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Note is taken of four related sources of confusion as to the usefulness of
Thurstone’s factor analysis model and of their resolutions. One resolution uses
Tucker’s distinction between exploratory and confirmatory analyses. Eight
analyses of two sets of data demonstrate the procedures and results of a con-
firmatory study with statistical tests of some, but not all, relevant hypotheses
in an investigation of the stability (invariance) hypothesis. The empirieal
results provide estimates, as substitutes for unavailable sampling formulations,
of effects of variation indiagonal values, in method of factoring, and in samples
of cases. Implications of these results are discussed.

It has been said that a work of art should provoke favorable or un-
favorable reactions, and that a scientific theory should lead to further empiri-
cal and theoretical work. Factor analysis, which has been called both an
art and a scientific approach to the study of individual differences, certainly
has evoked strong emotional responses as well as extensive empirical and
theoretical studies. However, neither reaction has succeeded in clarifying
either the role of factor analysis or the appraisal of its usefulness as a research
technique. One might say confusion, if not chaos, is the norm in this field.

In the development of a science of psychology, confusion about the
usefulness of a set of procedures such as those of factor analysis should be
a matter of great concern. This paper takes the position that the present
confusion stems, in part, from disagreements as to definitions of terms or
concepts, and, in part, from failures to make certain analytical distinctions.
A recent symposium on the “Future of factor analysis” [42] exemplifies
several of these semantic and analytical confusions. The objectives of the
present paper are threefold: (i) to call attention to these sources of confusion,
to some of their implications, and to procedures for resolving the confusion;
(i) to demonstrate a type of factor analysis in which the usefulness of some
hypotheses related to the stability or invariance of factor analysis data can
be evaluated; and (iii) to provide, for several factoring procedures, empirical
estimates of the sampling variation in objectively determined oblique simple
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structure values based on data from two samples. Sinee available solutions
to some statistical problems associated with factor analyses are impractical,
such empirical estimates are useful but limited substitutes for the desired
analytical formulations.

Sources of Confusion

One of the most insidious and ubiquitous sources of confusion is the
ambiguity of the term factor analysis. That different models are classed
under this single term is well known, but discussions of the objectives,
techniques, and results obtained often do not make clear the specific model
under consideration. For example, the principal components model must
be distinguished from factor analysis models. The several factor analysis
models in turn are differentiated on the basis of the postulation of a general
factor, the acceptance of the necessity for rotation, and the criteria for the
final solution (orthogonal vs oblique axes, simple structure, ete.). Statements
appropriate to one model often do not apply to another even though certain
transformations from one model to another may exist.

The present discussion deals with the model as formulated by Thurstone
[52, 54, 55) and extended or modified by the work of Anderson and Rubin [2],
Bargmann [3, 4], Guttman [29, 30}, Howe [36], Koopmans and Reierssl [38],
Lawley [39], Rao [46], Reiersél [48], and Tucker [62, 63]. These papers indi-
cate the relevance to factor analysis theory of the problems concerned with
(i) the existence of the model (solvability), (ii) the identification of the
parameters (uniqueness), (iii) the determination of the number of factors
(rank), (iv) the criteria for rotational transformations, and (v) the test
of the hypothesis that the model fits a set of data. The acceptability of
Thurstone’s formulation involving oblique simple structure with common
and unique factors requires consideration of solutions to these problems,
several of which Thurstone explicitly recognized ([54]; [55], pp. v—=xiv).
Unfortunately, the extensions and clarifications of Thurstone’s earlier work
in the articles noted above have not been considered in recent articles eritical
of this factor analysis model [32, 33, 42, 58, 59, 60, 66, 67]. A minor but
frustrating related source of confusion is the introduction of different names
for the operations and concepts of Thurstone’s model [60]. Furthermore,
the implications of these papers have not been adequately considered by
some proponents [17, 26] who use this model of factor analysis with test data.
The result has been a proliferation of irrelevant and unacceptable arguments
as to the usefulness of Thurstone’s method as well as that of any other model
of factor analysis.

A second source of confusion derives from failures to make or to main-
tain distinctions related to the objectives of an investigation. Such dif-
ferences in purpose exist between the type of factor analysis which Tucker
[63] calls exploratory as opposed to the type that Tucker calls confirmatory.
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Basically his distinction depends upon the amount of information and of
precision of knowledge in an area. The exploratory factor analysis, being the
first, is used to generate hypotheses while a confirmatory factor analysis is
designed subsequently to test these hypotheses. It is generally accepted as
a prineiple of hypothesis testing that the same set of data cannot be used
both for inventing or generating hypotheses and for evaluating the usefulness
of the hypotheses. It is, of course, conceivable that an initial analysis could
be sufficiently precise to permit the use of the term confirmaiory and to permit
the testing of certain hypotheses.

The purpose of an exploratory analysis, as stated by Thurstone, is
... to discover the principal dimensions or categories ... and to indicate
the directions along which they may be studied by experimental laboratory
methods” ([54], p. 189; [55]). The principal dimensions are discovered by
the appearance of trans-situational response consistencies defined by the
operations of factor analysis discussed in detail by Thurstone [55] and Tucker
[61, 63], for example. This objective also can be expressed as the development
of definitions of new composite variables and as the invention of hypotheses
involving such variables [8]. In either type of activity the creative, artistic
judgment of an investigator is as relevant in an exploratory factor analysis
as in other creative endeavors; but the prior compulsions 6f the investigator
for orthogonality or for a general factor, for example, will also be represented
in his judgments and formulations [18]. The reader of the factor analysis
literature should recognize that different compulsions lead to different results,
i.e., to factors differently defined. Factors from two or more studies logically
are not the same factors unless the defining operations including the reference
tests and factoring procedures are the same. They may be similar factors
or even parallel factors, provided definitions of such terms are specified,
as Gulliksen does for parallel tests [27].

Since the initial formulation or invention of a variable or of a hypothesis
cannot be useful by fiat, subsequent research to evaluate this usefulness is
necessary. For this latter purpose, one may compare the empirical results
using new samples from the same population with those obtained in the
initial investigation; this procedure checks the stability or the invariance
of the factor pattern [55]. Another stability question deals with the con-
sistency of the empirical relations among modified or improved reference
variables with those observed with the initial or unimproved variables,
i.e., invariance under changes in the stimulus-response features of the task
[6, 26]. Other hypotheses formulated in the initial exploratory study may
deal with the number of significant factors and the location of specified zero
factor loadings. For the investigation of such questions, subsequent con-
firmatory factor analyses on new samples of cases would be appropriate.
Completely objective techniques for the conduct of such studies, if they are
properly designed, are available together with some of the desired statistical
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tests. The design of such confirmatory studies is not a matter of guesses or
hunches, nor can just any available table of correlations be used because
specific and often testable hypotheses are involved. The problems of designing
such studies have been considered repeatedly by Thurstone [52, 53, 54, 55]
and by Tucker [63]; necessary and sufficient conditions for existence and
uniqueness of solutions are indicated by Anderson and Rubin [2].

A third source of confusion in the literature is associated with the types
of hypotheses that can be evaluated by factor analysis procedures. Some
aspects of this distinction have been noted by Eysenck [21] and by Peel [44].
Only a few specific hypotheses of the many considered in the factor literature
can be appropriately investigated with the conventional factor analysis
models. For many hypotheses, a distinction is made, or implied, in the state-
ments of the hypotheses between a set of reference variables and/or a set
of treatment conditions as the independent variables on the one hand and
the experimental or dependent variables being studied on the other. This
distinetion is associated with differences in status for these two classes of
variables. For factor analyses, Thurstone specifically rejects this distinction
between independent and dependent variables ([54]; [55], p. 59); in fact, the
accepted principle in the several factor analysis models is that all variables
are to be treated as coordinate or equal. Thus, for hypotheses expressing one
or more variables as functions of one or more other variables, the usual
factor analysis model is inappropriate (unless the modifications noted below
are made). Such hypotheses include those dealing with the effects upon factor
scores of variations in age, kind of instruction, amount of practice, drugs,
or genetic history, for example. Other nonfactorial hypotheses include those
dealing with factors as sources of variance in scores on tasks not used in the
definitions of the factors. Both the distinction between independent and
dependent variables and the introduction of approximations to part-whole
correlations are points of issue in attempts to use a factor method for such
hypotheses. In addition, the problem of communalities and the process of
standardizing scores in computing correlations create further difficulties for
between-group comparisons [47].

A fourth source of confusion arises from the description of factors as
underlying causal variables which are not observable, which can only be
inferred from the response consistencies, and which cannot be explicitly de-
fined. This linguistic formulation involves a debated point in the philosophy
of science, a point Bergmann [11, 12] calls the confusion between meaning
and significance. A related argument is treated by Henrysson [34] in & discus-
sion of explanatory factor analysis. The problem for factor analysis is that
such unobservable variables cannot be directly studied as can other defined
concepts. The factors cannot be investigated in the laboratory, for example,
as suggested by Thurstone nor can the relations between factors and other
variables be evaluated by nonfactorial methods, a procedure considered
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important by Thurstone [54, 55] as well as by most experimental psychologists.
The factors are treated as existential hypotheses or almost as reified entities
[20]. Brodbeck has made several pertinent points regarding this manner of
speaking [13, 14]. And such writers as Anderson and Rubin [2], Koopmans
and Reiersol [38], and Rao [46] also have noted some of the difficulties associ-
ated with the unobservable characteristic of factors.

The fourth source of confusion can readily be resolved by using the
results of an exploratory factor analysis and possibly of one or more con-
firmatory analyses to provide explicit objective definitions of the factors.
These definitions will specify a factor as a definite function of observations
on one or more designated reference variables. Such definitions are consistent
with the existence of such factored tests as Thurstone’s PMA battery [57]
or of such sets of factor reference tests as the ETS Kit [24]. This resolution
1s consistent with Thurstone’s statement of the objective of factor analysis;
it also has several important linguistic and empirical implications. For
example, the identification of factors as the same factor is not a problem [10]
nor are procedures for defining a factor space comamon to two test batteries
[64]. The third source of confusion can then be resolved by using explicitly
defined factors as predictors in combination with the separation of inde-
pendent and dependent variables in the analysis. With these two modifica-
tions of the factor analysis model, the several factor techniques can be shown
to be ways to compute beta weights in the linear regression model. A con-
venient computing procedure uses the operations of the multiple-group
method to project the dependent variables onto the space of the independent
or factor variables. This relation follows directly from the early work of
Holzinger and Harman [35] and Young and Householder [68]. In addition,
explicitly defined factors can be used in nonfactorial experiments either as
independent, variables or as dependent variables. When a factor is explicitly
defined without restricting the sample means and variances, the scores on
the defined factors can be used as any distribution of test scores is used.
The usefulness both of hypotheses involving factors and of proposed defini-

tions of a factor then can be evaluated by the procedures regularly used for
other hypotheses and other concepts.

Confirmatory Factor Analysis

The present study provides a demonstration of a confirmatory factor
analysis conducted with a set of objective procedures in an investigation
of the invariance of a simple structure solution, i.e., of the stability hypothesis.
A series of questions related to the testable hypotheses of a confirmatory
factor analysis are investigated; the relevance of these questions has been
emphasized by Maxwell [41]. Answers to the questions were obtained from
data on two samples of cases for a set of seventeen reference variables hy-
pothesized on the basis of previous factor studies to be associated with a
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given number (six) of factors and with a specified set of zero and nonzero
factor loadings. The following five questions are considered.

1. Is the hypothesis of two independent random samples from a single
multivariate normal population tenable with reference to two sets of means
and two variance-covariance matrices?

2. If the first hypothesis is tenable, can the set of 17 variables for each
sarple be considered as demonstrating some significant amount of dependency
as defined by Bargmann ([4], pp. 43-68) (i.e., the rejection of the hypothesis
of independence)?

3. If the first two hypotheses are tenable, does the degree of dependence
(number of factors), as defined by the maximum likelihood or canonical
correlation procedures for each sample, correspond to a hypothesized value—
namely six?

4. If the first three hypotheses are tenable, does the factor pattern of
zero and nonzero loadings for each sample as defined by an oblimax analytical
rotation correspond to the hypothesized factor pattern for the results ob-
tained from three factoring methods applied to the data, including one or
more of four sets of estimated communalities?

5. Are the results of the simpler graphical (judgmental) rotational
methods and of the multiple-group methods without rotation consonant with
those obtained from other methods of analysis?

Duata

The data are a portion of those originally collected by Thurstone and
Thurstone ([56], ¢h. 3) for an analysis involving the hypothesis of seven
primary mental abilities. Statistical tests of the relevant hypotheses were
not then available. On the basis of the earlier analysis, the definition of
the Perceptual Speed factor was judged by Thurstone to be inadequate, and
it was therefore dropped from the present study of sampling effects. In
addition, one of the variables for the Memory factor, the Figure Recognition
test, was eliminated as being an unacceptable defining variable for the
factor M. The 17 remaining tests were then considered as defining six primary
mental abilities (PMA’s) by six isolated constellations such that variations
in the rotated factor loadings would provide a useful estimate of the sampling
fluctuations for the statistics under investigation. Two samples of cases
(N = 212and N = 213) were formed by assigning each of 425 cases alternately
to one or the other of two groups after the cases were thoroughly randomized.
The original data in Tables 1, 2, and 9 were computed by Dorothy Case
Bechtoldt in an unpublished study under the direction of L. L. Thurstone
and L. R Tucker.

The list of 17 variables along with the means and standard deviations
for these two samples as well as the hypothesized nonzero factor loadings
for each variable are presented in Table 1. The location of each nonzero
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TABLE 1

Seventeen Variables With Sample Means and
Standard Deviations

Code Sample I (N=212) Sample II (¥=213)
No. Name of Variable Hean S.D. Mean S.0.
1 First Names (M) 944 hgo7 9.80  k,55h
2 Word-Number (M) b 3.602 sl 3.626
3 Sentences (V) 132 L 730 13,75 k.65l
L Vocabulary (V) 21,03 10,317 26,71 10,797
5 Completion (V) 31,97 10,795 31.89 10,581
6 First Letters (W) 36,65 9,778 36,18 11,152
7 Four Letter Words (W) 11,08 h.655 10.85 5.312
8 Suffixes (W) 9407 L. 106 8.16 k.513
9 Flags () 25,08 12.l27 2hlh 11.256
10 Figures (8) 22,70 12,798 22,01 1151
11 Cards (8) 26,h5 13,218 2k.85 11,923
12 Addition (N) 16,39 6,991 15.92  7.079
13 Multiplication (N) 32,26 13.430 33.32 12,501
1l Three-Higher (V) 27.2) 8.7L0 25,93 9.8ko
15 Letter Series (R) 212,50 5,725 12.Lh6 5.718
16 Pedigrees {R) 16,10 7.678 16.k5  T.651
17 Letter Grouping (R) 13,32 b7l 13.35  3.879

value is designated by the letter in parentheses. The time limits and scoring
formulas are given in Thurstone and Thurstone ([55], p. 28). Product moment
correlations among the 17 variables were computed separately for the two
samples as shown in Table 2.

Results and Discusston

The first question of interest has to do with the comparability of the
means, variances, and covariances for these 17 variables in the two samples.
The hypothesis of equal variance-covariance matrices was tested by the
procedures given by Anderson ({1], ¢h. 10) and by Federer [22] and reviewed
by Maxwell [41]. The determinant test indicated that the hypothesis of
equal variance-covariance matrices was tenable (¢ = —2 In A = 148.697
for 153 d.f., p > .05). The equality of the two sets of means for the 17 variables
was evaluated by Hotelling’s T* statistic ([1], ch. 5). The hypothesis of equal
means for the two samples (but not the equality of the means within a
sample) was tenable (F = 1.129 for 17 and 407 d.f., p > .05). Together
these two tests indicated that the hypothesis of independent random sampling
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TABLE 2

Product Moment Intercorrelations™

Code 1 e 3 L 5 [ 7 8 9 10 11 12 13 1 15 16 17

1 W72 20 Lol 209 23k 8L 296 B85 61 52 246 o7k 280 332 313 297
2 L82 189 220 232 209 246 193 Lk 78 157 W1 16 60 238 213 170
3 299 o 833 761 kW02 275 37h 103 19 . 77 332 297 32 536 567 L6
L 331 303 828 772 k6 358 473 109 L5 105 335 392 384 507 51k Lok
5 26 213 116 7119 b 275 L26 3h2 227 29k 329 2k L3 ko 512 430
6 33 213 439 W93 héo 627 516 176 1ok 95 355 365 3L hoy 365 379
7 3k2 199 32 ML kes 67k k8o 161 138 Ly 35k 327 318 330 275 317
8 333 290 LW7T k89 W3 S0 su1 7 7 12 288 284 280 327 323 265
9 12h 16 117 121 193 178 223 118 612 606 286 189 379 289 277 287
10 32 8 51 77 180 81 192 T 593 728 16, k9 236 160 265 181
1 77T 193 151 W6 17k 188 239 1l 51 68k 171 32 251 200 208 207
12 151 287 268 312 263 2kl 180 181 208 109 210 €1 517 k39 320 399
13 2% 288 319 Wk 291 338 295 234 179 1 185 461 Shké L35 293 Ls2
W 279 223 389 386 3h2 290 3Lk 298 362 273 331 536 5k8 512 L2 Lsé
15 307 260 L7 L32 Lol 381 Loz 288 252 203 257 361 379 LLo 671 622
16 b7 293 skl 537 53b 350 367 320 85 129 151 206 298 U438 553 538

17 27b 216 380 358 359 L2l Lhé 325 270 203 293 311 329 L1O 598 Ls2

* The data for sample I (N=212) are shown above the principal diagonal and those for sample II (N=213)
below the diagonal, Correlations are multiplied by 1000,

from a single multivariate normal distribution was reasonable. The dis-
tributions of scores for the factor M {ests, variables 1 and 2, however, were
somewhat positively skewed. Incidentally, only one of the pairs of sample
variances (considered separately for each variable) is significantly different
(for variable 11, F = 1.32, .02 < p < .10).

Since the hypothesis considered by factor analysis is that the 17 variables
within each set are not independent, i.e., that one or more degrees of de-
pendence are indicated [4], the hypothesis of independence (the second
question) was investigated using the determinant test as given by Anderson
([1], ch. 9) and Bargmann [4] for both samples. The hypothesis of independence
was rejected (§ = —m In V; 8 = 1890.303 and 1857.811 with 136 df. for
samples I and II, respectively; p < .001). The values of the determinants V
of the correlation matrices were 8.6658 X 107° and 11.8518 X 107° for
samples I and II, respectively. These results indicated that a factor analysis
is justified for each set of data.

Since, for this investigation, the first two hypotheses were tenable, the
hypothesized rank of six was then investigated. The canonical correlation
(maximum likelihood) approach of Rao [46] was used as a test on the rank,
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TABLE 3
Comraunality Estimates™

Mé‘tho.d: Hultiple Centroid Centrold Centroid Max, like, Prin, axes Clusters
R squared high r mult, R unity milt, R unity unity
{inverse) (adjusted) (15 cycles) (20 cycles) {Rao)
Sample: I I I Iz 1 11 I I I 11 1 I I I
Code
No, N
1 370 390 Wsh byh 382 e L52 &6 396 3L 712 159 7 61
2 312 323 L9 486 762 328 606 L1z 881 367 794 780 W7 751
38 7 Byl 807 838 Bo9 832 805 835 823 86y 861 BBy 875
4 790 756 871 8ko 853 828 846 836 B59 BLO 885 867 B0 B9
5 136 &9 71 1L 196 167 808 772 I 7k B6h 846 860 BLS
6 sol sey 67 b9k 6L3 72T 638 736 6oh T3 TSL 783 7O 776
7 8o 550 615 666 626 635 632 631 €96  6L8 778 18 725 755
8 loL Lss  ké9 sLl b2 518 L7 501 L29 506 63k €98 52 700

9 o2 €15 665 627 607 591 608 585 639 S88 750 73 757 738
10 628 551 753 666 B19 631 816 651 762 t5h B30 772 828 743
11 89 59L 710 725 672 138 668 728 698 723 796 193 185 197

12 502 533 638 652 550 €55 560 688 566 793 758 826 735 757
13 556 523 686 €7h 810 €58 799 656 789 590 813 713 712 759
U b9y 512 sLS 568 522 SLh 513 535 529 517 €53 6hL 688 &97

600 507 712 s86 736 680 735 W0 T3L 633 78k 739 792 752
LSo5hL o 5L3 638 631 612 561 595 612 6u6 616 TEL 752 TW6 69k
17 k9o 451 550 se2 535 556 5L3 562 83L BL3 708 718 707 703

* Estimates are maltiplied by 1000,

i.e., a test on the number of significant factors. The squares of the multiple
correlations of each variable with the remaining 16 variables of each set for
each of the two sarmples were computed and used as initial estimates of the
diagonal values (in the University of Illinois Illiac program). These values,
recommended as lower bounds to the communalities [31], are shown in the
first two columns of Table 3. Incidentally, none of the differences between
the 17 pairs of corresponding multiple correlation coeflicients is significant
by Fisher's z transformation (e.,;-.,;, = .102; for all pairs, p > .05).

The hypothesis of not more than five factors was rejected by the x*
test used in the Illiac program (x* = 105.740 for sample I and 117.698 for
sample II, with critical x* value of 79.9 for 61 d.f., p < .05). The hypothesis
of only six significant factors, however, was retained since the value of x°
quickly dropped below the critical 5 percent value for x* of 66.1 for 49 degrees
of freedom (after 5 cycles, the sample I value of x* = 56.033 and the sample
II value of x* = 52.939). Comparable results were obtained for Lawley’s
approximate test for the number of significant factors as given by Thomson
[51]; these computations started from the centroid factor matrix (using
adjusted high r values as estimated communalities) and used two cyeles of
Bargmann’s procedure for determining factor loadings [4]. For both samples,
the hypothesis of only five factors (x* = 175.831 for 61 d.f. for sample I
and x* = 160.592 for 61 d.f. for sample II) was rejected (p < .05) while
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the hypothesis of six factors (seventh not significant) was tenable (x° =
62.319 for 49 d.f. for sample I and x* = 61.394 for sample II, p > .05).
The results of these two methods should agree since both are ways of com-
puting solutions of Lawley’s maximum likelihood equations. The second
procedure illustrates, however, the usefulness and convenience of the centroid
method with Bargmann’s procedure for testing a given hypothesized rank.

A test of the first ten latent roots was made using Bartlett’s test [5]
although the results are only of incidental interest since the model being
used here is not the principal components model. The first ten latent roots
for sample I, as computed on the Illiac from the correlation matrix with unity
in the diagonals, are 6.31, 2.25, 1.41, 1.27, 1.11, 0.79, 0.58, 0.49, 0.47, and 0.42.
The corresponding ten latent roots for the second sample are 6.33, 2.21,
1.42, 1.14, 1.05, 0.95, 0.62, 0.51, 0.44, and 0.39. All ten roots in each sample
are significant at the 5 percent level. Kaiser [37] has suggested using the
number of latent roots exceeding unity as the number of factors; here that
number is five, not, six.

After the test of the hypothesized number of factors, the next question
of the series is concerned with obtaining an objective statement of the factor
pattern of rank six for the six significant factors. Three different aspects of
this question can be distinguished: the estimation of communalities, the
computation of the factor structure, and (for all but one pair of factor
matrices) a further rotational operation. The first phase deals with estimates
of the communalities to be inserted in the diagonals prior to factoring. How-
ever, in both Bargmann’s and Rao’s procedures, the iterated factor loadings
and, therefore, the communalities, are estimated simultaneously with the
test of the number of factors. Since many acrimonious and conflicting state-
ments about the effects of differences in diagonal estimates on factor results
have been made, four other sets of estimates of the communalities were
computed. Because procedures for iterating communalities converge so
slowly, no attempt was made to carry through the iterations to the 50 to 100
cycles that would probably be necessary to obtain convergence to four
digits. However, for a given number of factors in a study satisfying the con-
ditions for the existence of a solution, there will be a unique and determinate
set, of communalities [4].

A criterion of convergence was set arbitrarily at the relatively gross
level of & maximum communality difference of .01 between two successive
cycles. This criterion was met for both samples after five complete cycles of
the Illiac program prepared for Rao’s procedure. The resulting values are
shown in Table 3 in the columns headed with the abbreviations ‘‘Max.
like., mult. B, (Rao).” Since Dr. Kern Dickman (personal communication)
has prepared a rapid program for iterating communalities using the centroid
factoring procedures, his program was used for two additional sets of esti-
mates. The first of these started with multiple correlation coefficients and
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required 15 cycles to reach the eriteria of a maximum difference of .01 in
communalities. As noted earlier, these multiple correlations, shown in the
first two columns of Table 3, are the multiple correlations between each
variable and the remaining 16 variables for each sample. The resulting
iterated values are shown in Table 3 in the column headed ‘‘Centroid, mult.
R, (15 cycles).” Since interest in starting with an arbitrary value such
as unity in the diagonals has been expressed, Dickman’s procedure was
applied to this situation with the results shown in columns of Table 3 headed
“Centroid, unity, (20 cyecles).” These three iterative solutions seem to be
approaching similar limits. Such estimated diagonals need to be compared,
however, with those obtained from the widespread (and often ridiculed)
practice of inserting the highest correlation coefficient or the highest residual
value in each column in the corresponding diagonal cell when the centroid
method is used. The results of one cycle of this successive adjustment pro-
cedure for six factors are shown in Table 3 in the column headed ‘‘Centroid,
high r (adjusted).” The remaining two sets of columns in Table 3, one labeled
“Prin. axes, unity’”’ and the other labeled “Clusters, unity" are the sums
of the squares of the row values in an orthogonal factor matrix of six columns
and the squares of a kind of multiple correlation coefficient, both computed
with unity in the diagonals of the correlation matrix by means of the principal
axes and multiple-group methods, respectively.

The two analyses involving unit diagonals are not factor analyses. By
definition the unique variances in the factor analysis model are positive and
greater than zero; therefore, the diagonal values (communalities) for a factor
analysis are in the range 0 < A7 < 1[2, 4, 55]. The rotated principal axes
solution with unit diagonals is a rotated principal components solution based
on the first six latent vectors corresponding to the first six latent roots listed
above. The cluster formulation utilizes a set of explicit objective definitions of
six linearly and experimentally independent composite variables ([565], p. 63)
as an illustration of one possible solution to the fourth source of confusion
about factors discussed previously.

The principal axes method is well known and is unambiguous. The
multiple-group cluster method, however, requires precise definitions of the
clusters and linear function used. The cluster variables (composites) were
defined as the average standard scores on the two or three reference tests
for each factor. The variables combined are those hypothesized as associated
with the PMA factor as indicated by the letter within the parentheses of
Table 1. For example, the score for any individual on factor M is defined as
the average of the standard scores obtained by that individual (using the
means and variances of the appropriate sample) on the two variables, First
Names and Word Number. For all other factors, an average of three standard
scores would be used to compute (nof estimate) the individual’s factor score.
These definitions are readily applied in the computations of the factor load-
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ings on the normals by the multiple-group method using the sums of cor-
relations procedure [8]. The factor loadings as computed are proportional to
beta weights from the linear regression model with unit diagonals [7]. It
should be noted that part-whole correlations are involved in the computa-
tions. The residuals within each cluster, including residual diagonals, sum
to zero since these cluster vectors are group centroid vectors of the subsets
of reference tests.

With the rank and the diagonal values specified, the second phase of
determining the factor pattern for the six significant factors can be ac-
complished using the resulting covariance matrix (the correlation matrix
with communalities in the diagonals). Although, theoretically, any method
of factoring should be equally effective in reducing the rank of these matrices,
some methods are considered as more appropriate than others as judged on
the basis of efficiency or of simplicity of computations. The functions used
do differ for the different methods, and these differences in method may lead
to differences in the simple structure solutions. The methods used were
selected, therefore, to provide data relevant to current discussions of the
best method of factoring.

Eight analyses using four methods of factoring were made for each
sample. These eight analyses included four complete eentroid analyses, two
principal axes analyses, one canonical correlation analysis, and one multiple-
group analysis. The four applications of the centroid method used, as diagonal
values, the one-cycle “‘adjusted high r’ values, the l5-cycle values, the
20-cycle values, and Rao's maximum likelihood values. Both Rao’s values
and unity were used as diagonal entries in the principal axes analyses. Only
Rao’s values were used in the canonical correlation analysis. These data
provide estimates of the effects upon factor loadings of three methods of
factoring using a single set of diagonal values (Rao’s) and of several varia-
tions in diagonals for a single method of factoring (centroid and principal
axes). Only a single multiple-group analysis using diagonal values of unity
was made as a demonstration of one of the many possible and simple direct
solutions to a factor pattern [30]. The direct maximum likelihood solution
of Howe for his Model I case ([36], pp. 82~96) was not considered for this
study since invariance over diagonal estimates and method of factoring for
a single rotational procedure was of primary concern.

The distributions of the 136 sixth-factor residuals from each of these
applications of the four factoring methods are shown in Table 4. The means
and standard deviations of the residuals are shown at the bottom of the
table. Discrepancies between the distributions of residuals for the two samples
are clearly shown with sample IT having consistently the larger standard
deviation. As one might expect, the standard deviations of the residuals
computed from the “adjusted high "’ centroid method are somewhat, but
not markedly, larger than those obtained using the iterated communality
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estimates. The distributions of residuals from the principal axes factoring
method using Rao’s maximum likelihood estimates have the smallest variance
while the mean values are closest to zero for Rao’s factoring procedure and
for the centroid factoring method using the 15-cyecle diagonal estimates.
However, from these distributions of residuals, little preference for one
method of factoring over another can be justified, even for the different sets
of estimated communalities (excluding unit diagonals).

Since the approximate tests of the number of significant factors given
by Burt [15], Cureton [19], and Thomson {51] are especially useful as guides
in the searching, subjective, variable-defining, and hypothesis-generating
process of an exploratory factor analysis, several of these tests were applied to
the residuals and factor loadings of the fifth, sixth, and seventh factors of
the original “‘adjusted high " analysis of D. C. Bechtoldt. The data for
these approximate tests are shown in Table 5. Some question as to the desira~
bility of a seventh factor would be raised by some of these data for sample 11
in that original analysis. However, MecNemar’s test of the number of signifi-
cant factors {43] based upon the ratio of the standard deviation of the dis-
tribution of residuals to the average communality agrees with the maximum

TABLE 4

Frequency Distributions, Means, and Standard Deviations of Residuals

Centroid Centroid Centroid Centroid Hax, like, Prin. axes Prin, axes Clusters
high r « mult, R unity max, like, mult, R max, like. unity unity
(adjusted} (15 cycles) (20 cycles) { Rao) {Rao) (Rao)
Sample: I iT I iI 1 Iz I I I Iz I II I i1 I Ix
Residual
0% 1
.08 o
07 2 [+ o [s] 0 ] o o
06 2 1 1 1 1 1 2 1
05 1 1 2 1 1 ke] 1 1 1
WOl 2 2 a 3 1 1 1 3 3 2 1 2 g 2 3
030 7 13 12 3 1 s 9 2 0 & 5 7 10 3 7 5
0212 13 13 13 38 7 17 n 1 9 s 17 17 7 13
01 2k 25 25 3 16 26 24 31 25 21 32 25 17 12 26 22
w3 29 28 33 38 36 36 53 59 A [ A] 2y 35 36
-0L 26 22 32 25 20 23 20 22 2% 17 24 25 13 g 5 13
=02 1 19 20 7 2 16 22 1 e 7 18 2 13 11 9 12
-03 8 g 6 9 5 s 7 7 3 8 5 7 ol 6 7 6
-oh 2 L 0o 3 1 2 0 3 3 2 1 2 I 12 2 5
-.05 2 3 0 3 1 1 1 2 2 1 1
~.06 o 2 Q 1 0 o] 3 2 1 1
=07 1 0 0 0 1 0 2 2 2 0
-.08 2 3 1 1
-.09 2 3 2 2
-.10 9 10 9 10
or less
Mean
x 1000 ~Lk -L7 -02 -0.1 -0.1 -0,3 0,3 04 0.1 0.2 -0.7 -0.4 -1.0 -1h.2 -13.8 -1.0
5.D.
x 1000 17.2 22,7 16,1 18.6 16,5 8.6 16,3 18,5 15.3 17,8 1.5 16.8 LLg  LS.2 L2 Ls.2
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TABIE 5

Data for Approximate Tests of Number of "Significani® Factors

From previcus factor Centroid factor loadings
No, of loadings
Mean Lergest Product exceeding
residual asbsolate Largest two largest critical value
Sample Factor {less diag,) residual (absolute) {absolute) 130 20 30

being after sign
tested change

i 5 028 »190 2318 087 13 1 7
6 022 J109 338 086 6 8 2

7 007 09 136 031 1 2 o0

b o 1 SOl v160 398 Paii m 12 7
6 016 26 12 17 8§ 5 L

7 011 O7L 268 L063 6 3 1

i

b3

Critical values based on Cureton®s solution {1%) of Burtts formula for “a.
The critical values for 1,50 are ,116, ,120, and 126 for factors 5, 6, and
7 respectively; for 2 , the values are ,153, ,159, and .166; and for 30,
the values are .223, 232, and .2L1.

likelihood procedures as to the number of significant factors; the seventh
factor would not be significant by his test for any of several analyses using
values other than unity in the diagonals. Since in an exploratory study, no
proper test of significance of the sequential successive trial type is available,
one or two additional factors might indeed be computed as suggested by
Thurstone [55] and Rao [46]. Clear-cut residual planes would then aid the
investigator in formulating hypotheses for a further confirmatory study using
statistical tests of the hypothesized rank [4, 36].

Although the distributions of residuals were very similar from one
method of factoring to another within each sample (excepting those methods
using unity in the diagonals), the communality estimates shown in Table 3
did differ, especially for the two tests of factor M (rote memory factor).
The discrepancies in the communality estimates for variables 1 and 2 ecall
attention to basic and oft-repeated design requirements of factor analysis.
These requirements are the necessary and sufficient conditions for identifi-
cation, i.e., for a unique solution, for the case of one or more common factors
as given by Anderson and Rubin [2]. Three or more variables (with nonzero
elements) must be used to define a single factor in a factor analysis. (This
is not a requirement, however, for the definition of factors by specified
linear functions of observed variables as illustrated by the cluster solution
since communality estimates are not involved.) For the case of two or more
factors, three tests on each factor of a cluster configuration will satisfy the
requirements. In the case of factor M, however, there are only two values
which both by hypothesis and by the empirical data consistently exceed
the definition used here of a zero or near zero factor loading as the range
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+.10. It appears likely that this failure is responsible for the consistent
large shifts in the communality estimates for variables 1 and 2 over the two
samples for the three iterated sets of estimates, although smaller shifts in
the corresponding estimates of other variables did occur.

Given a factor matrix from each of the several factoring operations on
each of the two samples, the next phase of determining the factor pattern
is to define objectively the oblique simple structure solution. Since the study
was designed to provide a cluster configuration, the characteristics of the
oblimax solution of Carroll [16] as modified by Pinzka and Saunders [45]
should be adequate. The results of the oblimax solution expressed as factor
loadings, i.e., as orthogonal projections on normals to the fitted hyperplanes,
are presented for three representative factors M, V, and S in Tables 6 to 8,
respectively. The three selected tables illustrate the range of variation in
sampling fluctuations found in these analyses. These solutions may be termed
objective ones since no change was made in any of the oblimax results of
the Illiac or IBM 650 output except to define the positive direction of each
normal as toward the variables with the highest factor loadings.’

The oblimax solutions using only six factors can be compared on these
three factors with the graphic solution shown in Table 9 and with the clusters
solution given in Tables 6 to 8 in considering the fifth question of interest.
The general agreement of these several solutions is clear from an inspection
of the data of these tables. With an isolated configuration, the hypothesized

TABLE 6

Rote Memory (M) Factor Loadings™

Method: Centroid Centroid Centroid Centroid Max. like, Prin, axes Prin, axes Clusters

high r mult, R unity max, like. wmult, R max, like, unity unity
(agjusted) (15 cycles) (20 cycles) (Rao) (Rao} (Rao)
Sample: ¢y ¢ 3 ;1 ;o 1 9 I m 1 mw I m I I
Code No.

1 508 L63 L2k 757 S0 60 L52 717 L9 T3 L4770 716 708 752 730
2 638 566 Bee Lo2 715 473 766 L36  7€3 L33 765 L3 838 7186 803 773

3 -ok3 -cOL -05€ -0L3 -061 -0hk5 -068 051 -05¢ -0Lé -~055 -0k -Ch8 -037 -0L2 -005
L o5k o2y 025 -013 028 -011 ©o2h -0l2 007 -012 022 -013 039 000 OL1 023
5 -Cl9 -022 -026 -0L8 -020 -Oh6 -021 -0L& -0O4 -056 -008 -0S2 -009 -OLL 001 -018
é
7
8§

-0kl 005 -058 -003 -057 -00L -050 002 -034 -007 -OL2 -001 -0S6 00% -OLk -OCh
031 -098 031 -03L 035 -021 022 -032 029 -002 029 -019 oLy -057 031 -0Lg
037 099 036 086 051 113 oOhL7 094 020 078 027 088 023 103 013 OLY

9 -103 101 -C67 020 -C65 033 -062 022 -074 029 -071 028 -07h 056 -052 032
10 027 -078 035 ~035 025 -032 026 -035 015 -C30 023 -037 029 -C31 009 -Cho
11 105 060 068 010 068 009 070 011 o094k -012 085 002 079 035 Oh3 008

12 031 ol -01é -038 -01L -034 -015 -cLk2 005 -06h 003 -050 021 012 020 005
13 033 -021 00k =-0C1L 005 Olk
U -120 -oky -09h -002 -083 009 -089 002 11} 035 -108 018 ~119 -002 -C&D ~023

15 025 032 031 ~011 oObl -020 036 -013 03L -027 026 -017 OL2 ~031 017 -032
16 008 079 017 168 o2k 200 027 171 013 182 010 175 018 162 002 103
17 017 08k ook -051 005 -06L 001 -056 008 -058 =006 ~052 -002 -103 =019 -OT1

* Loadings multiplied by 1000,
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TABLE 7

Yerbal Facility (V) Factor Loadings™

Hethod: Centrold Centroid Centroid Centroid Max, like, Prin, axes Prin. axes Clusters
high r mult, R unity max, like, mult, R max, like, unity unity
(addusted) (15 cycles) (20 cycles) (Rao) (Rao) {Rao)
Sample:
I II I X I II I T I Iz I I I I I pus
Code Ne,
1 021 ~O78 088 080 083 ~086 092 ~0B2 072 -089 ©D&L -092 072 =115 033 ~03L
2 -010 oOh ~DI1 030 ~D56 005 -O5L 19 =042 039 -033 0LO 055 016 ~033 035
3 64 991 S80 63L B62 626 566 €35 €00 6L3 593 6O 675 705 9k 0L
L gk 601 629 625 L6 630 630 629 639 633 639 633 696 685 €93 680
S 590 S7L 610 632 625 635 608 618 586 610 589 61k 96 T19 687 697
£ 01D ~0C3 004 =010 006 008 025 -00L 024 005 025 001 006 018 008 012
7  -101 -051 =090 =007 086 -001 =096 ~005 <093 ~019 097 -019 ~138 =018 -010 038
8 U0 109 152 1oL 163 102 167 111 151 116 15h 116 218 123 092 050
9 -022 023 =005 =036 (07 -Ohh4 001 ~-035 <030 ~018 022 =020 -0l 025 ~013 «0O8
16 =030 ool =02 OL2 027 OLS =031 OL2 020 012 -025 020 D32 039 -028 Q09
1 035 002 oh& 007 056 013 051 005 Oh6 -018 oOhs 013 06 013 Ol -00L
12 038 032 022 =011 17 =003 015 ~009 016 020 022 016 032 022 003 013
13 028 -00L ~035 =009 -035 <002 -038 -002 -0l 01} -021 -010 051 ~013 «OL7 ~008
U olo 001 oLé ok2 osL oL3 093 oo 03k 008 OLO 011 068 017 OLS ~005
15 -028 107 -0L6 025 -ohs ~024 -oL3 ~025 -OL3 -020 -OL8 02 0Oh ~003 -OOL w037
16 066 103 069 206 075 179 064 202 052 179’ 051 185 105 257 068 15k
17 -0hk2 100 -Ohh =09k w055 ~103 ~052 101 =035 092 =036 -092 ~0%1 ~135 064 ~113
* Leadings are muktiplied by 1000,
TABLE 8
space (S) Factor Loadings™
Methods Centroid Centroid Centroid Centroid Max, 1ike, Prin, axes Prin, axes Clusters
high r mult, R unity max, llke, mult, R max. lixe, unity unity
{adjusted) (15 cycles} (20 cycles) {Rao) {Rao) (Rao)
Semple: ¢ p; 1 m 1 m™ 31 m 1 ;1 m I 11 I I
Code No,
1 019 051 =039 018 030 ~023 -035 02 032 ~03k 036 ~029 -0L2 065 -0L2 ~052
2 081 122 063 082 063 076 060 084 06L 075 06h 078 082 097 OL3 052
3 <105 -0hk2 -2 <032 -124 -03h -118 030 -102 -025 -106 ~023 111 -028 ~10L =035
L 057 w032 ~06 w020 072 =020 =067 -O17 «053 018 =058 =013 ~069 .02 -068 ~031
4 186 063 196 O0BL 189 087 19k 082 192 075 194 080 199 OBs 171 066
6 006 -027 008 -039 010 -Okh 005 ~0L3 002 -043 00k -0LO OlL -036 022 ~O19
7 027 036 031 06L 032 061 023 Q057 028 062 027 086 ©O3h 070 035 077
8 056 -031 -07h -052 073 -055 -07% -0S5L -0&k ~0L8 -068 ~OLS 065 =057 -058 058
9 651 708 882 675 66 6EL 679 47h 77 679 571 &7 762 185 782 196
6 82 713 BY3 70 872 757 BuS 750 83% 753 838 749 885 833 885 838
L 719 765 769 775 1B 770 781 767 781 745 780 766 8Sh 823 BLE 028
12 038 «006 OWB -038 oLz -oh9 ol wOL7 051 wohE 052 -oLL  oh3 -0kl 021 -0k5
13 =112 060 ~128 =057 =129 0S4 =125 w047 -110 =0L6 <116 ~0L47 135 <074 =~123 -084
1k 096 113 118 133 118 150 122 137 126 131 126 131 133 137 102 109
13 066 -0 ohh -DI6 037 -020 -03h -011 <050 W0Lh ~0k6 -011 027 005 -018 022
16 -022 132 013 =069 Ol <067 010 ~076 =013 066 =007 =070 006 <078 O «~079
17 =009 171 016 033 017 0283 01y 032 oOh 033 008 033 -008 039- 008 OS7
+*

Loadings multiplied by 1000,
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simple structure for either sample is reproduced with minor variations by
any of these techniques. The results of the graphic and cluster methods are
consonant with those of the other methods. It should be noted, however,
that the graphic solution shown in Table 9 was made in a six-factor sub-
space of an eight-factor (centroid) structure. Two more factors than hy-
pothesized were computed to compensate for the inefficiency of the centroid
method. The six-factor subspace was then set orthogonal to the two thinnest
residual hyperplanes defined by the two principal axes corresponding to the
two smallest latent roots.

The invariance of the simple structure solution over two samples of
cases can be demonstrated by graphical methods, as illustrated for four
representative solutions in Figures 1 and 2. Each graph contains 102 points

TABLE 9
Simple Structure Solution by Graphic Technigues

A, Factor Loadings (x 100)

Estimated
Commumnality
Factor M v W S N R 8 facters
Sample:
amiel g I I Ir I Im 1 Ir I I I T 1 It
Code No,
1 56 55 -01 ~o4 -01 08 Ol -08 02 =01 06 09 L99 552
2 59 55 00 03 02 ~03 00 0% -02 02 -03 =06 G517 5ok

~07 =01 61 65 -05 ~0L «09 06 ~02 -02 08 oL 861 818
08 02 60 64 oL Oh 01 D3 00 02 W06 -0L 892 B8l3
oh -03 ki 62 03 02 10 03 0. -0h =03 01l 801 760

~06 -06 02 -03 61 61 -0l 08 0O OO0 Ok OS5 679 702
02 -08 -06 -06 62 6L 06 08 0L -0L 01l 10 636 682
10 07 05 06 L3 W «07 -0 -0l -01 02 «07 LBl G562

@I N VLW

9 =06 -0L -09 =04 o4 Oh 6L S5 07 01 05 00 679 652
10 00 =05 Ol 02 05 «02 78 7Lk ~08 00 05 02 745 698
11 06 03 02 00 -07 02 63 75 -02 00 -01 00 733 ThO

12 0L -02 02 0L Q0 .«06 00 -01 60 63 -0k -05 648 697
13 03 0L -02 =03 00 05 =07 -02 62 65 0L -05 &91 689
1k -05 -02 05 03 01 Ol 09 02 37 4 17 08 570 617

15 03 03 ~0b 05 -0L 03 -05 oL 07 01 S1 52 716 638
16 ok 22 02 25 00 -06 02 09 08 00 L9 35 &47 658
17 00 -0k 02 =05 00 17 07 ©5 10 -02 Lo Ly 564 577

B. Correlations Between Primaries (x 100)*

Factor M v W S X R

LS Mook oo7 33
v o b 06 L6 63
WO e o 52 L9
s 09 13 13 28 26
N 37 ke 38 27 &
R- 35 bt W B 56

* Sample I values above the principal diagonal and sample II values below,
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Fiacure 1

Invariance of Factor Loadings for Representative Simple Structure Solutions

(6 factors X 17 variables). The hypothesis of invariance implies that a
graph of all factor loadings for one sample plotted against all factor loadings
for the second sample for any one solution should show a bivariate distri-
bution with the plotted points symmetrically placed and close to a radial
line of 45 degrees. Configurational or even possibly metric invariance, as
discussed by Thurstone [55], of the simple structure golution over two samples
from the same population is clearly suggested by such graphical techniques
for the foliowing four solutions: the clusters with unit diagonals, the principal
axes with unit diagonals, the centroid high r (adjusted), and the graphic

10 10
09 CENTROID HIGH-R (ADJUSTED) osl MAXIMUM -LIKELIHOOD (RAO)
os}- o8 .
g kg o .. / g [oXd of E
gO.S—- g 06~ C
2 osk 7 2 osl
(=] " o . .
5 o4} 5 oaf- .
& / 4 .
~ o3 o3f
2] o /
goz— 4 23, o2} o
= oi} oy Z ol S
g w
OO0 oot
=01 ~0f }~
-2 i T 1 i 1 3 b, : -0.2 i L 2 ! S N t : 1
~02-01 00 GI 02 03 04 O5 06 07 OB 09 10 ~02~0l 00 0l 02 03 04 05 06 07 ©8 0% 0
SAMPLE T {FACTOR LOADINGS} SAMPLE I IFACTOR LOADINGS)
Figure 2

Invariance of Factor Loadings for Representative Simple Structure Solutions
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{(judgmental). Somewhat larger deviations for several variables from the 45-
degree line will be found for the other five solutions using iterated com-
munalities (e.g., the maximum likelihood plot in Fig. 2). The shifts for the
two variables defining factor M are most conspicuous.

Figures 1 and 2 also indicate the number of nonzero loadings in each
set of 102 values. Bargmann’s [3] value of =4.10 was used to define the zero
range drawn on each graph. The clusters solution has the smallest number,
19, of nonzero values (for sample I), while the principal axes, also with
unit diagonals, has the largest number, 30 (for sample II). In the graphic
solution, sample I has 18 nonzero values (see Table 9). Since the hypothesized
value for any one sample was 17, none of the several solutions meets this
level when the data for only one sample are considered. However, two solu-
tions, i.e., the clusters solution and the graphic solution, have only 17 pairs
of loadings both greater than ==.10, and the centroid high r solution has
only 19 pairs with such loadings. For these three solutions, the agreement
between prediction and observation is encouraging with respect both to the
number of nonzero values and to the closeness of fit of the data to the 45-
degree line. All of the other solutions have more than 19 pairs of loadings
greater than +.10. Under certain conditions, Thurstone's concept of in-
variance of a simple structure solution [55] receives strong support.

Within a single sample, the variation in factor loadings associated with
four different sets of communalities and a single factoring method (centroid)
is markedly greater than is the variation associated with three methods of
factoring using a single set of communalities (Rao's). These results indicate
that, for a reasonably well-designed study, the centroid method is not as
vastly inferior as has been suggested [37]. The effect upon the factor loadings
of variation in diagonal values arising from the use of inaccurate communality
estimates, however, is not the essentially irrelevant problem discussed by
Wrigley [67] and Guttman [33]. They attempt to factor any arbitrary
symmetric matrix and to apply to such a matrix the population rank and
communality notions of factor analysis. The communality problem is a
pseudo-problem unless the necessary and sufficient conditions are met for
the existence of a permissible solution ([4], p. 59) to the factor analysis
equations. With empirical data, the question of rank in the population is
given a statistical answer under conditions for the existence of a solution.

Unfortunately, the application of available sampling formulations for
the evaluation of these variations in an oblique simple structure, within a
sample or between samples, either is not appropriate, or as noted by Anderson
and Rubin [2], is not feasible at this time. The effect of variation in factor
loadings attributable to differences in estimates of communalities (within
one sample) is not a proper statistical problem since these variations represent
failures to carry the iterations to convergence. Even the data from the
clusters solution, however, expressed either as beta weights or, as here, as
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factor loadings, cannot be evaluated in a within-sample comparison by tests
of regression parameters since the factors (the independent variables) are
defined by the observed test variables (the dependent variables). Such
procedures as developed by Gulliksen and Wilks [28], for example, are
appropriate for between-sample comparisons of beta weights or oblique
projections when the separation of the independent variables and the de-
pendent variables is maintained in the analysis. The tests of regression
parameters in a single-group study are also well known for this case.

Such congruence indices as suggested by Tucker [62] and others are of
little value for the matching of factors from the two samples in the current
study sinece the congruence is so uniformly high. Instead, as descriptive
statistics of congruence, the second moments (mean squares) of the differences
between the pairs of corresponding columns of the rotated factor matrices
as well as the second moments of the respective columns were computed.
These values are shown in Table 10 for the four representative solutions
exhibited in Figures 1 and 2. Tucker’s index is defined as a ratio of the sum
of the cross products of two columns of factor loadings to the geometric mean
of the product of the sums of squares of these same two sets of values; the
index, therefore, has been termed an unadjusted correlation coefficient. If
desired, such congruence indices can be readily computed from the mean
squares of Table 10 by means of the well-known difference formula for a
correlation coefficient (without corrections for means). One of the lowest of
such congruence indices, that for factor M from the maximum likelihood
solution, is .826; the total congruence indices computed over 102 pairs of
differences for each of these four representative solutions (in the order given
in Table 10) are .987, .967, .945, and .967. Values of this order of magnitude
are considered as very acceptable [62].

For any one factor, the mean squares for the sample values tend to be
larger for the two solutions using unit diagonals. The larger loadings for the
defining variables in these two solutions can be seen also in the figures. In
addition, the mean squares of the differences are smallest for the cluster
solution. These values reflect the closeness of fit of the points to the 45-degree
line. For four factors, the mean squares of the differences for the centroid
adjusted solution are next to the smallest although the mean squares for
columnns also tend to be relatively small. The largest mean squares for columns
are found for factor S; this factor also has relatively small mean squares of
the differences in the principal axes solution and in the maximum likelihood
solution.

Comparable analyses for the several sets of data of this study indicate
that differences in the stability of factor loadings do result both from the
method of factoring and from the diagonal values used as communality
estimates as well as from the characteristics of the data. The effects of the
iteration procedures are especially evident in the mean squares of the dif-
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TABIE 1C

Second Moments (MS)_* of Cblique Factor Loadings
aud of Differences Between Faclor Loadings

Method of Hax, 1ika, Centroic
analysis Clusters Prin, sxes malt, R high r
unity unity {Rao) {adjusted)

bata  HMsp  MSpy HSp M5y MSp MSp MS;y Ms, MS; M5, M5,

Factor

YoT.26 675 2,39 T.Lh 7,18 5,86 L.78 k.39 16,02 L.22 3,90 6,17
8,55 8,75 1.83 9,12 9,52 5.6 6.86 7.33 3.83 7.02 6,k1 3.08
8,16 7.88 2,02 7.99 8,16 7,13 5.3h 5,57 5.33 5,37 5.6l 2,76
12,8 12.26 2,55 12,8k 12,08 2,95 10.99 9,72 2,94 10,78 9.85 5,24
7,95 8,89 2,31 7.83  B8.8L 6,88 5,03 6,38 9,37 5,06 6,71 3,80
6,35 6,59 1,93 6,60 7.0 632 3.99 h08  3.28 L2 3,87 3.7

w o= e = o« ®

* NSy AND M3y multiplied by 100, ¥S, by 1000,

D

TABIE 11

Congyuence Indices for Arbitrary Orihogonal Faclor Loadings

Max, like, Centroid

Method of Prin, axes mult, R high r
analysis unity {Rao} {adjusted)
Factors
L £995 0995 996
I +958 942 2975
11X «662 «323 #258
k) .82 636 2050
v 2686 +859 933
VI o8U6 »800 <683

ferences for factors M and N. The small mean squares of the differences for
the cluster solution are suggested as useful reference indices of the uncon-
taminated sampling fluctuations while the larger mean squares for the other
three solutions include the effects of factoring method and of communality
estimates. From these data as well as from similar caleulations on the other
solutions, one might suggest the iterated solutions fit each set of data perhaps
too well from the invariance point of view, but such iterated solutions are
indicated for the model under consideration.

The results of applying both the graphie and the congruence techniques
to the original orthogonal factor matrices indicate little invariance for such
values. The results of three such congruence analyses of representative
orthogonal factor matrices are illustrated in Table 11. Tucker’s index was
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computed for pairs of columns of the orthogonal factor matrices ordered in
terms of decreasing variance contributions of each factor. The inefficiency
of the centroid method required reordering of the six ‘‘centroid high r”
factors as follows: for sample I, factors 1, 2, 4, 3, 5, 6; and for sample II,
factors 1, 2, 3, 5, 4, 6. No changes in order of factors were made for the other
two sets of calculations, i.e., for the principal axes (unit diagonals) and for
the maximum likelihood solutions. The consistency is acceptable only for
the first two factors for all three analyses although some consistency is indi-
cated for the other four factors in certain analyses. The poor showing of the
centroid ‘“‘adjusted high r'' solution in Table 11 should be contrasted with
the very acceptable degree of congruence associated with the mean squares
of Table 10 and with the graphs. These data support the frequent suggestion
that invariance will not be found for arbitrary orthogonal factor matrices
although such invariance may be clearly indicated for a rotated simple
structure solution.

The consistency indices above do not differentiate, however, between
a simple structure solution and any one of the other possible factor solutions.
A more direct attack on the problem of the adequacy of a simple structure
solution has been made by Bargmann [3]. He considered the probability of
obtaining a given number of vectors within a hyperplane section of small
range (=£.10) by rotational methods in a random configuration; the sampling
effects (of cases) are not considered. The probability of obtaining a given
frequency of zero (==.10) values of the ratios of factor loadings to length of
the vectors (i.e., a;./h;) in a random configuration was computed by Barg-
mann for 2 to 12 factors and for 5 to 70 variables, the range of the number
of variables varying with the number of factors. For 6 factors and 17 variables
(the values for the present study) Bargmann gives the number of (a/h)
values in the zero range of =£.10 as 10, 11, and 12 for the rejection at the
5, 1, and 0.1 percent levels respectively of the random configuration hy-
pothesis ([3], p. 18).

The number of ratio values in the critical region for the six factors of
the seven oblimax solutions and of the multiple group clusters solution are
shown in Table 12. All six factors for both samples would be considered as
acceptable by the simple structure 5 percent level criterion for the maximum
likelihood and principal axes solutions which use the same communality
estimates (i.e., Rao’s) and for the multiple-group cluster solution. All but
one of the other analyses had only one factor in one of the two samples with
only nine ratios in the .10 range; the ‘“‘centroid high r"’ solution has two
unacceptable planes. The number of unacceptable solutions were four for
factor S in sample I, one for factor V in sample II, and one for factor R in
sample II.

The relatively slight effect of factoring method on the adequacy of the
simple structure can be seen in the variation in the number of zero ratios
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for the three analyses using the same diagonal values (i.e., Rao's). The
variations in the number of zero ratios for these three analyses represent dif-
ferences of =£.03 or less in the values of the ratios. The relatively greater
effect upon factor loadings of changes in diagonal values are indicated by
the variations among the other analyses.

TABIE 12

Number of {a/h) Ratios in Zero Range™

Method of Factor

apalysis Sample M v W S N R
Centroid b 12 12 13 9 13 n
high (r) IT 12 9 13 10 13 1
Centroid I 1l 11 1k 9 12 12
mlt, R Ir 13 11 12 32 3 13
Centroid )8 1 11 1k 9 12 1e
Unity Iz 13 10 12 12 13 1
Centroid I I 11 9 12 12
kao hos 13 11 12 12 13 13
Max. like, I 13 1 14 6 12 13
Rao 1z 13 10 12 12 12 11
Prin, axes I 13012 U 1 12 3
Hao Ir 13 10 12 12 12 11
Prin, axes I 14 10 pint 10 12 10
Unity Ir 13 10 12 12 12 9
Clusters I 1 13 L 10 13 i
Unity T ik 12 13 13 14 13
Hypothesized ELJ LU T O U R

Number

* The number of values in the "zero" range of +.10 associated
with 5%, 1%, and 0,1 “probability® levels are 10, 11, and 12,
respectively,

Although three solutions can be considered acceptable simple structure
solutions, the data from none of these several analyses agree completely
with the hypothesized number of 15 or 14 zero ratios as shown in the last
line of Table 12. As noted above, the agreement is better between the number
of zero factor loadings (not ratios) and the hypothesized number 15 or 14.
A more adequate test of this simple structure hypothesis will probably require
the use of such maximum likelihood solutions as are presented by Howe
together with further developments of the sampling formulation.

The correlations between the primary axes or factors are shown for each
oblimax solution and for the clusters solution in Table 13. The corresponding
correlations for the graphic solution are given at the bottom of Table 9.
These correlations between the factors are all positive, but the differences
from sample I to sample II and from one solution to another within a sample
are appreciable. The values do differ somewhat for identical diagonal values
(Rao’s) as a function of three methods of factoring. However, larger differences
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TABLE 13

Correlations Between Pairs of Factors Defined by Primary Axes

Methods:  Centroid Gentroid Centroid Centreid Max. like, Prin., axes Prin. axes Clusters

high » muls., R unity max. like, malt. R max, like, unity unity
(adjusted) (15 cycles) (20 cycles) {Rao) (Rao) (Rao)
Sample: I I I II I II 1 I1 I II I I I 1T I I

Factor
Pairs

M-V 349 386 33L 538 370 567 353 550 329 539 330 535 299 L18 3h2 364
M-W 36 L3 3h7 5ih 37k 527 355 517 326 521 335 518 279 37h 334 koo

M-S 03 oLs ol8 178 058 191 056 18L oL8 206 oOl® 190 oko 111 105 151
M-N 204 34,7 @21 L35 247 LL1 234 W37 196 L3920k L23 189 293 259 332
M-R 302 366 296 5h2 331 580 316 561 281 558 295 5Lh 256 420 353 L19
V- 560 639 SBO 620 572 599 575 611 575 613 S5 613 L90 507 L93 571
v-§ 212 225 201 200 200 191 199 196 206 19l 206 191 163 135 179 166
Vi L7k 391 k99 LEL  b96  L3L 508 LL3  L96  L13  L95  L17  L26 350 L36 ko2
V- éth 676 T 6h8 a0 Gh6 T2l &5h 710 63k Tlh 63h €06 5h3 61T 57h
W-5 178 277 17h 298 166 260 171 262 184 273 180 275 116 198 12k 195

W-N 572 h26 583 k26 569 Loh 575 L18 583 L10 577 L1 LWB 333 Lé2 367
W-R 559 607 558 576 Sh9 568 SL8 575 567 590 56k 595 k29 k92 Lés 516

5-N 322 3h2 310 367 309 362 311 361 313 364 312 360 256 302 262 302
S-R Ler L38 356 375 3L7 389 348 395 387 hLoé 378 Lok 300 302 289 282

% Correlations multiplied by 1000,

are found for a single method (centroid and principal axes) as a result of
changes in communality estimates; these effects on the correlations involving
factor M are especially noticeable. The smallest between-sample differences
were found for the cluster solutions which reflect most directly the general
congistency of the original set of test intercorrelations.

It seems clear that any second- or higher-order analysis will be influenced
by the diagonal values used in the first-order analysis (as well as by the
number of factors and by the type of preferred solution). Invariance of
second-order factor loadings can hardly be expected even from a distinctive
isolated configuration unless the first-order factors are explicitly and com-
pletely defined as is the case with cluster solution. When the first-order
factors are so defined, both the rank and the adequacy of the solutions of
the second-order structure can be investigated as in a confirmatory first-
order analysis.

The use of orthogonal simple structure [25] or of hierarchical orthogonal
solutions [49, 65] does not offer any hope of greater invariance than does an
oblique structure since communality estimates are involved in all of these
procedures. Analytical solutions for an orthogonal structure are indeed
available, but such solutions will exhibit in their first-order factor loadings
a combination of the variation found here in oblique factor loadings and in
correlations between factors. The foreing of orthogonality between factors
in each sample (by definition) also precludes the empirical study of cor-
relations between factors as functions of differences between treatments or
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populations, differences which Anderson and Rubin {2], Rasch [47], and
Thurstone [55] all noted might be associated with changes in these corre-
lations. The regression formulation of factor analysis also indicates the
irrelevance of the preference for orthogonal factors. A hypothesis of ortho-
gonality or independence of factors in a population, of course, can be directly
evaluated in terms of the correlations between explicitly defined factors in
the sample.

The lack of precision of statement in the above discussion of the evalua-
tion of sampling fluctuations is intentional. No sampling formulation for
the evaluation of variations in factor loadings and in correlations between
factors over both sampling fluctuations and diagonal estimates is currently
available. Extensions of the work of Anderson and Rubin, Bargmann, and
Howe may lead to more useful sampling formulations in the future. It is
suggested that such sampling formulations for existing factor analysis models
will require consideration of the several problems developed in this empirical
study, i.e., the design of the study, the method for stabilizing communalities,
and the method of factoring and of rotation (i.e., the specification of the
properties of the preferred solution). However, the restatement of the objective
of factor analysis as including the explicit definition of factors changes
drastically many sampling problems. Those problems dealing with objectively
defined factors are simply the usual univariate or multivariate ones. For
other factor theory questions, areas of statistical theory currently under
development are relevant. These areas include the identification of param-
eters of a structure [38] and the fitting of straight lines when both variables
are subject to error [40]. When the factors are explicitly defined, these newer
analytical developments also become relevant to statements about factors.

The concept of simple structure, however, warrants a brief comment.
The theoretical and empirical work of Thurstone and his associates suggests
the general usefulness of the concept of simple structure for the variable-
defining goal of an exploratory analysis. The objective application of the
concept in the current study and the results thereof indicate the possible
usefulness of the concept for a confirmatory analysis. The maximum likeli-
hood solutions using good estimators (i.e., unbiased, efficient, etc.) developed
by Howe [36] make the concept a precise one. Desired analytical sampling
formulations have been indicated and may eventually be developed in a
usable form. For these reasons, the rejection by Maxwell [41] of the simple
structure concept as not “‘a precise concept in a valid and efficient statistical
theory of factor analysis” seems unduly severe. Under specified and attain-
able conditions in properly designed confirmatory factor analysis studies
with zeros in designated locations, the simple structure concept of factor
analysis is indeed offered as a precise concept in an incomplete but valid
statistical theory.

The opinion held by Maxwell, however, can be accepted for the vast
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majority of investigations entitled factor analyses and claiming to use the
simple structure concept. These studies, by and large, are exploratory factor
analyses (often poorly conceived) for which no statistical tests are available.
Variations between investigators in the adequacy of the design of the study,
in the procedures for estimating communalities, in the criteria as to when
to stop factoring, and in the criteria for rotation, all create differences in the
results of the factor analyses. The outcomes of these studies can be repre-
sented, at best, by lists of possible reference variables for defining an ever
increasing list of factors.

But the list of possible factors is endless, or at least practically so, as
emphasized by Thurstone ([54], pp. 194, 201-204, 209; [55], pp. 5559, 62)
and others, since any source of systematic differences between individuals
may appear as a factor. A few of these factors, however, may indeed be
selected as a stable and useful reference set of concepts accounting for most
of the variance of a larger number of variables not used in the definitions
of these concepts. The definition of these observable concepts by factor
techniques insures some degree of linear independence among them. The
usefulness of a proposed set requires in addition, however, evidence of lawful
relations derived from experimental laboratory (nonfactorial) investigations
of the kind recommended by Thurstone and conducted, for example, to a
degree by Stukat [50]. Starting from the available suggested definitions in,
say, the ability domain [23], any investigator can provide empirical evidence
as to the usefulness of these proposed definitions and of hypotheses in-
volving them.
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