed in [9] on the
C*-algebra of the Heisenberg group on the basis of some special properties of quantum Brownian motion.
Our approach is based on a general construction of quantum extensions; however, it also applies to a wider
class of classical processes and allows one to explicitly construct quantum flows that extend classical Bessel
processes.
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§2. A quantum extension of the transition semigroup of a classical Markov process

Let E be a closed subspace of the Euclidean space R", and let L>(E) be the Banach space of bounded
complex-valued Borel functions on E endowed with the norm || f|lec = sup,¢g|f(z)].

Definition 2.1. A semigroup T; on L*®(E) is called a transition semigroup if for every ¢t > 0 the
operator T; is a positive identity-preserving contraction.

It is well known that every classical Markov process with state space E canonically defines a transition
semigroup via its family of transition probabilities.
Let T, be a transition semigroup on L*°(E), and let C be a closed subspace of continuous functions

in L*(E).
Definition 2.2. We say that T; has the Feller property with respect to the subspace € C L®(E) if

1) the subspace C is T;-invariant for every t > 0,
2) the restriction of T; to C is a strongly continuous contraction semigroup.

If the transition semigroup T, has the Feller property with respect to a suitable subspace C of continuous
functions in L°°(E), one usually considers the restriction of T; to C and defines the infinitesimal generator
of T, as the operator A: D(A) — C given by

D(A)={feCl}E%t“l(Tg—I)fGC}, Af=}i_rgt“(T,—I)f.

Some authors (e.g., see [10]) define the Feller property using a specific subspace of L>°(E), namely the
subspace Co(E) of all continuous functions vanishing at infinity. For our purposes, it is necessary that
the subspace C contains the characteristic functions of Borel subsets E. The proof of the following result
can be easily adapted from [10, Chapter III, (2.4), p. 84] with slight modifications.

Theorem 2.1. The transition semigroup T; has the Feller property with respect to a closed subspace
C C L*°(E) if and only if
1) C is Ti-invariant for every t > 0 ;
2) for any f € C and z € X one has lim,_.o T;f(z) = f(z).

In the sequel, the semigroup T; is assumed to satisfy the Feller property with respect to a closed subspace
C C L*(E) that is a unital (i.e., containing the identity operator) algebra of continuous functions.

Let h be the Hilbert space L?(E) of all square integrable complex-valued Borel functions on E endowed
with the inner product (f,g) = [, £ f(x)g(x)dx, where dx is the Lebesgue measure. The Banach space
L*(F) is isomorphic to a maximal Abelian unital von Neumann algebra in B(h); the isomorphism is given
by the identification of each element of L®(E) with the corresponding multiplication operator acting on
k. Therefore, it seems natural to extend classical Markov semigroups to semigroups acting on B(h).

Definition 2.3. A guantum dynemicel semigroup (q.d.s.) is an ultraweakly continuous completely
positive semigroup 7; on B(h). A q.d.s. T, is said to be conservative if Ty(I) = I for every t > 0, where
I is the identity operator on h.

Definition 2.4. A q.d.s. 7; on B(h) is said to be a quantum eztension of the transition semigroup T;
if the restriction of 7; to the unital x-subalgebra C C B(h) coincides with T;.

We recall some results from [8] in a form suitable for our applications.

Theorem 2.2. Let G and (Li)2, be operators on h satisfying the following assumptions:

1) G is the infinitesimal generator of a strongly continuous contraction semigroup P, on h;
2) the common domain of the operators L; contains the domain D(G) of G, and for all u, v € D(G)

we have
oo

(v, Gu) + (Gu,u) + Y _(Liu, L) =0,

=1

where the series is absolutely convergent.
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Then there exists a q.d.s. T, satisfying the equation

(0, T = (o, X0 + [ o, L(TCO)w s (1)

for all v,u € D(G) and X € B(h), where

(v, £(X)u) = (v, XGu) + (Gv, Xu} + > (L, X Lyu). (2)

=1

Note that the form £(X) coincides with the operator
* 1: -1 _
w*- }ﬂt (T(X) - X)

whenever X belongs to the domain of the infinitesimal generator of 7;.

The following result provides us with a powerful condition, which we shall apply to prove uniqueness
and conservativity. We refer the reader to [8, Theorem 4.2] for the proof.

Theorem 2.3. Under the assumptions of Theorem 2.2, suppose also that:

1) there exists a core D of G and a positive self-adjoint operator C such that D C D(C'/?) and for
all v,u € D we have

(CM?y, Cllzu) = —(v, Gu) - (Gv, u);

2) there exists a positive constant b such that any u € D belongs to D(C™!) and satisfies
—2(Gu, C™'u) < b|jull?,

o +oo
) / exp(=M)(LiPru, CoLiPru) dt < [C2ul? + bjlul?, & > 0,
=170

where C, = C(I +¢C)™" is the bounded regularization of C for € > 0.

Then the q.d.s. satisfying (1) is unique and conservative.

As shown in {7, Theorem 2.4], the representation of the infinitesimal generator of a transition semigroup
in Lindblad form is the first step in constructing quantum extensions.

Definition 2.5. We say that the infinitesimal generator A : D(A) — C of the transition semigroup T:
can be represented in Lindblad form if there exist operators G and L; satisfying assumptions 1 and 2 in
Theorem 2.2 and the identity

oo

(v, Afu) = (v, fGu) + (Gv, fu) + Z(L;v, fLu)

1=1

for all u,v € D(G) and every f € D(A). In this case, for each X € B(h), we by L4(X) denote the form
on h defined by (2) with domain D x D.

We recall a fundamental result on quantum extensions (see [7, Theorem 2.4}).

Theorem 2.4. Assume that the infinitesimal generator A of the transition semigroup T; can be
represented in Lindblad form by means of the operators G and L;. If there exists a (unique) conservative
q.d.s. T; whose infinitesimal generator L4 defines the form L4(X) for every X € B(h), then T, is the
quantum extension of the transition semigroup T;.



§3. The classical Bessel processes BES”

The classical Bessel processes BESY of “dimension” v > 0 are among the most interesting Markov
processes with the state space [0, +oo].

For integer dimensions (v = n), the Bessel process can be constructed as the Euclidean norm of the
corresponding n-dimensional Brownian motion. If 0 < v < 2, then the point 0 is attained a.3. and
instantaneous reflection occurs, whereas for v > 2 the point 0 is polar. For dimensions 0 < v < 2, the
processes BES” are recurrent and for v > 2 they are transient (cf. [10, Chap. XI}).

The transition semigroup T,(") of BES” acts on L™ (0, +00) as follows:
) T W)
T @) = [ fr s vy,
0

where (psy) )t>0 is the family of densities defined by

1-v/2 Z - v=1,—vf2 __yi —
2 r 5 y Tt exp| —3; forz =0,

(»)
P (ziy)= 2,2 /
zl—v/Zyu/2t—1 exp(—x ;rty )I"ﬂ-lkf;_y) for z > 0,

T is the gamma-function, and I,;;_, (2) is the modified Bessel function of index v/2 — 1.
Recall that the function I, (2) and the Macdonald function K, (z) form a pair of fundamental solutions
of the modified Bessel equation

20" 2 — (VP +22)u=0. (3)
As we shall see, the main properties of these functions (see [11] for exhaustive information) play a crucial

role in the proof of our results. For instance, in view of Theorem 2.1, a straightforward computation using
the properties of the function I, (z) (see [1]2 for details), gives the following theorem.

Theorem 3.1. For each v > 0, the transition semigroup Tz(V) has the Feller property with respect
to the closed subspace C [0, +-00] C L% (0, +o0) of all continuous functions converging to finite limits as
z— 0 and as z — +c0.

Moreover, following the scheme suggested in (10, Chap. VII, (1.10), p. 264] for Brownian motion and
using the properties of the functions I, (z) and K, (z) [12], we can prove the following theorem.

Theorem 3.2. For each v > 0 the infinitesimal generator A, : D(A,) — C [0, +0] of Tt(") is given
by
1 v—1
D(4,) = {f € CU0, +ool] £(0) =0}, (Auf)(=) = 3 F"(z) + o= F'(2),

where C? [0, +00] C C° [0, +00] is the subspace of all twice differentiable functions with the first and the
second derivatives in C° [0, +oc0].

§4. A quantum extension of BES”

4.1. The Lindblad form of the infinitesimal generator of BES”. Our first step in constructing
a quantum extension of BES” is the representation theorem for the infinitesimal generator A, of the
transition semigroup T,(") in Lindblad form. To this end, following the discussion in (3, Sec. 5], we
consider the following differential operators in the Hilbert space h = L2 (0, +oo):

- -1
D(Lu)={u€hlu'-(uzl)u€h}, Lou=u - 2L =u, (4)

T 2z

D(G,)={u€eh|ue D(L,), Luue DL},  G.= —%L:Lu. (5)
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The operator L, is densely defined and closed {13, Corollary of Theorem 2, p. 196]. It can be easily
seen that the adjoint is the minimal differential operator

v—1

v
2z '

!
v— —v -

whose domain Cg° (0, +o0) C h is the dense linear submanifold of all infinitely differentiable functions with
compact support. The operator G, is negative and self-adjoint by the von Neumann theorem [13, Theorem

2, p- 200]. Hence, it is the infinitesimal generator of a strongly continuous contraction semigroup P,(") on
h {13, Corollary of the Phillips-Lumer Theorem, p. 251].

We need some properties of the operators L, and G, for various values of the parameter v. Let
AC)oc (0, +00) C h be the linear submanifold of locally absolutely continuous functions.

Proposition 4.1. Let u € D(L,). Then
1) for all v > 0 we have lim,_.; o u(z) =0;
2) if 0 < v < 2, then there exists a limit lim;—.o u(z)/z(*~1)/2;
3) if v>1, then lim; o u(z) =0
4) if v > 1, then the function z — u(z)/\/z belongs to h.

Proof. Obviously, u’' belongs to L2 (1, +00), since z7'u belongs to L?(1,+o00) and u € D(L,).
Thus, the function 4u' is integrable on (1, +00) and

x
(@) - fu(u)* = 2Re [ a(o)u'(s)ds
v
for all z,y € (1, +00). This implies the first statement.
Since u € ACjoc(0, +0), by setting ¥ = u’ — u/(2z) and by integrating the differential equation

, v=1 ~
u=1u,
2z

ZCRTCRY g CR ®

zlv=1/2  yv-1)/2 =072

we find that

for all z,y €]0, +oo[. The function #(t)/t(*~1)/? is integrable on (0, 1), since both t(!=*}/2 and u are
square integrable on (0, 1) for 0 < v < 2. Therefore, the second statement follows as z,y tend to 0.
Finally, under our assumptions we have

+oo
ii_r.x}) Re[a(t)(L,u)(t)] dt = Re(u, L,u).

On the other hand, for each z > 0 we can write

+ o0 +o0 L Yoo 1 ,
/ Re(a(t)(Lyu)(t)) dt = / Re(a(t)u'(t)) dt——2—1 / I (tt)l &t
+co Y — +o00 u 2
=3 [ gwora- gt [T

t

= —(%lu(a:)l2 + VT-I [;m lu(tt)P dt)

hm( lu(z)2 + L= / " '“(:”2 dt)

therefore, the limit
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exists and is finite. Since for v > 1 the second term in the sum is positive nondecreasing and the first
term is positive, it follows from the existence of the limit of the sum as z — 0 that the limits of both
terms exist. Specifically, the limits

, [T ()
i (=)l tm, [

necessarily exist. Thus, z — u/\/z is square integrable and lim; ¢ |u(z)] =0. O

Note that if v < 1, then lim;_ou(z) need not exist for a function u(z) satisfying the assumption of
Proposition 4.1. Indeed, the function u(z) = z(*~1)/2¢~7 satisfies the assumption, but lim,_qu(z) =
+00.

Proposition 4.2. The adjoint operator L} is given by

v

£y _ ! -1 . _
D(L,,)_{veh’v + vEh,zlir(r)1+v(z)u(z)—OVueD(L,,)},
v—-1

(Lio)(z) = —v'(z) ~

T

v(z).

Proof. Let v € h be such that v' + (v — 1)v/(2z) is square integrable. We can show just as in
Proposition 1.4 that v tends to zero at infinity. Clearly, v belongs to ACioc(0, +00) and, for every
u € D(L,), we have

(v, Lyu) = /0 ) (u'(t) - 1u(t)> dt=__lim ( / Sty (t)dt — / ’ = 16(t)u(t)dt)

z—0,y—+00

im (ol - [0 + L Ro)ut ). ™

z~0,y—+00

v

Now, if lim,_o v(z)u(z) =0 for u € D(L,), then we obtain the formula

(v, Lyu) = — /0 = (a'(t) + ";t 16(t)> u(t) dt.

This shows that v belongs to the domain of L} and that L}v “-s the desir< ' form. Conversely, if v
belongs to the domain of L}, then there exists a w € h such that for every u € D(L,) we have

(v, Lyu) = (w, u). (8)
Integrating by parts, we find that v, treated as a distribution, must satisfy the differential equation

, v—1

v+ = -w.

T

Thus, v € ACi,c(0, +o00) and this, together with (7), implies that

(v, Lyu) = (w,u) - zl_i’r(x)1+ o(z)u(z).

The limit is zero for all u € D(L,) by virtue of (8). O
To represent the operator A, in Lindblad form, let us prove the following auxiliary Lemma.
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Lemma 4.1. For all u,v € D(G,) and every f € C?[0, +0o] such that f' (0) =0, we have
lirr}) i(z)f' (z)u(z) =0 (9)

and
v

] -1_ 1, 1_ ,
lim | = 5(2)f(z)u(z) - 57'(2)f(@)ulz) - 53(e)f(zu'(z)| =0. (10)

Proof. When 0 < v < 1, by applying de I'Hépital’s rule, we obtain
lim v f(z) = lim z f'(z) = 0.

This, together with Proposition 4.1, 2), yields

. B . v vz ulzr
lim #(z) f/(z)u(z) = lim 2~ f'(2) - ,(u(_ﬁ/z : z(u(-xf/z =0

for every v with 0 < v < 1. When v > 1, the limit (9) readily follows from Proposition 4.1, 3).
This proves the first assertion. To prove the second, it suffices to rewrite (10) as

0 [(” —u(z) - u'(z)) 5(z) + ("2; i(a) - 6’(z)) u(x)]
and apply Proposition 4.2 since both

v-1
2z

v

#(z) — 9'(z)

_zlu(x) -u'(z) and

2
belong to the domain of L}. O
Theorem 4.1. The infinitesimal generator A, of BESY can be represented in Lindblad form
(v, (A fu} = (v, fGou) + (Guv, fu) + (Lyv, fL,u) (11)
for u,v € D(G,) and f € D(A,).

Proof. A straightforward calculation shows that (11) holds if and only if

vV —

2t

lim [%ﬁ(t) fR' ()Y + %6'(1&) ft)u@)|] -

T—0,y—+o0

Ls(@A(0ue) - 3o 2] =0

for u,v € D(G,) and f € D(A,).

By applying the same argument as in Proposition 4.1 to the function u’, we can show that for every
u € D(G,) the derivative u' vanishes at infinity. Thus each of the terms tends to 0 as y — +o00.

The sum vanishes also as z tends to 0. Indeed, the sum of the first three terms vanishes because
of (10), and the last term vanishes because of (9). O

We refer the reader to [12] for a detailed study of the operators L,, L} and G,.

4.2. Conservativity of the q.d.s. We use Theorem 2.3 to prove the conservativity of the q.d.s. ’1',(")
constructed for the operators G, and L, introduced in the previous subsection. As the first step, we find
a core of the operator G, .

Proposition 4.3. The linear manifold C (0, +o0) isacoreof G, ifandonlyif v > 4. f0<v <4,
then the linear span of this manifold and the Macdonald function z3/2K,_,/, () is a core of G, .
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Proof. Since G, is a negative self-adjoint operator, it follows that the point 1/2 is in the resolvent set
of G, and the operator (51— G,,)—l is everywhere defined and bounded on h. Therefore, a dense linear
submanifold D, C h contained in D (G,) is a core of G, if and only if the linear manifold (I/2 — G,)(D,)
is dense in h [14, III, 3, Proposition 5.19, p. 166].

Let u € h be a vector orthogonal to (I/2 - G,)(CZ° (0, +00)). An easy computation shows that u,
treated as a distribution, must be a solution in A of the differential equation

W' - (1 L) (12)

4z?

On the other hand, it is well known that such a solution can be represented, neglecting a set of measure
zero, by a function belonging to C® (0, +o0c). Therefore we can seek classical solutions of Eq. (12)
belonging to D(G,). The change of variables u — z'/?u, v — (1 -v/2) reduces Eq. (12) to the
homogeneous modified Bessel equation (3). The fundamental solution of this equation is

012:1/2[1_,,/2(1:) + clelzKl_‘,/z(z)

for arbitrary constants ¢; and c;. If v > 4, then these functions are not square integrable unless
¢y = ¢z =0. It follows that the manifold C® (0, +o0) is a core of G, for v > 4.
If 0 < v < 4, then the only solutions in h of Eq. (12) is the function

u(z) = CIl/zKl..,,/g(I)

with an arbitrary constant ¢. Thus, the core of G, is given by the linear span of C2° (0, +00) and possibly
of solutions in D(G,) of the differential equation

u' - (1 + (—u——%)z(—:—--—i))u = 22K, 12(z). (13)

The only solution of this differential equation is the function

) = (i -upa(o) = Jo(Kaeups(@) + K@),

where c is an arbitrary constant. Now the definition of D (G,) forces us to choose ¢ = (v/2 — 1) /2, thus
obtaining

1
u(z) = - 5$3/2K2-u/2(1)

(see [12] for details). This completes the proof. O
In the sequel we need the f:'lowing property of the core D, .
Proposition 4.4. Let u(z) = z%/2K,_,3(z) and v = L,u. For 0 < v < 4, the functions z™'v and

v’ belong to h, and
L.(Dy) € D(L,) N D(L).
Proof. Indeed, v(z) = —z3%/2 K,_,/2(z), whence we have the following asymptotic behavior as z — 0.
- 2”/2"2I‘<g —'1>z(3"")/2 forv > 2,

7y ~ 22 nz for v = 2,

- 2"’/2F<1 - g)z("°l)/2 for v < 2.

We see that z~'v is in h, since the Macdonald functions exponentially decay at infinity. Moreover, we
have v' + (v — 1)v/(2z) € h since u € D(G,),and so v' isin h. O

Now we establish now three technical lemmas.
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Lemma 4.2. For every u € D, we have

(L,L,u,L,L,u) =4(G,u,G,u) — (v - 1)<}-L,,u, -l—L.,u>.
z

z

Proof. For v = L,u, Proposition 4.4 implies L,v = L}v + 2v'; therefore,

d d
2 2 _ = *
(L2u, LPu) = < <L,, + 2—dz ) L.u, (L, + 2—dx>L,,u>

. . d . d
= (L,Lyu,L,L,u)+ 4Re<£L,,u, L,L,u+ Z;L,,u>

=4(G,u,G,u) — 2(v — 1)Re<—d—L,,u, }-L,,u>.
dz z

Since
im @)l =0

r—0,y—+

for v € C°(0, +00) or v(z) =L,u = —2:3/2K1_,,/2 if 0 < v < 4, we have

2 R¢<v', lu> - /0 e %2 Re(5(z)v/(z)) dz = /0 = %%Mz),z de

A
+o0
1 \ 1 1
= [ @ s = (v 20),

and the desired assertion follows. O

Let us introduce the positive self-adjoint operator C, = I — 2G, with the domain D(C,) = D(G.),
and let C) =C,(I +¢C,)7!.

Lemma 4.3. For every u € D, we have

(Lyu,CML,u) < ~2(u, Gyu) + (L, Lyu, L, Lyu).

Proof. First, note that the operator (I +¢C,)”' commutes with the positive operator L3L, and
with (A — L3L,)™" if A = —(1 +¢) /e [14, Chap.III, Theorem 6.5, p. 173). Consequently, (I +¢C,)"
also commutes with the self-adjoint positive operator |L,| = (L,‘,L,,)I/2 that has the domain D (|L,|) =
D(L,) [14, Theorem 3.35, p. 281]. Consider the polar decomposition L, = U,|L,| of L, where U, is a
partial isometry [14, Chap.VI, p. 334]. Taking into account Proposition 4.4, for every u € D, we have

(Lyu,C¥Lyu) = (Lyu,C,(I +€C,) " Lyu) = (Lyu, (I + LyLYI +€C,) ' Lu)
<(Lyu, Lyu) + {JL,|Lyu, (I + :-:C,,)_1|L,,|L,,u> < ({(Lyu, Lyu) + (|L,|Lyu, |Ly|Lyu)
= —2{u,G,u) + (Uv!Ly!L,u, U.;IL,,|L,,u> = —2(u,Gyu) + (L, Lyu, L,L,u).

This proves the Lemma. 0O
Lemma 4.4. Suppose v > 1. Then for € > 0 and u € D(G,) we have

(L,,u, Cﬁ")L,,u) < -2(u, Gyu) + 4(Gyu, G u). (14)

Proof. Inequality (14) holds for u € D, by Lemma 4.2 and Lemma 4.3. Since D, is a core of G, , it
follows that this inequality holds for every v € D(G,). O
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Theorem 4.2. Suppose v > 1. Then the q.d.s. T,(") is conservative.

Proof. Let us introduce the operators

- 1 - ~
GV=”§I+GV; Lu,l——'Iy Lu.2=Lu’

which, together with C, = ~2G,, satisfy assumptions 1) and 2) of Theorem 2.2. The theorem will be
proved once we show that these operators also satisfy the assumptions of Theorem 2.3 (see [8, Sect. 3]).
Clearly, assumption 1) is satisfied.

By the definition of Cﬁ") , for u € D(G,) we have
<§,(")u, Cg")ﬁ,(”)u> < —2(13‘(")11, é,ﬁ,(”)u).
Furthermore, it follows from Lemma 4.4 that
(L,,ﬁ,(”)u, Ce(”)L,,}Ai,(")u> < —2(f’,(y)u, Gyﬁt(u)u> + 4<G,,ﬁ,(")u, G,ﬁ,‘”u)
= 2<ﬁ,(")u, é,ﬁ,(")u> + 4<5.,13t(")u, é,ﬁf”u) ;
hence

2 +o0 - o~ -~ o~ +o0 -~ - -
Z / exp(—t)(L,,,,,P,(")u, C'g”)L.,,,,P,(")u) dt < 4/ exp(—t)(G,,P,(")u, G,,P,(")u> dt
0 0

n=1

+oo d, ~ _ o~
=2 / exp(-t)E(P,"”u, G,PMu)dt
1]

= ~2(u,G,u) + 2/ exp(—t)(P,(")u, G,,P,(")u) dt
0
< (u,C,u).
This proves that assumption 2) is also satisfied. O

§5. The relationship with the quantum extension
of classical n-dimensional Brownian motion

In this section we show that for a positive integer n the quantum extension of the semigroup BES"
can be obtained from the quantum extension of the semigroup of n-dimensional Brownian motion [3]. Let
BM™ (resp., BES™) denote all objects related to classical n-dimensional Brownian motion (resp., to the
classical n-dimensional Bessel process).

The transition semigroup T,BM" of classical n-dimensional Brownian motion acts on L™ (R™) as follows:

T £ = [ SR (xi v) dy,
R’l

where (pPM") is the family of densities defined by

_ 2
P (xi ) = (2t /7 exp (- 1222 )

for ¢t > 0, and the infinitesimal generator of TBM" is a linear operator Apm~ : D (Apm~) — Cy (R™) such
that

1 n
CHR™) C D(Apm=),  Apwef =35 8f,
k=1
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where O is the usual partial derivative operator (see [10, Chap. VII]).

For each f € L™ (R™), the function f(z) = f(liz]l) € L* (0, +oc) is essentially bounded and it is well
known [10, Prop. 3.1, p. 232] that TBES" f(z) = TBM” f(||z||).

Consider the Laplace operator A : D(A) — L?(R™, dx), where

D(A) = {u€ L*(R",dx): Au € L*(R",dx)} and Au=) &u.
k=1

The paper [3] shows how to construct BM™ as a commutative quantum flow in the boson Fock space
over L?(R", dx) with the associated q.d.s. T,BM", that extends the corresponding classical semigroup.
The semigroup 7PM" satisfies the Eq. (1) with

(v, Lamn(X)u) = S(v, XAu) + %(Av, Xu) + 3 (Oz4u, XOzsu)

2 k=1

for all u,v € D(A) and every X € B (L?(R™, dx)).
Let us introduce spherical coordinates and write

z; = psind; sindy - - - sind, o sind,—y,
zp = psind; sin¥; .-+ sin¥p, 3 cos¥n_1,
Zp—1 = psind; cosda,

Zn = pcosd,,

and §"~! = [0, 7] x [0, 2n[ x --- x [0, 2x[. Consider the Hilbert spaces L?(R4,dz) and L?(S"7!,w),
where g and w are the Borel measures defined by

p(B) = / p"ldp w(B) = / sin" 29 sin® 3 Yy - - -sin 9, _2dd;dds - - - dn—1.
B B

The Hilbert space h = L? (R4, dz) is unitarily isomorphic to L? (R4, u),
Uu(z) = p~ " D24 (p), UU*=UU=1,

and the tensor product L? (R4, u) ® L? (S™~!,w) of Hilbert spaces is isomorphic to the Hilbert space
L?(R™, dx) by means of the unique unitary extension of the operator V(f ® g) = f o g, where

ng(X) = f(p)g(lgl’ﬂ?? cre l9"—21 1971—1)

for every f € L®(R,,p) and every g € L2 (S™ !, w).
Let o be the pure state on B(L? (S"~!, o)) corresponding to the density operator |p) (| associated
with the normalized constant function of the sphere $™~!, such that for B € B (L?(S™"!, o)) one has

¢(B) = Tr(Ble)¢l) = (¢, By).

Let
E,: B(L*(R4, p) ® L}(S™ !, w)) — B(L* (R4, p))

be the conditional expectation with respect to the state ¢, and let Ij2(gn-1 ) be the identity operator
on L? (S"‘l,w).
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A natural candidate for the q.d.s. T,BES"(X) is the q.d.s. 7;(")(.’() defined by
T"(X) = U E, [V*TBM" (V(UXU* @ Ina(sn-1,0))V*)VU

for t > 0 and X € B(L*(Ry, dz)). Note that both semigroups are conservative. Hence, to show that

T,(")(X ) coincides with T,BES™(X), it suffices to verify that both semigroups satisfy the Eq. (1) with the
same form (2)of £(X).

Indeed, we intend to show that the q.d.s. ’T,(")(X) satisfies Eq. (1) with the infinitesimal generator
Laes~ of (T,BES (X)). Namely, we must show that

(v, T (X)) = (v, Xu) + / (v, Loes~ (TT(X))u) ds
= (v, Xu) +/ (v, TS X)Gpu) ds
0
+/‘(Guu,7;(")(]()u) ds+/t(an,1t(")(X)L,,u)ds (15)
0 0

for u,v € L*(R4, dz) and X € B(L?(R4, dz)). To this end, first we note that for every u € L? (R4, dz)
one has
AV({Uu® ) =V(V*AVYUu ® ¢),

where V*AV is the Laplace operator in the spherical coordinates with che radial component

a a
* _ aA=(n-1) & [ (n-1)
(V7av)-=»p dp <p ap)

and the spherical component (V*AV),, so that
(V*AVY(Uu ® ) = (V*AV) (Uu) @ ¢ + p~ " DUu @ (V' AV),p

0 a
(n-1) 9 [ (n-10 9 - .
=p 3 (p 3 Uu) 2UGu

Note that we also have
hV({Uu®p)=V(V*'&V)(Uu® ¢),

where (V*0;V) is the kth partial derivative operator in the spherical coordinates,

p & 89 O

(VO VY Uu ® p) = (5’: a—p + a:z: a9, )(Uu ® v)
Jj=

Now let
X =V({UXU* ® ILrygn-1,,))V", u=V({UuQ® ), v=V({Uv Q).
Straightforward computations (see [12] for details) show that
(v, T X)z) = (v, U*E, [V* TEM" (X)V]Uu) = Tr(v*'r,BM"(X)V(IUu>(Uu| ® |<p)((pl))
= (Uv @ ¢, V*'TEM (X)V(Uu @ ¢)) = (u, TBM" (X)v).
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Similarly, we can prove that (v, Xu) = (v, Xu) and

(v, TL(X)Cau) = %(v, TEM"(X)Au),

(G, TS (X Yu) = é(Av, TEM" (X)u),
(Lov, T (X)Lau) = i(a,,v, T2M" (X))

k=1

2
for 3 p_, (Fa:ﬁ') = 1. It follows that both T,(")(X) and ﬁBES"(X) satisfy (15). Thus, by the uniqueness
argument, they coincide and }";_,(8p/0zk)* = 1.
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